04 Absolute Value of Dirichlet Eta Function
4.1 Dirichlet Eta Function

4.1.1 Definition
Dirichlet Eta Function 77(2) is defined in the half plane Re{ 77(2)} >0 as follows.
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This series is analytically continued to the whole complex plane by applying some kind of acceleration method.
The easiest of these is the Euler transformation as follows.
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(1.0) and (1.1) are the same in Re{ 77(2)} >0 . Although (1.0) can not express the left side of line the of

convergence, (1.1) can express also the left side of this. Therefore, we can define Dirichlet Eta Function 77(2)
by (1.1) .

4.1.2 Overview
The 3D figures of the real part and the imaginary part of Dirichlet Eta Function 77(X +i y) are as follows.
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Further, the 3D figure of the absolute value is as follows. In the left figure, trivial zeros of 77(2) are observed
along the X axis. The right figure is a view of the left figure from the bottom. We can see that zeros of 77(2)

are located in two lines along X=1/2 and X=1.




As seen in these figures, Dirichlet Eta Function 77(2) has three kinds of zeros as follows.

(1) Trivial zeros -2,-4,-6,-8, -

(2) Non-trivial zeros 1/2+114.1347 - , 1/2+121.0220- , 1/2+125.0108" , -
(3) 7(@)specific zeros 1+27xi/log2, 1+4rxi/flog2, 1+6xi/log2, -

Among these, (1) and (2) are common to the zeros of Riemann zeta function. Further, it is well known that
non-trivial zeros (2) existin O<X <1 called Critical Strip . Moreover, it is proved that they have to exist

symmetrically with respect to X =1/2 . And, fortunately, this critical strip is included within the convergence
range of the series (1.0) .

4.1.3 n specific zeros
The figures of the real part and the imaginary part of Dirichlet Eta Function 77(2) at X=1 are as follows.
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The purple points are 7 specific zeros. We can see the followings from the figure.
(1) The real part resembles a negative cosine curve and the imaginary part resembles a sine cune.
(2) The extrema points of the real part are close to the zeros of the imaginary part but not zeros.
(3) 1 specific zeros are close to the local minimum points of the real part, but are not so.

(4) 7 specific zeros are the uphill zeros (end of cycles) of the imaginary part. However, the reverse is not true.

4.1.4 Non-trivial zeros
The figures of the real part and the imaginary part of Dirichlet Eta Function 77(2) at X=1/2 are as follows.
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The red points are non-trivial zeros. We can see the followings from the figure.

(1) The real part resembles a negative cosine curve and the imaginary part resembles a sine curve.

(2) The extrema points of the real part are close to the zeros of the imaginary part but not zeros.

(3) Non-trivial zeros are close to the local minimum points of the real part, but are not so.

(4) Non-trivial zeros are the uphill zeros (end of cycles) of the imaginary part. However, the reverse is not true.
(5) The purple points which were 7 specific zeros, have moved below the Y -axis.

Downhill zeros
Exceptions exist in (3) and (4). For example, the figure in the vicinity of y =72 is as follows. Non-trivial zero

point 72.0671 - (red point) is near the local maximum point of the real part and is the downhill zero point

of the imaginary part.
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4.1.5 Feature of Dirichlet Eta Series

Obsening both , we can see that this Dirichlet series contains two periodic functions. Among
these, the periodic function giving 77 specific zeros is constant in period and amplitude, but the periodic function
giving non-trivial zeros is not constant in period and amplitude.



4.2 Squared Absolute Value of Dirichlet Eta
Squared absolute value of Dirichlet eta function is

g&.y) = 7Gx, MI? 2.0)

This is a real-valued function with two variables. And it is shown in the figure as follows.
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In the left figure, dents are observed along X =1/2 and X =1. The right figure is a view of the left figure from
the bottom. We can see that zeros of 77(2) are located in two lines along X=1/2 and X=1 . The zeros on
the X=1/2 correspond to the zeros of ((z) function and the zeros on the X=21 are 77 specific zeros.

On the other hand, there is no zero on the X=0.

Features in O <x < 1/2
Let us focus on space O <X < 1/2 . The figures of sectionin X=0, 1/4 , 1/2 are drawn as follows.
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Looking at this, it looks like | 77(0,y) | 2> | n(/4,y) | 2> | n(/2,y) | %in 2.6222 <y <25.
It is the same also in 1200 <y < 1225 . Below, we observe this in more detail.

(1) 0 <y <2.5841
The front view of 3D in this interval is the left figure. The cutaway view at Y =0, 1.7227, 2.5841 of this

is the right figure. In this interval, | n(x,y)l 2 seems to be monotonically increasing with respect to X .
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(2) 2.5841 < y < 2.6222

The front view of 3D in this interval is the left figure. The cutaway view at Y =2.5842, 2.6055, 2.6221
of this is the right figure. In this interval, | 77(X,y) | 2 is not monotonic with respect to X . In the right figure,
although the curve of Yy =2.5842 looks like monotonically increasing, it is decreasing at the left end when

it is seen enlarged. Although the curne of Y =2.6221 looks like monotonically decreasing, it is increasing
at the right end when it is seen enlarged.
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(3) y >2.6222
The front view of 3D in this interval is the left figure. The cutaway view at Y =2.6222 , 8, 14 of this is

the right figure. In this interval, | 77(X,y)| 2 seems to be monotonically decreasing with respect to X .
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Based on the observations above, | present the next hypothesis equivalent to the Riemannian hypothesis.

Hypothesis 4.2.1

When 77(X ,y) is the Dirichlet eta function on the complex plane, the squared absolute value | 77(X,y)| 2
is a monotonically decreasing function in the region 0 < x < 1/2, y 2 3.

Note1
The zeros common to the Riemann zeta function exist in Q<X <1 called critical strip . Moreovwer, it is

-5-



proved that they have to exist symmetrically with respect to X=1/2 . So, if | n(X,y)| 2 is monotonically
decreasing with respect to X inthe region O < X < 1/2, y 2 3, zeros do not exist in the region and
the opposite region 1/2 <X < 1,y > 3. This is equivalent to the Riemann hypothesis.

Note2
Incidentally, in the opposite region 1/2 <x < 1, y > 3, | 77(X,y)| 2 is not necessarily a monotone

function with respect to X . For example, | 77(X,72.21) | 2 is as follows.
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4.3 Expression of Squared Absolute Value by Series

4.3.1 Expression of Dirichlet Eta Function by Series
As seen in, Dirichlet Eta Function 77(2) was defined as follows.

© (_1)r—1

n@ =% R Re@> 0

r=1

When Re(@) >0, let z=x+iy . Then,

)= X EDTY x>0

If this is represented by an exponential function,

n(x,y) = Ir;1(_:|_)r-1e—(x+iy)logr - ;1(_1)r_1e_xmgr_iylogr

If this is represented by a trigonometric function,

s |
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4.3.2 Expression of |7 | 2 by Double Series

Squared absolute value of Dirichlet eta function | U(X,y)l 2 is expressed using (3.1) as follows.
2 - 2
2 [ & _p cos(ylogr) S _q sin(ylogr)
[ n(x.y) 17 = Zl(-l)r — x| 7 Zl D' X
r= r=

Although it looks like a very complicated, it becomes an unexpectedly simple expression when it is expanded
and organized.

Formula 4.3.2
When 77(X,Y) is the Dirichlet Eta Function,
o o —1 r+s S
PO INEDNDY %COS(VIOQ—) { =gy} (3.2)
r=1s=1 (s) r
Proof

Let (-1)""*cos(ylogr) =C,. Then,

o (-D' C C C C
3 (-1)""“cos(ylogr) _1 2 s a .
=1 r_X 1X 2X 3X 4X

This square is
C C C3 Ci Cs GCg
v Ty T Ty T
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X — +— + — + +
1X 2X 3X 4X 5X 6X
cC,C, C C, C Cq C;Cy4
— — +—— 4+ +
1X 1X 1X 2X 1X 3X 1X 4X
C,C, C,C, Cy,Cs GC,Cy4
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a3 & GG
- rgl sgl rXSX
i.e.
0 (—1)r_1COS(y|Og I‘) 2 % Cr 2 ) Crcs
2 X 12 XX
r=1 r r=1r r=1 s=1 (I’S)
Let (-1)"*sin(ylogr) =S,. Then, in a similar way, we obtain
= (D" sin(ylog r 2 T
e 28
r=1 r r=1 T r=1 s=1 (rs)
Then,
5 = (-1)"cos(ylog r) 2 = (<D sin¢ylog r) 2
oyt | § COm0IED | (g crtn

Returning to the original symbol ,

NGy 2= 38—

=15=1 (rs)*

[ D" tcos(ylogr) (-1)*cos(ylogs)
+ D" Lsin(ylogr) (<D sin(ylogs) |

cos(y logr)cos(ylogs) +sin(ylogr)sin(y logs)
@s)”

nxoy) 2= Y °°1(—1)”5

r=1s=

Here,

cos(y logr)cos(ylogs) +sin(ylogr)sin(ylogs) = cos(y Iog% )
Using this,

2 aa (D™ ( S )
X, = ——=—cos| ylog— 3.2
| (YD | r:lsgl Py ylog— (3.2)

The first few lines are as follows.

In(x,y)|2 — (1.11)Xcos(ylog%)— (1.12)Xcos(ylog%)+ (1.13)Xcos(ylog%)-+...
1 1 2 1 3
e (ylog7)+ @2 (ylo‘CJ?)_ (2.3)Xcos(y|°g7)+'
1 1 2 1 3
' (3.1)XCO (y 95)_ (3.2)XCO (ylog§)+ (3.3)Xcos(y|°g§)_+"'



When both sides of are illustrated together, it is as follows. Here, the upper limit of 22 is 300 x 300.

Both sides almost coincide near X =1, but do not coincide near X=0.

L’

Then, we attach the parallel accelerator ( See "|13 Conwergence Acceleration of Multiple Series l’ (A la carte))
to the right side of (3.2).
S I L I G 1 s
gx,y,q) = ZZE ( ) cos(ylog—) (3.2)
i @+ \r+s | (rs)” r

When this is illustrated at =1/2 and m=40, it is as follows. (m is the upper limit of 2. Same as below.)
Both sides owerlap exactly and look like spots.

K2

k-r-s

(3.2) and (3.2") are the same. (3.2) may be used where Y is large, but (3.2') is required where Y is small. ..
Hereinafter, (3.2) is used for theoretical explanation, and (3.2") is used for drawing and calculation. Further,

| 77(X,y)|2 is described as g(X,Yy) .


https://fractional-calculus.com/convergence_acceleration_multiple_series.pdf

4.3.3 2D figures of g(X,y)

(1) Cutting figure at y
The left is a cut figure at Yy =14.1347 -, 9.5, 9.0647 - of g(X,Y ), and the right is a cut figure at

y=72.21 . The red points are zeros on the critical line and the purple points are 77 specific zeros.
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When obsening both figures, it looks like g(X,y) > 0 at x <1/2.
(2) Cutting figure at x

The leftis acut figureat X = 0, 1/4, 1/2 of g(X,Y ), and the right is a cut figure at X = 1/2,

374, 1. The red points are zeros on the critical line and the purple points are 1 specific zeros.
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In X <1/2,y > 3 (left figure), g(X,Yy) is inversely proportional to X , maximum at X=0 and minimum
(=0) at Xx=1/2. Thatis, §(X,y) hasnozeroat X<1/2,y > 3.

If the right figures of (1) and (2) are expressed analytically, the following hypothesis equivalent to the Riemann
hypothesis is obtained.

Hypothesis 4.3.3
When 77(X ,y) is the Dirichlet eta function on the complex plane, the following inequality holds.
r+s 1/2
00 00 < <
glx,y) = X > —"— ) cos(ylog ) >0 for 0 >)§3 (3.3)
r=1s=1 ) y=z

Note
Since g(x,y) > 0, this proof only excludes the equal sign. This may be the easiest in this chapter.
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4.4 Theorems at Zeros

As seen in the previous section , squared absolute value of Dirichlet eta function was expressed as follows.

e ?= % 52 )

s=1

COS(yIOQ%) { =gy} (3.2)

The following theorems hold for the zeros of this double series.

Theorem 4.4.0
When 77(X,Y) is Dirichlet Eta Function, if 7(a,b) =0,
© o (_ )r+s
>3 cos(blog ) =0 (4.0c)
r=1s=1 (rS)
© o l r+s
) sm(blog ) =0 (4.0s)
r=1s=1 (rS)
Proof

Since the left side of (4.0c) is the absolute value of 77(a b ) (4.0c) is natural. (4.0s)is proved at the end
of this section.

Interestingly, at a zero point (@,b) of 7(X,y) , each of these rows hawe to be all O. Below, we state
this as a theorem.

Theorem 4.4.1
When 77(X,Y) is Dirichlet Eta Function, if 7(a,b) =0,
0 ( )F+S
2
=1 (rs)?
( )F+S
>
=1 (rs)?

Proof
Let C, be the I th row of the double series (4.1c) . Then,
r+s
C, = > - cos(blog )
s=1 (rs)
5 CD°
a

cos(blog—) =0 forr=1,23, (4.1c)

sm(blog—) =0 for r=1,2,3, - (4.1s)

_ (- 1)

cos(blog%)

Here,

S~——

cos ( b Iog% =cos(b logr)cos(blogs) +sin(blogr)sin(blogs)

Using this,

- = (-1)°
()Z()

s=1

C_

{cos(blogr)cos(blogs)+sin(blogr)sin(blogs)}

1) -1)°

———=—cos(blogs) +sin(blog r)Z—sm(b logs)

c, - V'
ré

[ cos(blog r)Z
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At a zero point (&,b) of 7,

-)

Y, ———<cos(blogs) =0 , X sin(blogs) =0
s=1

S s=1
Therefore, C.(a,b) =0 forr=1,2,3,

In a similar way, let S be the I th row of the double series (4.1s) . Then,

_a D™
Sy = ;1 e sm(blog—)
= £ 1) S;l a) sin(blog%)
Here,
sin(blog%) =cos(blogr)sin(blogs) - sin(blogr)cos(blogs)
Using this,
Sr = (rl)r{COS(blogr)Z Dl sin(blogs) - sm(blogr)Z—l)cos(blogs)

For the same reason as the above, S.(@,b) =0 forr=1,2,3, at azeropoint (a,b) of n(x,y) .

From this, the following corollary follows.

Corollary 4.4.1"

When 77(X,Y) is Dirichlet Eta Function, if 7(a,b) =0,
o (=15
> ¢ a) cos(blogi) =0 for r=1,2,3, -~ 4.1¢"
s=1 § r
00 1
> GO sm(blog—) =0 for r=1,2,3, -~ 4.1s")
s=1 g2

Putting @ = -b log r in this corollary, we obtain the following.

Corollary 4.4.1"
When 77(X,Y) is Dirichlet Eta Function, if 7(a,b) =0, the following expressions hold for arbitrary real
number 6.
Z ¢ cos(blog s+60) =0 4.1c")
s=1
Z S sm(blogs+9) 0 (4.1s")
s=1
Example

We illustrate (4.1c"). Since the convergence of this left side is slow and it is difficult to draw an accurate figure,
we apply Knopp transformation ( See "|10 Conwergence Acceleration & Summation Method I (Alacarte)) to
this as follows.

( 0 ) qk—s (k
NGy, 6.9.m kzlszl (q+1)k+1

(_1X)S cos(ylogs +6)

S
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Here, this is illustrated at =1/3 and m=20.

\ Q‘;i*“:\\»*

The left figure is a cutaway view at Y =14.1347 - when X=1/2. We can see that h,=0 forany &
in this cutting surface.

The right figure is a cutaway view at Y =14.1347 - and y=21.0220+ when X=1/2. We can see
that hC =0 for any @ in these cutting surfaces. It is surprising that the contour lines appear innumerably in

such a twisted figure.

Note
However, |Corollary 4.4.1"|can be obtained directly and easily using the angle sum identities of trigonometric
functions. When R is a set of real numbers, the following equation holds forany € € R .

cos(@+blogs) =cosé@cos(blogs) -sindsin(blogs)
Multiplying (—1)3_1/3a on both sides and summing up from 1 to © for S,

o (=1 s-1 o (=1)°
> %cos(9+blog s) = %{cos@cos(b logs) - sin@sin(blogs) }
s=1 S s=1 S
0 _1 s-1 © _1 s-1
=c0sd ), %cos(b logs) -sing >, %sin(b logs)
s=1 S s=1 S
Since, (@,b) is azeroof (X,y),
0 -1 s-1 o _1 s-1
Z S, cos(blogs) =0 & ) sin(blogs) =0
s=1 Sa s=1 Sa
Substituting this for the rght side
© (_1)5—1
2, ——=—cos(f+blogs) =0 V0 € R (4.1c")
s=1 S
Replacing @ with @+7/2 ,
0 _1 s-1
x ¢ Z sin(@+blogs) =0 v0 € R (4.1s")
s=1 S

Using Corollary 4.4.1', we obtain the following important theorem.

Theorem 4.4.2
When 77(X,Y) is Dirichlet Eta Function and c(r) is arbitrary real valued function,
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if 7(a,b) =0, the following expressions hold.

r+s ()
1
ZZ( ) sy

NP ENREC

r=1s=1 @s)?

cos(blog ) =0 (4.2c)

sm(blog ) =0 (4.2s)

Proof
From |Corollary 4.4.1' (4.1¢"),

Z (_ ) COS(blog ) =0 for r=1,2,3,
Multiplying both sides by (-1)"c(@r)/r®,
r+s €D
1
Z D PR

summing up for I , we obtain (4.2c) . In a similar way, (4.2s) is obtained.

cos(blog ) =0 for r=1,2,3,

Proof of Theorem 4.4.0 (4.0s)
Particularly placed C{r)= 1 in Theorem 4.4.2 (4.2s) ,[(4.0s)]is obtained.
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4.5 Partial Derivatives of Squared Absolute Value
4.5.1 First order Partial Derivatives

Formula 4.5.1
When squared absolute value of Dirichlet eta function is

g(x.y) = ZZ( ))

r=1s=1

COS(ylog ) (= Iney)1?) (3.2)

The 1st order partial derivatives are givern as follows.

=-2 2 Z( 1)r+S cos(y Iog— ) (5.1x)

r=1s=1 ( )
= 2 s sm( lo —) 5.1
Jy r21521( ) ( oY y log (5.1y)
Proof

Differentiating (3.2) with respect to X

= - i i ) log(rs) cos(y log— ) (5.0x)
=15=1 (rs)”

% r+s |Ogr i _ o o s IOgS i
_rgls;l(—l) —(rs)xcos(ylog ; ) 2 2ED —(rs)xcos(ylog r )

r=1s=1

Swapping I and S in the 2nd term on the right side,

—ZZ( 1)Ir+s P cos(ylog—)

r=1s=1

s=1r=1

S s+ lOg T r
- DD (sr) cos(ylogS )

S r+s 10Q T S
-3 3N (D s cos(ylog ; )

r=1s=1
{"-cos(-z) =cosz}
Substituting this for the 2nd term on the right side, we obtain (5.1x) .
Next, differentiating (3.2) with respect to Y

s 109 (s /1) s
= - rzlszl( 1D ( Y sm(ylog ; ) (5.0y)
= —;1521( D ( oY sm(ylog—) + rElszl( D ( oY sm(ylog—)

Swapping I and S in the 1st term on the right side,

[oe]

-3 3ED I(QS]) Sln(ylog—) = ‘iﬁ( 1)S+r Y Sln(ylog%)

r=1s=1
_ r+s 09 r S
= YYED o) sm(ylog . )

{~sin(-z) = -sinz}
Substituting this for the 1st term on the right side, we obtain (5.1y) .
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4.5.2 Second order Partial Derivatives

Formula 4.5.2
When squared absolute value of Dirichlet eta function is

g(x,y) = ZZ( ) COS(ylog ) (= 17¢x.y)1%)

r=1s=1
The 2nd order partial derlvatlves are givern as follows.

S + Iogrlogs+|ogzr
— 2 _1 r+s
” r;ls;l( ) @rs)”

00 00 + g2
=-2>>Y D s sm(ylog—) (—gyx)

r=1s=1

S
cos(ylog?)

0 logrlogs - Iogzr S
= 2 -1 cos( lo —)
Oy r;lsgl( ) Py ylog—
Proof
The first-order partial derivatives in the |proof of Formula 4.5.1 |are
- _ Z 2 ( l)r+s Iog(rs) Cos(ylogi)
r=1s=1 r
I
__22(1r+s Og( )sm(ylog )
r=1s=1 ( )

Differentiating these with respect to X,Y ,

(5.xx)

(5.xy)

(5.yy)

(5.0x)

(5.0y)

% & +s 10g°(rs) ( s) ( o2 z)
= - ———=cos| ylog— =—
Oxx rgl s;l( ) @s)* ylog r ox 2 Il
2 2
e log“r+ 2logr logs +log“s cos(ylogi)
r=1 s=1 (s)” r
2
_2% 3 e logr logs +X|og r cos(ylogi) [~ c0s(~2) = cosz}
r=1 s=1 (rs) r
® + log(rs) Iog(s/r) ( S ) ( 2)
= 1 r+s IO -
Oxy Zl ;1( ) ' ylog— oxay 171
w + log?s s w @ + log?r s
= Dt—— sm( lo —) —1r5—sm( lo —)
21 s;l( ) (s)” Y109 r rgl sgl( ) (s) ylog r
0 & +Iog ( r) % & r+ Iogzr.< s)
= D" ——sin|ylog— -1 ——sin|ylog—
sgl r;l( ) Gr)* V1097 rgl sgl( ) (s)” T

o gy logr s o Sin(ez) = —si
=-2> YD (rs)xsm(ylogr) {--sin(-z) = -sinz}

r=1s=1
W r=1 s=1 (rS)X d r ayZ "
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2 2
_ Zl Zl(_l)m log “r 2Io?rrsl)(?(gs +1log“s cos(ylog%)
w2 logr logs - log?
— 2 2 2 (_1)I’+s Ogl’ OgS . Og r COS(yIOgi ) { COS(—Z) - COSZ}
r=1 s=1 (rs) r
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4.6 Partial Differential Coefficients at Zeros
In this section, we consider what the value of the partial derivative obtained in the previous section is at the

zeros of Dirichlet Eta Function 7(X,Y) .
4.6.1 1st-order Partial Differential C oefficients

Theorem 4.6.1
When (a,b) is azero of Dirichlet eta function 77(X,Y) , the following equations hold for the partial

derivatives in |Formula 4.5.1|.

g (a,b) = —222( DHt—=— log r cos(blog—) 0 (6.1x)
r=1s=1 (rs)
g,(a,b) = 22 Z( 1)r+s gr sm(blog—) 0 (6.1y)
r=1s= ( S)
Proof
Putting c(r) = Iog I in , we obtain the desired expressions immediately.
Note

This theorem is called "stationary condition" in the extreme value problem.

4.6.2 2nd-order Partial Differential Coefficients

Theorem 4.6.2
When (a,b) is azero of Dirichlet eta function 77(X,Y) , the following equations hold for the partial
derivatives in Formula 4.5.2 .
© & logrlogs S
gu(@,b) =g, @b) =23 X (—1)r+5g—gcos(blog—) >0 (6.xx)
r=1 s=1 (@s) r

gxy(a,b) = gyx(aib) = O (G-Xy)

Proof
Substituting zero point (a,b ) for (5.xx), (5.xy), (5.yy) in|Formula 4.5.2],

P 4 l0grlogs + Iogzr S
O(@,b) = 2;1521(—1) o) cos(blog ; )
2
gy(@,b) = -2 rzlsz (- 1)r+s oy sm(blog—) { =gx(@.,b) }
r+s l0gTlogs - Iog2r s
gy(@,b) = 2;152 D o) cos(blog ; )

Since Iog I is a real valued function with respect to ' , from |Theorem 4.4.2]|,
r+s 10 g
22( D' —=—cos blog— =0
@s)?

r=1s=1
Substituting this for the aboves,

gxy(a'b) =0 { = gyx(avb) } (6.xy)
r+s 1091 logs s
0sa.0) = 0,@0) = 233, (D=L cos blog
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Here, zero (a,b) of 7(X,y) is the minimum value (=0 of the following expression.

o o (_1)F+S S

g(x.y) = X X ——~cos|ylog— (3.2)
r=1s=1 (FS) r

So, gy(X,b) changes from negative to positive before and after & , and g, (a,Y) changes from negative

to positive before and after b . Thus, it has to be g,(a,b) >0 , g, (a,b) >0.

Extreme Value Judgment by Hessian Matrix
Generally, in the extreme value problem, the extreme value is determined by the Hessian matrix as follows.

Ix(@,b) >< 0

0n(a:b) g,(a,b) = {gy(@b)}* >< 0
In the case of (3.2), if g(@,b) > 0 this judgment is necessary. However, if g(a,b) =0 this judgment
is unnecessary. Because, g(@,b) = 0O is the minimum value of g(X,y) >0.

Even so, if we dare to make a judgment, these are as follows from .
gu@,b) >0
2 _ 2
Iw(@,b) gyy(alb) - {gxy(a!b)} =gw(@,b) = > 0
That is, g(@,b) is determined to be the local minimum of g(X,Yy) .

Example a=1/2 , b =14.134725--
g«(@,b) =gy, (a,b) = 7.089093

Note
The two theorems in this section generally hold for holomorphic complex functions with zeros. The proof can
be easily done using Cauchy-Riemann equation and Laplace'equation.
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4.7 Geometric Relationships between Functions
In this section, we consider the geometrical relationship between squared absolute value of Dirichlet eta
function and the partial derivatives a little analytically.

4.7.1 g(x,y) and g, (X,y)

Theorem 4.7.1
Let real valued function with two variables g(X,Y) , g,(X,Y) are as follows respectively.

_aa (DT S _ 2

00y = 53 - Ses(vloar | {=1neen1?) 02)
¥ r+s 109 T S

Oy(x,y) = -2 rglsgl(—l) (rs)xcos(ylog ; ) (5.1x)

Then, when (a,b) is a zero of Dirichlet eta function 7(X,Y) ,

(1) b is the common root of g(a,y) =0 , g,(a,y) =0.

(2) b is at least a multiple root in both g(a,y) =0 , g,(a,y) =0.

(3) g(a,y) and g,(a,y) are almost symmetric with respect to the Yy -axis.

g and g, on the critical line ( Red point is b)

1 1 \
gl -, ¥, 7,40
W 3 !

10 -

_1|:|-_

gl .y . 40']

[ =~

Proof
(1) g(a,b) =|nCa,b)| 2= 0. On the other hand, g,(a,b) = O according to So,

(a,b) is the common root of g(X,y) and g,(X,Yy),
(2) since g(x,¥)= | n(x,y)| 2 the root of g(a,y) =0 is at least multiple root. On the other hand,

since gy, (@,b)=0 from [Theorem 4.6.2| g,(@,b) has to be an extremum with respect to Y .

Therefore, the root b of g,(@,y) =0 is also at least a multiple root.
(3) Expanding cos{ylog(s/r) } to the Maclaurin series,
2t
s _ & og= (s/r) o
cos(ylog ; ) = t;()( D @1

Using this, g(X,Y) , 0x(X,Y) are expressed as follows, respectively.
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1 log?(s/r) } -

o0n = 3| 3 e

t=0 | r=1s=1 (s)” !
_ 00 st log T log® (s/1) }
o(x.y) = 22 { r2132( D) sy @D (7.1x)

Both (7.1) and (7.1x) are even functions with respect to Y , and have similar shapes except for the sign.

However, the two have different signs. So, g4(@,b) has to be a local maximum with respect to the Y .

(1), (2)]are added to this, g(a,y) and g,(@,y) are almost symmetric with respect to the Y -axis.

Dirichlet eta function has 77 specific zeros at Xx=1. The 2D figure of this is as follows. The difference from

the zeros on the critical line is that b is not the maximum point of gy(@,Y) but the local maximum point.

g and g, on X=1 (Purple pointis b )

402]

=

— J(1.y.

_3
_4
[ 1 47
6l gx(1. Y3 4[].
4.7.2 g(x,y) and g, (X,y)
These are the functions expressed by the following equations.
R
9x.y) = X 2 ¢ )) COS(ylog ) {=1n0y1%) (32)
0y¢y) = 23 BED™ i ylog T | 61
r=1s=1 ( )

These cutting figure at X =1/2 & X =1 are as follows. The left is a cut figure at X =1/2 and the left is

acut figure at X =1 . The red points are zeros on the critical line and the purple points are 1 specific zeros.

10+
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The importance of this pair is that §y is a derivative of § with respectto y . Thatis, onthe Y -axis, the
extremum of § corresponds to the zero of §, . The black vertical lines show that. Therefore, they have to
match at zero (@,b) of 7(X,Y) . It is according to [Theorem 4.6.1]. Further, the local minimum points of
g are the uphill zeros of g . gyy(@,b) >0 supports this.

4.7.3 g,(x,y) and g, (X,y)
0,00 = 2% (- pyrel00r ¢ S) 2 cos(ylog~ | 65.1%)

r=1s=

9,(x.y) 222( 1)”5 ) sm(ylog%) (5.1y)

r=1s=
These cutting figure at X =1/2 & X =1 are as follows. The left is a cut figure at X =1/2 and the left is

acut figure at X =1 . The red points are zeros on the critical line and the purple points are 1 specific zeros.

10k ; " ) 4+ p v

gg;l‘é y. L 40 Il _ gy(1, v, 1. 40)

5 10 ‘1-| I ﬁ!II AW 79 o ;' L, Py
i \ [ 1] 15 1\ 2| o
~10F -2

x(1 v 1 ap)
~15 ™5 Y5 4D.J ~4r : )
_oof o1,y ! 40)

=8k

-25

As seen in| Theorem 4.7.1}, (, shares zeros with J on the Yy -axis, and they are local maximum. And

0x=0y= O from Theorem 4.6.1 .Thus, the red and purple dots are their zeros. And these shared zeros

of gy and @ are always the uphill zeros of gy. (i.e. g,(a,b) >0)

4.74 g(x,y) and g, (X,y)
0,GY) = -2 3 V(- pyrolo0r ( ) I cos(ylog | 5.1%)

r=1s=

2
Oy (X, Y) = —22 2 - 1)”5 ) sm(ylog—) {= 9.y} (5.xy)

r=1s=
These cutting figure at X =1/2 & X =1 are as follows. The left is a cut figure at X =1/2 and the left is

acut figure at X =1 . The red points are zeros on the critical line and the purple points are 1 specific zeros.

20 ; 6 70 PR
— gxy(1.y. 1 40) \ T ey /\

10f Ap
L A \ i WA J \ 7
e NIQ// Aot \\.,ff;'ﬁ A S T / NH . A
/‘ \‘ }‘ /\ | ‘u% /‘ \ 4 \\/

V.
\
\

of i & | \ :
1 1
\/ \ -4f "
- 1 1 | \ , o
-20¢ gx{-, v, =, 40} _g[ T an) \

gx“ Yog 40) \

Oyy is a derivative of gy with respect to Y . So, the extremums of g, correspond to the zeros of gy, .
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The black vertical lines show that. Further, the local maximum points of J, coincide with the downhill zeros

of Oyy-

4.7.4 2D figures of g, (X,y)

Of the first-order partial derivatives, the one of particular interest is J,. So let us observe this in a little

more detail.

(1) Cutting figure at y
The left is a cut figure at Yy =14.1347-- , 10, 9.0647 - of g4(X,Y ), and the right is a cut figure at

y= 72 .21 . The red points are zeros on the critical line and the purple points are 1 specific zeros.

004l g (%, 72.21)
. W X
02 06 03 15
00z /\
[ 5 7 ' ' e
— ox(x, 14.1347, 1 25) 06 0 08 0 o
-0.02}
ax{x, 10., 1, 25)
10} : _
gx{x, 9.0647, *, 25) -0.04r
006t

Obsening both figures, it seems that g,(X,y ) < 0 at x <1/2.

(2) Cutting figure at X
The left is a cut figureat X = 0, 1/4, 1/2 of g,(X,Y ), and the right is a cut figure at X = 1/2,

374, 1. The red points are zeros on the critical line and the purple points are 1) specific zeros.

TR Sy R
’ '3 2 \/'\
Zal
—10F
-4[
-20 o
_30f LV I\ o sl
— oy, La) [ |\ of — 9y 3%
12 3 ! \ I | 1\ =10k
-40F ; \ ~ | | | | 1
) o1, v, L, 30) A W ’ g fy . 30)
g i \.if . | | =hal T iy
-850} - 9x{0, ¥, l 30) L [\ — g1, y, =, 30)

In X <1/2,y > 3 (left figure ), |gx(x y)| is inversely proportional to X , minimum at X=1/2
and maximum at X =0. Thatis, g,(X,Y) hasnozeroin X <1/2,y > 3.

If the left figures of (1) and (2) are expressed analytically, the following hypothesis is obtained, which is
equivalent to the Riemann hypothesis.

Hypothesis 4.7.5
When 77(X y) is the Dirichlet eta function on the complex plane, the following inequality holds.
gr <X <
g(X,y) = —22 Z( 1)”3 cos(ylog—) <0 for 0 >)§,) 172 (7.5)
r=1s= ( ) y =
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Note
This hypothesis excludes the possibility of gx(x,y) > 0 in the critical strip. Unlike [Hypothesis 4.3.3],

not only " =" but " > " must be excluded. It may be more difficult than the proof of Hypothesis 4.3.3 .

2018.05.01
2019.07.07 Renewed

2022.01.22 Renewed
Kano Kono

| Alien's Mathematics |

-24 -


https://fractional-calculus.com

	4.1 Dirichlet Eta Function
	4.2 Squared Absolute Value
	4.3 Expression by Series
	4.4 Theorems at Zeros
	4.5 Partial Derivatives
	4.6 Differential Coefficients
	4.7 Geometric Relationships



