05 Factorization of Completed Dirichlet Beta
5.1 Hadamard product of a(z)

Formula 5.1.1

Let completed beta function be as follows.

w@) = (% )m/( % )ﬂ(Z) (1.d)

When non-trivial zeros of ,B(Z) are Z; = Xg +i Yk k:1, 2,3, and ¥ is Euler-Mascheroni constant,
a)( z ) is expressed by the Hadamard product as follows.

( Slogz _ 7 log2 4Iogl’< 3 ) )z Z

et A A _ = o 7 £

w@ =e' * Z 4 (1——)eZk (1.0)
k=1 Zy

3logz r(s)) 2Xn2
-=-log2-4log/| — | |Z » 2X. 7 Z2 —
o@ =e 2 2 4 H(l— LR, e Y (1

Proof
As well as in the zeta function, it is known that the Hadamard product of (1.d) is also expressed as follows.
Zz
—_ Bz 2 1 _z_ Zk
0@ = Ae”’]1 - e (1.p)
k=1 k

Substituting Z =0 for (1.d),
2 1+0

1+0
2 1
w0 (7| A5 Jpo = pE g
if (1.p)is given Z=0, @ (0)=A. We obtain A=1 from both. Thus,
— Bzym Z zik
w@) = e II| 1-— |e (1.p)
k=1 Zy
Next, from (1.d) and (1.p"),

(%)’f 22 )se> = en(lzik)e—

From this,

B@) = eB kH1 1-L |e=
Bl

Taking the logarithm of both sides,
z

logf() =Bz —Iog% —zlog% —Iogl”( %)Hogﬁ ( 1—i)e7k

k=1 Zy

Here,



IogH(l——) = glog(l—i) =

Z k=1 Zy k=1 Zk
Using this,
2 2 1+7 o 7
=Bz -log—= -zlog—= - —— |+ X (1-—
logS(z) =Bz -log NS z log NES Iogl‘( 5 2. log .
Differentiating both sides with respect to Z ,
B@ __ . 2 1I{@L2 & -1/z o 1
@ BTl T2 Re2 T 2197, T A
i.e.
@D _ . 1 1 r'{@+D)/2} 1 .1
o) =B -log2+ Iog7r 2 HGD/2) +;§1 ——
Here, putting Z =0,
O _, 5,1 1 I'@W2)
B(0) =B-log2+ Iogzz > 72

On the other hand, according to ' |Wo|fram MathWorld Dirichlet Beta Function|"

B'(0) = |og{r2( ) (2m/2) }
From this and S(0) =1/2,
% = 4Iogl‘( %) -3log 2 -2log 7

Again, according to "|Wolfram MathWorld Gamma Function|" ,
(/2 B I
a2 1

Substituting these for the both sides of (1.w) ,

1 1
4Iogl‘( 2 ) -3log2-2log7r =B —I092+Elog7z+%+log2

- 2log2 = -y - 2log 2

From this,
_ 1 S Y
B = 4Iogl‘( 2 ) -3log2 - 2Iog;r— 5
Further,
1 3
A3)3) =2
Using this,

3logz y /‘( 3 )
=—F0-=- 2-4 —
B > > log log 2
Substituting this for |(1.p")|[, we obtain .
And, if non-trivial zeros are z; =X, +iy, k=1,2,3, -,
7 2 5 2XnZ
Io_ol(l—i)e7k=fo[(1— ALIN )eX“Z*V"Z

2 2 2 2
Xa Yn Xa*Yn
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Using this, we obtain |(1.1)].

f X, =1/2 n=1,2,3, , (1.1) becomes

z

3logz 1‘( 3))
——— - = —-log2-4log/1 = | |z 7 Z2 —
o@ =e 2 2 4 1- + o VA+y:

L\ WA+y? 1Ay}

(1.1

n

When 300 zeros on the critical line are read into the formula manipulation software Mathematica

and both sides of (1.1') are drawn respectively, it is as follow. Both sides almost overlap at the center.

— w(Z)
18l f1{z, 300)
16t
141
\ 12}
Tt —
-2 -1 1 2 3

As a special value for (1.1) , an important formula used in the next section is obtained.

Formula 5.1.2 ( Special value )

When non-trivial zeros of Dirichlet beta function are X, +i Yo N =1,2,3, -, the following expression holds.
2Xn 3 3l
o 2x, -1 212 4Iog/<z)+%+logz_ 0g7m
1-—— |[e""" =e =1.08088915  (1.2)
n=1 X3 +yn
Proof
Giing z=1 to,
3lo 3 2Xn
Zgﬂ_%_log2—4logl‘(z) 0 2Xn—1 x2+y2
a)(l)=e Hl—ﬁenn:l
n=1 Xn +VYn
From this,
2Xn 3]
o 2Xn—1 NIV 4Iogl’(—)+l+logz ;gﬂ'
[I|1-——|e™ = = 1.08088915 - (1.2)
n=1 X3 +yn



If X, = 1/2 n=1,2,3,~ , (1.2) becomes
R Z N T N
I_OOI 1_ﬂ e(1/2)2+yr2 :er:11/4+yr2 :e4|0gl‘(z) E+|092_
=1\ (W2)%+y?

From this,

> 1 - E l 3log7z- = cee ]
ngl 1/4+yr12 - 4|Ogl‘( 4 ) + 2 + |092 - 2 = 0.07778398 (1.2")

3logz

As a special value for[(1.0)], the following formulas is obtained.

Formula 5.1.3 ( Special value )

When non-trivial zeros of Dirichlet beta function are X, * i Yk k=1,2,3, -, the following expression holds.
s 1 1
H[l——_z} {1——_2} =w(-1) =1.16624361 (1.3)
n=1 (Xn‘HYn) (Xn_Wn)
Proof

Same as the proof of Formula 8.1.3 in | 08 Factorization of Completed Riemann Zeta |' ( Riemann Zeta Func.)

Left side of (1.3 ) was computed using 10000 zeros on the critical line in an attempt. Both sides were equal
up to 2 decimal places.

¥ := ReadList["BetaZeros.prn", Number]

= 1 1
g[m ] :=ﬂ 1 - |1—
ne1 f1/72+ay[[nl112) . {(1/2-12y[[n]])?

N[g[10000]]
1.16582 +0. 1


http://fractional-calculus.com/factorization_completed_riemann_zeta.pdf

5.2 Non-trivial zeros whose real part is not 1/2
According to Theorem 4.2.1 in "{04 Completed Dirichlet beta|", if Dirichlet beta function ,B( Z ) has non-trivial

zero whose real part is not 1/2 , the one set have to consist of the following four.
2+ astios , U2-astio, (0<a<1/2)
In this section, we will consider how the formulas in the previous section are expressed when non-trivial zeros

whose real part is 1/2 and non-trivial zeros whose real part is not 1/2 are mixed.

Lemma 5.2.1

Let » be Euler-Mascheroni constant, non-trivial zeros of Dirichlet beta function are X,+1y,, n=1,2,3,

Among them, zeros whose real part is 1/2 are 1/2+iy, r=1,2,3, and zeros whose real parts is not 1/2

are /2t i, (0< g<1/2) $=1,2,3, . Then[Formual 5.1.1 (1.1)]is expressed as follows.

?-‘ 1 /4 2 _z

4logl — 3I092——Iogn—— ) 2

0@ = e( 4) ) [1]1- Z - Z S |¢€ YAy
r=1 VA+yS  UA+y;

(1+2as)z
y 1 (1+20{S)Z N 72 . (1/2+as)2+c§2
s=1 (V2+a,)%+62  (U2+a)%+67
(1—2as)z
120 )z 2 —a P
o 1- ( as) + YA e (1/2 as) +c§2 2.1)

s=1 (V2-a)%+67  (U2-a)%+67

Proof

Same as the proof of Lemma 8.2.1 in "|08 Factorization of Completed Riemann Zeta|" ( Riemann Zeta Func.)

Theorem 5.2.2

Let y be Euler-Mascheroni constant, non-trivial zeros of Dirichlet beta function are X,+ i Yo N =1,2,3, .
Among them, zeros whose real part is 1/2 are 1/2+1iy, r=1,2,3, - and zeros whose real parts is not 1/2

are 1/2+ o +10 (O << 1/2) s=1,2,3, . Then the following expressions hold.

) 2X,-1

IT 1—% =1 2.2)

=Ll X+,

o % 1 1+2« 1-2¢

2 = Z { — — (2.3)
=1 X/ +yn r=1 1/4+yr s=1 (V2+a5)“+0s  (U2-a5)“+6;

8 3 3l

3 4IogF( —) + L +10g2- 2997 _ 5_07778398-- 2.4)
=1 X +yn 4 2

Proof

Same as the proof of Formula 8.2.2 in " |08 Factorization of Completed Riemann Zeta|" ( Riemann Zeta Func.)

Although the story goes a little aside, using (2.2), we obtain the following special values.
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Formula 5.2.3 ( Special values )

When non-trivial zeros of Dirichlet beta function are X & i Yk k=1,2,3, -, the following expressions hold.
0 1 1
I (1_—_ (1—) =1 259
n=1 Xn+|yn Xn_lyn
s 1
1 (1+—. (1+—_) = w(-1) = 1.1662436-- 2.5)
n=1 Xn +1Yn Xn—1Yn

Proof

Same as the proof of Formula 8.2.3 in "|08 Factorization of Completed Riemann Zeta|" ( Riemann Zeta Func.)

Left side of (2.5.) was computed using 10000 zeros on the critical line in an attempt. Both sides were equal
up to 2 decimal places.
y := ReadList["BetaZeros.prn", Number]

i}

I 1 1
g, [m ] :=H[l+ - ][1+ -

n=1 1/2+ay[[n]] 1/2-1y[[n]]

N[g,[10000]]
1.16582 + 0.1

Well, let us return to the subject. By using Theorem 5.2.2, the very important following theorem is obtained.

Theorem 5.2.4

Let non-trivial zeros of Dirichlet beta function are X,+1y, N=1,2,3, and y be Euler-Mascheroni
constant. Ifthe foIIowing expression holds, non-trivial zeros whose real parts is not 1/2 do not exist.

o 3log 7
3 = 4Iog/‘( ) +log2 - 282 = 007778398~ (1.2
1/4+y? 2

=1

Proof

Although non-trivial zeros 1/2+1y, r=1,2,3, existin fact, assume non-trivial zeros 1/2+ at; +i15; ,

1/72- a, 16, (0 < g < 1/2) exist in addition. Then, the following expression holds from [ Theorem 5.2.2
23). 24

1 { 1+2¢ 1-2¢ ]
- +
=1 YA+y7 | (U24a)%+67  (U2-a)%+67
3 y 3logz
=4lo — |+%+log2-———
gl‘( 4 ) 2 7% 2
Here, the following inequality holds for O < ¢t < 1/2 and arbitrary real number J,

1+2¢ 1-2¢ 1/2-2a2+267 0
+ = >

(1/2+05) 2462 (12-a)%+52  {(1/2+a) %02} { (12— ) 2462}

So,


http://fractional-calculus.com/factorization_completed_riemann_zeta.pdf

S

{ 1+2¢ 1-2¢
+
1| (V2+a)%+67  (U2-a)%+67

Thus,
& 3 3lo
> <4IogF(—)+l+logZ—i
=RV 4] 2 2
i.e.
; 1 3 3lo
> ——— ¢4Iog1‘(—)+l+log2—¢
=RV 4" 2 2

As the contrapositive to the abowve, this theorem holds.

Note

]>0 for O< a,<1/2

This theorem shows that the equation|(1.2')| is equivalent to the Riemann hypothesis. However, for the proof of
(1.2"), the imaginary part Y, of the non-trivial zeros 1/2+iy, r=1,2,3, have to be obtained as a formula.

Both sides of (1.2') were calculated with the formula manipulation software Mathematica using 10000 zeros

on the critical line. Both sides coincided with 3 decimal places.

¥ = EulerGamma

¥ := ReadList["BetaZeros.prn", Number]

m l 3 s
gl[m_]:=ZlI gr := 4Log[Ga_rmna[—]]+—+Log[2] -
1 1/74+y[[r]]? 4 2

N[gl[10000]] N[gr]
0.0776004 0.077784



5.3 Factorization of »(z)
Formula 5.1.1 ( Hadamard product ) is what the completed beta function az) is incompletely factored

at the non-trivial zeros. However, using Theorem 5.2.2 , the compensation terms disappear and a)( YA ) is

completely factorized at the non-trivial zeros.

Theorem 5.3.1 ( Factorization of ©»(z))

Let Dirichlet beta function be (Z ) , the non-trivial zeros are Z, =X, +iy, N=1,2,3, and completed
beta function be as follows.

o= E] 5 o

Then, a)( Z ) is factorized as follows.

o 2X, 2 2
0@ =11|1-— Z

=1\ X2y xE+ye

(3.1)

Proof
From |Formula 5.1.1 (1.1)|,

3|og;; }/ I‘(s)) ® 2XnZ
-=-log2-4log/|1 — | |Z o 22X, Z 22 nz=1 242
0@ =e 2 2 4 . gAY

On the other hand, from [Theorem 5.2.2 (2.4),

o 2X 3
Y — :4IogF( —) +Ltlog2- =25
n=an+yn 4 2

From this,

5 _2XnZ 3 3logx
> v 2 )+ 5+ o02- 23]
e”:1XnZ+ynz —e 41log 2 + 2+ 092 > z

Substituting this for the right side of the above,
3logz  y 1‘( 3 ))
-—=-log2-4log/| — | |Z » 2X. 7 2
n Z
w@) =e' * 2 TT0 | 1- +

=1l XgHYs Xotya
3 3lo
(4Iogr(—)+%+|092— Zg”)z
X e 4

% 2%, Z 72
=] 1-—"—+ (3.1)

TR e

fx, =1/2 n=1,2,3,~ , (3.1) becomes
2
© YA YA

o@ = I1|1- +
il VAsyD VA+yg

(3.1

When both sides of (3.1") are drawn respectively using 300 zeros on the critical line, it is as follows.

This is exactly the same as [the one in Formula 5.1.1 (1.1')|.

-8-



— t(Z)
— f2(z, 300)




5.4 Factorization of Q2(z)
By replacing Z with Z+1/2 in Theorem 5.3.1, completed beta function .Q( Z ) that is an even function is

obtained.

Theorem 5.4.1 ( Factorization of Q7))
Let Dirichlet beta function be 3(Z ) , the non-trivial zeros are Z, =X, +iy, N=1,2,3, and completed

beta function be as follows.

—+z

2 \? [1(/3 1
a0 =(7z) 33 pl3)
Then, _Q(Z) is factorized as follows.

. 2(x,-1/2)2 z?
2@ =@ - *
@ = ( )nI=Il[1 (Xo=1/2)2+y7 (Xn-1/2)2+ynz}

4.1)

Where, 2(0)= ﬁ (a-1/2)" 4y :( 2 )3/21“( 3

— ),B( % ) = 0.98071361

n=1 Xr12+yr12 ,\/; 4
(4.1g)
Proof
From [Teorem 531
2 1+ZI‘( 1+Z)
w(Z) = | —F/— — Z
©=(7=] 1% )
% 2%, Z 72
a)(z)=H(l— 2n2+ > 2) 3.1)
n=1 Xa*tYn  Xa tYn

Replacing Z with 1/2+Z in the first expression,

1 2
() (3 2 W 2] 0
Substituting Z=0 for this,
3/2
020 = ( i) F( %)ﬂ( %) =0.98071361 -

N

Replacing Z with 1/2+z in (3.1),
1 © 2X 2
2 i xZeyg N2 xZey2 ) 2

o (X=1/2)2+y72 - 2
w(1+z) . (X=1/2)%+y;: [1_ 2(4-1/2)z 7 ]
(x=1/2)%+y2  (x=1/2)2+y7?

2
since @(1/2+2) = 2@Q),

L 2,2
n=1 Xn T Yn
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o (X=1/2)2+y2 2(x,-1/2)z 2
.Q(Z) — H ( n . )2 n 1_ ( n 2) 2+ Z . -
e (X=1/2)%+yy  (X,=1/2)%+y,
Substituting Z=0 for this,

o _ 2 2
2@©) =11 B {:2)2+y”

n=1 Xn T Yn

Substituting this for the right side of £2(Z) , we obtain [@.1)],

Lemma 5.4.2
Among Theorem 5.4.1 (4.1), the product (2, (Z) of the factor whose real part X, is 1/2 is expressed as
follows.
7 2
Q@ =20 111+ “2)
r=1
Yr
0 y2
r
Where, (2, (0) = H 5 (4.29)
=1 1/4+y;

Proof
Replacing a part of X, with 1/2 in|Theorem 5.4.1|, we obtain the desired expression immediately.

Note
It is the Riemann hypothesis that £2(Z) = £2,(Z) must be.

Lemma 5.4.3

Assume that the factor whose real part is not 1/2 exists among |Theorem 5.4.1 (4.1)|. Then, when two real
numbers are @, & S.t. 0< <12 & |&| >4/ 1/8, the product £2,(Z) of these factors is

expressed as follows.

2( 62 -al )2? 724
2,@) ::2,;,(0)S:H1 1+ ( 52 52>2 — (4.3)
(0!5 +5s> (0{5 +5s>
2 2 2 2
o +0, al +9o.
Where, 2,(0) = [] e —— <1 (4.39)

1 (UR2+0)2+87 (1/2-a)2+57

Proof

Same as the proof of Lemma 8.4.3 in "|08 Factorization of Completed Riemann Zeta|" ( Riemann Zeta Func.)

Note
The conditional expression |5s | >4/ 1/8 s valid. It is because the zero of ,B(Z) does not exist in the

domain 0< < 1/2 & |6, | <A/ 1/8 .

-1 -
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Theorem 5.4.4

When Dirichlet beta functionis B(Z) and the non-trivial zeros are Z,, = Xp T iyn n=1,23, -,

If the following expression holds, non-trivial zeros whose real parts is not 1/2 do not exist.

: yrz —( 2 )yzf(i)ﬂ(i) = 0.98071361 - (4.4,)
Sy (V2 a)z) e “

Proof

Although non-trivial zeros 1/2+1y, r=1,2,3, exist in fact, assume non-trivial zeros 1/2+ o £i9; ,

1/2-a+is;, (0<oas<1/2 & |5 | >4/ 1/8) exist in addition. Then, the following expression
holds from | Theorem 5.4.1|,|Lemma 5.4.2 and Lemma 5.4.3 |

Q@)= @) 2:@)
2 2 2
:Q(O)I_Il<1+2_z).n[1+2<5s_as )ZZ + A 2} @.1)

Yy s=1 ( 0552+552> ( 0(52+552>
2(0)= 2,(0)2.(0)
_E W o5 +5; o5 +5; 2 \¥2 (3 (1
=11 ;11 2, o2 2. 2 N 4 4 B 5
=1 1/4+y" s=1 (1f2+a5) +68; (U2-a)“+ 6, 4
= 0.98071361 - (4.19)
And, according to [Lemma 5.4.3], when 0 < o, <1/2 & |8 | >4/ /8,
0(52+552 a52+552
<1 (4.30)

1 (UR2+0)2+87 (1/2-0)2+52
Then, from (4.1;)) ,

liaz e (E b3

2 3/2
oYy 2 3 1
11 # ) r( —) (—) = 0.98071361 -
r=1 1/4+yr2 AT 4 ﬂ 2

As the contrapositive to the abowe, this theorem holds.

Both sides of (4.4,) were calculated with the formula manipulation software Mathematica using 10000 zeros
on the critical line. Both sides coincided with 4 decimal places.

v = ReadList["BetaZeros.prn", Number]

z y[[r]]? 2 )32 3 1
Rg[m ] := a[oj := | — Gamma[—] DirichletBeta[—]
=11/4+y[[r]]? v 4 2
N[2g[10000]] N[a[0]]
0.980759 0.980714
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cf.
If the square root of [(4.4)| is taken, it is as follows. This is also equivalent to the Riemann hypothesis.

@ y 2 \ ¥ 3 1
I1 d = ( ) «/ r( s ) ,B( —) = 0.99030985 - @.5)
r=1 / 1/4+yr2 '\/ JT 4 2

Each factor on the left side is an imaginary part when non-trivial zero Z, = 172 +i Y is converted to
polar coordinates. That is,

f{sin&r:(%)m«/r

Data of the zeros of 5(z)

3 1
7 )ﬂ( > ) = 0.99030985 - (4.50)

| downloaded the zeros on the critical line of Dirichlet beta function ,B(Z) from the following website.

I am sincerely thankful to the webmaster.

[Tables of approximate values of the first zeros on the critical line of some primitive Dirichlet L-series |

2018.04.11

Kano. Kono

[ Alien's Mathematics |
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