16 Higher Integral of the Product of Two Functions
16.1 Higher Integral of f(X) g (X)
16.1.1 Higher Intagration by parts

Formula 16.1.1
<> . L . <r> A .
Let T ™ be the arbitrary I th order primitive function of f(X) and ¢ be the I th order derivative function

@)

of g&) for r=1,2, = ,n . And let f;rk>, gak be the function values of f g(r) on a, k=1, ,n

Then, the following expressions hold.

X X n-1 r X X
C4Ogyn = FPEO@ N § o g nores (O
// f= g( )an =f" g()_ r sf;:_rr+s> gai_r/"'/ dx"
an al an a

r=0 s=0 n-r+1

n X X <
- ZnCr/---/f ~gdx" (L.1)
a, va1

r=1

Especially, when a,= a for r=1,2, -,

X X n-1 r -32)"
/a'/a f<0>g(o)an — f<n>g(0)_ Z 2 rCsf <n—r+S>g(S) (X a)

S

r=0 s=0 a a r !
n X X
- 2 / / f g Pdx" (1.2
r= a Ja
Especially, when f<r>(a) =0 (r:]-, 2, !n) or g(S)(a) =0 (S:O’ 1,-.n _1)
X X n X X
// F POy = {775 _ ZlnCr/"'/ f <7 Pgx" (1.3)
a Ja r= a “a
Proof
The following equations hold according to the formula of integration by parts.
X X
/a £ POy = f PO - O ‘/a f g @dx (00
1 1
X X
/ f P9y = 2@ - £ 7O ‘/ f g @ax (102)
a, az
X X
/a FPgDx = PgD - § ZgD ‘/a f ZgPdx (1)
1 1
X X
| 124@ax =g -1 2 - [ 14 Dux (209
a3 az
X X
/ £ 29Dy = fFg® - £ gD ‘/ f =g @dx 212)
a az
X X
/ t2g@qdx =GP -t Fg@ ‘/ f gdx (221
a; a

Integrating both sides of (001) with respect to x from @, to X,



/x Xf Oy :/Xf DOy - P (0)/ dx / f<1> D2
a a2 a

27 ay 2’a
Substituting[ (102)|for this,

X X X
/a §CqO2 = 25O f;?ggg) / £ 2 Mqyx

278
<1> ) <> (1)
fa Oa, / dx / f dx?
ay,’ay
Here, integrating both sides of with respect to x from a, to X,

/x Xf D Dgy? :/Xf 24Dy - 12 (1)/ dx / f<2> @ g2
a a, a

2”ay 2781
From this,
| 29 = 129® / ax+ [ 1g@ac+ [ 1@
ap ' ax’ay ax’a;

Substituting this for the abowe,

X [ X
c> (O 2 _ <2 (O 2> (O > (O 2> (1
[ 100 =120 - 1769 - (176 + 1708 [ o

2”ay

X [ X
-2 f <PgPax? - / f<2>g<2>o|x2 @
ax’ay ax’ay

Next, integrating both sides of (2) with respect to x from ag to X ,

// f<o> (O)dx3_/ £ 24Oy
a a
X
2 (0 0 2> (1
-2 952)/ dx - (5708 +1295) / | dx
_ 2// f<1> Dy 3 // f<2> @ gy3
ag’a ay/a;
Substituting [(203)| for this,
X
// 1:<o> O3 = § <T@ f;?ggg) /f<3>g(1)dx
ag’ay’a; as
X [ X
2 (0 0 2 (1
-fa gé’/ dx - (157080 + 15 g;’)/a dx

3 a2

-2// 't <Dy 3 // 't <24y
ag’ay’a; a

2”8y

2’a

2V ay

Here, integrating both sides of [(212)] with respect to x from a3 to X ,

/ £ =gPdx =79 / dx + / f<2> Dyx? + / 1Py
a3 ag’a

ag“ap
Substituting this for the abowe,



X
L] a0 =190 1290~ (1290 + £ 70?) [ o

2" %1 3

X [X
- (1520 +1 0P [ ox
a as
/ f<2> Dy 2 / f<3> @y 2
a

o[ gou -

<> (A <2>_ (2
f <P Pdx> // f =g @dx>
az’a
Here, integrating both sides of |(111) , (221)| with respect to x from a, to X respectidy,

2V ay
/x Xf P4 Wy 2 :/Xf 2Dy - f ;lz>g§11)/ dx - / f<2> @ g2
a a, a

2’ ay 2’a

/x Xf<z>g(2)dxz :/Xf<3>g(2)dx—f§13>g§12) dx / f<3> @y 2
a as a

2’ay 2’a

2”81

Furthermore, integrating both sides of these with respect to x from a3 to X respectivy,

/ / f<1> Dy / f<2> Ddx>- 179" / / dx? / / f<2> @gx3
a 33 az 32 a3 az al

/ / f<2> @gx3 / f<3> @dx?- 179 / / dx? / / f<3>g(3)dx3
a a3 az a a3 az al

2>4® L Dy3+ f 2D XX o [*[ [ <> @43

/ f dx? // f dx>+f, gal//dx+// f g*“dx
3.3 3.2 a3 3.2 a.l 8.3 a.2 3.3 3.2 al
X [ X X X [X

/ 't @ @qy? / / ‘T gPdx3+f g / / dx >+ / / f g®dx®
a3 3.2 a. 3.2 a.l a.3 a.2 a3 a.2 al

Substituting this for[the abovel
// f<0> (0)CIX = f O f;?ggg)
ag’az’a;

2vay

2vay

- (fe+ 108 dx
X X
(10 20+ 156) WA
ag’ay
-3// 't <Dy 3// 't 24y // 't <Oy
ax’a; ax’a; ax’a;
=190 -170s)
1
_Zlcs <2+s>g§s)/ / dX _2 NoRi <1+s>g§s)/ / dX
s=0 2 a3-1+1 s=0 ' a3_2+1

3 X X
-y 3Cr/"'/ f<r>g(r)dx
r=1 ag “a;



:f<3>g(o)_f;3> © _ Z Zrcs £ <3- r+s>g(s) /X“/X dx"

a
- 3-r
r=1 s= 3 a3_r+1

- zgc/ /f<r> Ogx3

Thus,
// 1:<0> (O)dx = f 3>g(0) f;3>g§0) Z Z C. f<3 r+s> S) / /
ay’a; 3 r=1 s=0 3-r a3r+1
3 X X
- 2 sC / / f <~g®adx3 @
r=1 ag “a

Hereafter by induction, we obtain the following expression.

/)_(__/Xf <0>g(0)dxn :f<n>g(0)_ 1:<n> (0) 2 Zrc 1;<n r+s> (s) / / er
a, Ja; a, _rl

r=1 s=

- inCr/)'("/Xf <IJ>§I(r)dx”
r=1 a, ag

<n>
And pushing fan g(aO) into 33, we obtain |(1.1)].

Next, when a,=a for r=1,2,

// dxr—//dr=(“)r for r=0,1,

ap_r+1
Then, substituting this for (1.1) , we obtam.

Last, when 7 @) =0 (r=1,2,~ ,n) or g®@)=0 (s=0,1, - ,n-1), is clear.

Note
Different from the integration by parts of the 1st order, These formulas are seldom used directly.
16.1.2 Higher Integral of the Product of Two Functions

Theorem 16.1.2

<r> _ _— . <> . .

Let f be the arbitrary I' th order primitive function of f(X) and g be the I' th order derivative function
of g&x) for r =1,2, -~ ,m+n-1. Let f , gg) be the function values of f ", g(r) on @, for
k=1,2,~,n. Andlet B(n,m) be the beta function. Then, the following formulas hold.

/ 1:<0> (O)an_ mz_l( _rn )f<n+r>g(r)
a, =

ndmt( NENY e ® [* [ r
LRV e [ e

n-r n-rla. Ja,_ .
n-1r-1r-1 X
m m+n-r+s m+s r
+ (—1) Z Z Z tCs : m+n—1—r+tCm—1 f < >g(a )/ / dX
r=1s=0 t=s &n-r - Ya, Ya,_.1

(_1)m n-1 “‘1CK/).(../Xf<m+k>g(m+k)dxn (2.1)
a a

B(,m) <o m+k

n 1



Especially, when a,=a for r=1,2, - |n

/f./xf 0Oy = m‘l( N ) .
a “a r

<n+r>_(D)

2 g

r=0

ISR e T B N O) x-a)"
B ; ; ( s )fa a r!
( ) g g ti s - mn-1-r+tCm-1 a
(_1) 5 n 1Ck

<m+k> (m+k)
B(nm)kom+k//f dx”

Especially, when f~@)=0 (r=1,2, ,m+n-1) or g(s)(a):o G

X X m-1( —N
/a“_/a f<°>g(o)dx“= ( r )f<n+r>g(r)

2
/ / f<m+k> (m+k)dX
Proof

r=0
According to|Formula 16.1.1|, the 3rd order integral of f<k>g ) k:O, 1,2,

1L

oY ay

D" n 1,.1Ck
B(,m) k o m+Kk

f < (O)dx — f <3>

0
g()

f(m+n r+s>g(m+s) (X a)

=0,1, -

rl
(2.2)

,m+n-2)

@.3)

are as follows

<3 (0 <2 (0 <3> 1
fag g§3) (f ao ggz) ao gé ) / dX
~(170Q+ 2 7P+ 170P) [
-3 / / T PyDx3-3 / / 't 2@y / / IR
az’ayx’a; az’ a; az’/ax’aq
// f<1> D3 = f wg®D
ag’ax’a;
<4 (1 D, <. @) [~
o 0ay = (5 95, + 12, 95)) /ang
X [ X
- (1200 + 20 29@+15562) [ ] "o®
-3 / / 't 2g@gx3-3 / / 't @y / / 't gDy
az’ax’a; az’a; az/a’aq

// f<2> @3 =  Sy@

az/a/a;
e D, 5. [F
fasggs) (fazg() fazgé(l) /ade



_( <3>g§2) 2f<4>g(3) f<5> (4) /a/a dx2

-3///f<3> ®gx3-3 //f<“> ®qy3 ///f<5> ®gx3
ag’adx’a; ag’ax’/a; az/ax’a;

Substituting the 2nd less than expressions for the[1st expression]one by one,
X [X X
<0 (0 — <3 (O <> (1
// < PgPdx®=f>g@ -3 ¥g®
az’az’a;

<3 (0 <4>_ (1
— (f ggg) fa3 g;s))
<2> (0 <3 (1 <4> 2
- (f ao ggz) 2f as g;z) a.2 gg ) / dx

X [ X
(1700~ 176 - 81 0P~ 3170) | ] o

+6// f<2> @qx3 +8//
az’a a

37 azx’ay

f<3> ®gx3+3 / / f<4> ®gx3
a

oY ay oY ay

=f <3

g(0) _3f <4>g(1) + 6f <5>g(2)
3> (0 2
(1560 322 62
( <>g§2) <3>g§1) 3f<4>g(2)+ 6f<5> (3) /dx
X[ X
- (1700~ 129D+ 1 9P+ o1 Fo P+ 6 50 ) [ o
37 42

X[ XX
-10/// f Fg@dx3-15 // f<* <4>dx3—6/// f =g ®dx>
ag as’aq ag' anY ag ag az’a;

This formula can be expressed as follows.

< _-Eg < -_:3 <
/a/a | 1% 04 @dy3 = ( 0 )f @+ | ) f<*g®
-3 -3
<3> (0 <4> (1
_( 0 )fa 020+ ( 1 faaggs))
-2 -2
<2> (O <3 (1 <4> 2
-( o [T e+ ( A )fazggg ())/dx
S N A B F gD 3t g ® X[ 2
- 0 fal Oa, + 1 1:a Oa,” ~ . Ya, 3f . Ya, / dx
az”’az

C 2(2+1) (2+2 XXX ks (o4
+(_1) Z 2Lk ( 22§ )// f 2+k g(Z k)dx3
a3 a2 al



= ( _;)f<3>g(o)+( _13) f<4>g(1)+( _;)f<5>g(2)
2l 2
- ( _02 fo s, * _12 ) fo 0 _22 f;‘fgg?) a:dx
- ( —01 fa 08+ _11)f;12>g§11) _21 f 5@ ) /a : a:dxz
- (Gf ;?gzg?) a:dx
- (910w 61 70) | ¢
+(—l)3k;20 ch_;k 3(3+;'2§3+2) /a:/a: ale Stk G+ 3

Here, red and magenta coefficients are the elements of the following Pascal type triangles. Bule coefficients are

. - 3m L . .
given, magenta coefficients are equal to Cpg , and a red coefficient is obtained as the sum of two coefficients

of the upper row.

2 3
s i = 2 3
S e ! 5 3
e 6
¢ ¢ = 3 6
X 1 9 6

If bule coefficients are given, the other coefficients can be calcu

Lemma 16.8.1)
r-1
3m _ 3m
Crs - E tCS—l Cr—l—tO r,s =1

t=s-1
— 32_ 32_ 32_
When m=2 , Coo— 3C1 v Cio— 2C1 v Co0~ 1C1

. 32 —_ _
From this, C;-7_tg = 3-(r-1-) C1 = 4-r+tC1

32 r-1
Cs — > tCs-14-r+:C1

t=s-1
— 33_ 33_ 33_
When M=3, Coo=4C2, Cip=3C2, C)p=2C2

. 33 — —
From this, Cr—l—tO - 4-(r-1-t)C2 - 5—r+tC2

3C1
2C1
1C1 5

3(:1
3C1

4C>
3C>
2C2 9

aC>
4(?2

lated by the following expression. ( See

i.e. th>(’)2 =3:C1 t=0, 1, 2
rnsz1
ie. Ct%s =4+C> t=0,1,2



33 r-1
Crs = Z tCS-l 5—r+tCz r, S = 1
t=s-1

r-1
3m _
Thus, Crs - Z tCS-l ’ m+2—r+tCm—l

t=s-1
If these are used, the abowve formula is expressed as follows.

XXX < (4,3 = L (_3) <B+r> (N _ L (_3) <3+s>_(s)
/ag,/aza1]c g dx r;O r f g SZO S faa gaa

1 -
Z ( )f<2+s> (s)/ dx - ( ) <1+s>g§i)// dX
= s= O az”az

<4> (2 3> (2 3
+cif f s ()/ dx + (o35 faog@+c57 1 5798P) /a/adx
3 2

2Ck 2(2+1) (2+2) /yyxf <2+k>g(2+k)dx3
ag/ax’a;

+(_1) Z 2+k

2 (-3 2 (-3
r;o( r )f<3+r>g(r)_ 2( )f;j+s>g§z)

s=0 S
—2( 2) 2o - £ Jeou [
SO & as' ao
€ I 33¢ <5> (4 2
C11 a, 9§) /dx C21 ggl) Coofa, ggl) /a/azdx
3

C 3@B+D B+ [X[X[* sk (34
+( 1) 2 2Lk ( 3-)'-§ )///f 3+k g(3 k)dx3
a3 az al

That is,

X [ X X 1 (=3
// f<°>g(o)dx3= Z ( )f<3+r>g(r)
az’/a’a; r=0 r

2 & [ —3*r B-r+s> () [ /X r
B rgo sgo( S )fa3-r gaS-r/agm dx

az_re1

2 o 5- 2 X
1) g ; r1+s ;3 rI’+S>ga(3+rs) er

ag a3—r+1

C 2(2+1) (2+2 X[X[X ks (o4
+(_1) Z 2Lk ( 22& ) //f 2+k g(2 k)dx3
a3 az al

2 (=3
— 2 ( )f<3+ r>g(r)

2 -3+r X X
_ <3-r+s>_(s) 3 r
r;o sgo ( S ) fa3 r gas r/a3 / dx

+
A

a3 r+1
+ (=13 2 & 33 fB-resg (3+3)
(‘ ) Z ZCr1+s a a
r=1 s=0 3-r 3-r a a3 1



C 3@+ (EB+2 Srhag @r
3+Kk WA

v ay

r-1
Here, if C s+1 Z tCs m+2- r+tCm 1is used, the expansion of O~ m-21terms is as follows.

m-1 —3
/a/e; f<0> (O)dx 2 ( )f<3+r>g(r)

2”8
) Zm_l( —3 r) f<3-r+s> ® X/X dx"

az_r gas rJa,

r=0 s=0 As3_r41
2 r-1r X X
FED™S S S Co oo L f ST ) / / dx"
r=1s=0 t=s 37 Jag Yag
C: m nq-k]_ n1'F:Z X X[ X
+( 1) Z 20« ( 3—E )// f<m+k>g(m+k)dX3 3)
m ag’ax’a;
In a similar way, calculating for the 4th integral,
X X
f<0> (O)dX4:f<4> O _ Af <5 (D
/a4 /a1 g g g
<> (0) <> (D
- (f as g6‘4 A as g6‘4 )
§ <@ _ 3¢ <O
( as gas as gas / dx
<20 O _ of SO /X de
( ao gaz az ga a,/as
<@ _ § <2, D
(f aq gal al gal /av/a.3 a
<5 (2
* (4 as gaa /a dx
X [ X
€) N ©) 2
+(7 2gP+ 4f 7ol )/aAanx
+( 9@+ 11f gD+ 4f gD //
a4” ag a2

; 10/?./Xf 2 @yt + 20/.../ £ g Pyt
as vYaa as Yap

+ 15/)-(--/Xf ““g@dx* + 4/%--/xf =g Pdx?
g aj ay ai

<4>_ (O <5 (A <6>_ (2
- (f a, g§4) 4f ., 9a, s 10f g§4))
- (f2r0s) - 3f5, 05, * 6f 592 / dx



X
<2> (0) of <3>g(1) + 3 <4> (2)) / dx2

a4 a3

(a (0) g(1) £ g(z) // 3
az’ag az
£ <62, X
(1 a; ga3 A4dx
X
(3) <6>_ (D 2
- (16f 8P+ 10f gaz)/a4a3dx

19f <4>g(3)+ 26f g+ 10f O //
ay” ag az

_ 20/?./Xf S @yt 45/f./ £ g Dyt
a, vYap s vYap
X X

_ 36 / " / 4Oy - 10 / . / £ Oyt
a, vap s vYap

Here, red and magenta coefficients are the elements of the following Pascal type triangles. Bule coefficients are

. . 4am L . -
given, magenta coefficients are equal to Cpg , and a red coefficient is obtained as the sum of two coefficients

of the upper row.
ng 4 4C1
Cfg Cflz = 3 4 = 3C1 4C1
ng cg‘f ngz 2 7 4 2C1 7 4Ca

c:foz crff c§22 c§§ 1 9 11 4 1C1 9 11 4C:1

Coo 10 5C2
Cfg’ Cff = 6 10 = 4C2  sC2
S e o 3 16 10 3C2 16 sC2

i C5 c5s Chss 1 19 26 10 202 19 26 sCo2

As well as before, if bule coefficients are given, the other coefficients can be calculated by the following
equation.

r-1
m _
- 2: tC:s—l' m+3—r+tcjm—1

t=s-1
If these are used, the abowve formula is expressed as follows.

X [X 1 (-4
// f<0>g(0)dX4: Z ( )f<4+r>g(r)
as Jag r=0 r

1 [ =4+r X [X
_ 2 ( )f<4 r+s>g§i) // dx"
"Va

ag-r
r-1 X X
42 <6-r+s>_ (2+s r
a

r=1 s=0 a4—r a4—r

-10-



Ck 22+ (2+2) (2+3 X X oik> (24
+(1)23k C )(2+k)( )/---/3f2kg(2k)dx4

3.2 (4t <d-r+s> () [* /x r

As_r+1

3 r-1 X
_ Z Cr1+sféz rr+s>g£§j+rs)/ / er
ag “A4-r41
3 3Ck 3(B3+D) B+ (B+3 X [X 3ik>
e 1)32 3Cx 3( )g+k)( ) //a ko G4

r-1
Here, if Crs+1 Z tCs' m+3- r+tCm 1is used, the expansionof O~ m-1terms is as follows.

/ /f<0> (O)dX 2 ( 4)f<4+r>g(r)
r=0 r

m-1 [ —4+r d-r+s> @ [X [ r
_rgosgo( S )fa4r ga4r/a.../ dx

4 “84-r41
me &lre (m+4-r+s) _ (M+5) X r
+ (_1) Z Cs m+3-r+tCm- 1fa ga dx
r=1 s=0 t=s 4-r 4-r 4 a4 1
C m(m+LD) (M+2)(M+3 ko (e

Hereatfter, in a similar way, the expansionof O~ m =1 terms of N th order integral is obtained as follows.

/).(../Xf <o>g(0)dx”: mz_l( i )f<n+r>g(r)
a, “a ot
Z_ ( -n+r ) fa<1n_r+s> g;S) /x/x dx'

S n-r n-rJg

IIMI

n an—r+1

n-1r-1r-1 X X
( 1)m Z Z Z tCs men-1-r+tCm-1 f (m+n r+S>gém+S)/ /a dx”
a

n-r
r=1s=0 t=s n n-r+l

n-l 21Cv m(m+1) -~ (Mm+n-1) /x /X<m+k> K
nm (m+k) gy 4
e kZO(n -D! m+k 2 alf g dx
Here,
m(m+L) - Mm+n-1)  (M+n-1)' I (m+n) _ 1

(-D! - @-DIMm-DI )M  B(,m)

Then, substituting this for the abowve,

/)_(__/Xf <0>g(0)dxn — mz_l( —Nn ) f <n+r>g(r)
a a r=0 r

n 1

-11 -



n-im-1{ —=Nn+r X X
_ ( )f;n—r+s> gS) // dx"
r=0 s=0 S n-r n-r S S
n-1r-1r-1 X X
+ DM Y Y Y CsmeneareCroa M ”S>g;"‘+”/ / dx"
r=1s=0 t=s &n-r -t Ja, “Ya,_.
-D™ -1 ,1Ck X [X
B((n )m) Z r;]11+kk/___/ f<m+k>g(m+k)dx4 2.1)
y k=0 a, ai

Especially, when a,= a for r=1,2,

X Y <o (0 n:m‘l( —n) <n+r> ()
/a /af g7dx ;0 , f g
2 2 ( ns r) <n-r+s> (s)/ /dX

-1r-1 1
( )m E rz rEtCS m+n-1- r+tCm- 1f<m+n r+s) (m+s)/ / dX

r=1s=0 t=s

(—1) n-1 n_1Ck/)'("/X <m+k>_(Mm+k) 4. 4
B(n,m) o m+k Jy Ja : J dx

Here, since

X X - r
[ [ar =830 r=012 -0
a a -

substituting this for the above, we obtain.

Last, when f(@)=0 (r=1,2, ,m+n-1) or g(s)(a)=0 (<=0,1, m+n-2),
is clear. Q.E.D.

Note
As mentioned in|4.1.3] the polynomial expression for the higher integral of 1 is difficult.

X X
Examplel/ / e*sin x dx?
2 Y1

When N=2, m=3, from[2.1),

X 3-1( =2
/f<0>g(0)dX2: Z( r )f<2+r>g(r)

r

2 al r=0
2-1 3-1 [ =2+r (2 (O X X i
T e A ar_ Ja _ dx
r=0 s=0 S 2-r 2-r a,7a,_ .,
2-1r-1r-1 .
+ED® Y Y XG5 aoaniCan fi (9v2- r+s>g (as+5)/ dx’
r=1s=0 t=s as_y or a, Jay .,
~1)°3 2-1,.,C
+ D 21k f<3+k>g(3+k)dx
B(2,3) & 3tk

-12 -
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DM

( -2 ) f <2+ r>g(r)

r=0
2 _2 <2+ S> 2 <]+s>

-5 [TEmee- [ e [ue
ngé?/dx

-4//f<3> Dyiy? 3//f<“> Dy
a,’a az’a

et f =e*,g =sinx, a;,=1 ,a,= 2, then

X X
Left //f<0>g(°)dx2://exsinxdx2
a,”’a 2J1

1

e*cos x - e2cos2  elx(Gin1- cosl)

5 - > +elGinl- cos1)
Next,
< < r
7=t =¢  g® =sin|x 7”)
f2r=e?, 177 =et, ¢ =sin|2+ 57[) , 98 =sin| 1+ S—;)

[ [0 [ [

e*sin x - e2sin2 L e 1xGsin 1+ cos1)

3z
x+— )dx

el Gin1+ cos1)

- 2 2
@y @ Ar
f dx?= e sin x+— dx?
2 l
e*cos x - e2c0s2 elx(in1- cosl )
_ . R > ) +elGinl- cos1)

Substituting these for the right,

Right: =exr§o( _rz)sin x+r—2ﬂ) —ezéo( _rz)sin 2+r—2ﬂ)
—eli( 1)sin(l 7))(—_'2 3e'sin 1+%)X—_!2
_ 4{_ e*sin x ;eZSinZ s elx(sin;+ cos) e (sin 1+ cosl)}
_ 3{_ e*cos x ;eZCOSZ _ elx(sin;— cos1) + el Ginl- cosl)}

= —2e*cos X —2e%sin x + 2ecos2 + 2e%sin 2
+ 4dx elcosl - 8elcosl
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+ 2e%sin x=2e2sin2-2e*x sin 1-2e*x cos 1+4elsin 1+4e’cos 1
3

3 3
+ —e*c0s Xx——=e2c0s2+—e 'x sin 1-=e'x cos1-3esin 1+3e cos 1
2 2 2 2
1

1 ) 1 )
2e cos X + §e2c052 - ielx sinl + ielx cosl +elsinl - elcosl

This is consistent with the left. And, since this result contains the constant-of-integration polynomial with
degree 1, we can see that this 2nd order integral is collateral

X X
Example 2 / / e¥sin x dx?
27[ 17[

2 4
When N=2, m=3, from[Z1],

r

X 2 [ =2
/f<o>g(0)dX2: Z( r )f<2+r>g(r)

>Yag r=0

2 -2 <2+s> _(5) 2 -1 <1+s> () X
B sgo( S )fa2 ga2 B sgo S fa1 Ja, /azdx
;‘fggf)/ dx

-4 f<3>g(3)dx2 -3

a,’ay

Xf @ Dy?
ayxYady

v 0 =sin X, a; = 1x/4 , Ay = 27/4 . then

X [X X fx e*cos x
Left //f<°>g(°)dx2:/ / e*sin x dx* = -
a,’ag 2z Y 1n

Let f =ex

2
=z 4
Next,
rz
f<r> —f <2+r> _ X ’ g(r) = sin X.|.7 )
2z iz 27w ST 17 sx
LL+s>_ 4 <1+s>_ _ 4 ) — A )= ; e
fa =€, f4 e ,gaz—sm(4+2),ga sm(4+2)
X [ X X [X
//f<3>g(3)dx2—/ e*sin x+7)dx2
ax’ay 2zY 1z
4 4
iz iz
1 .. Z 27\ e'xw2 e’m/2
= —— - - + -
2(ESII’]X € sm4) > A
X fxo Ar e*cos x
// “g@dx? = / e*sin x+7)dx2:— 5
ar"a; 2z 1z
4 4
Substituting these for the right side,
2 (=2 SY/4 222 (=2\ (21 s«
Right: eXZ( )sm x+7) -e* Z( Sln(—+—)
sso\ S o\ s 4 2
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s=0
1z 1r 3x 27
_ 4 - i e _ =
3e sm( 2 5 )(x ) )

1z 1z
1( . 2z 272') e x/2 e? 2] 3e*cos x
-4 —i(esmx—e SIn ) + 4 + >

= -2e*cos x —2e*sin x
27 17z

+2eT+2eTXﬁ
et aZ
+2exsinx—2e%-2 X2+e4;;\/_ 3ecosx
_ e"cos x
2

This is consistent with the left. And, since this result does not contains the constant-of-integration polynomial,
we can see that this 2nd order integral is lineal.

X X
Example 3 //exsinxdxz
0 /o

When n=2, m=3, from,

X [ X 2 [ =2
// f<0>g(0)dx2: Z ( )f<2+r>g(r)
a’a r=0 r
2

_ 2 ( _2)f<2+s>g(s) (X_a)o _ i ( _1)f<1+s> ) (X_a)l
S a

a o! s=0 S a a 1t

(x-a)*
- arzg@ O

X X X [ X
- 4/ fFgOdx? - 3// f 2 @dx?
ava aJa

et f =€*, g =sinx, a= 0, then

X[ X Xfx efcosx  x+1
Left // f<0>g(0)dx2=// e*sin x dx*= - +
a’a 0/0 2 2

Next

. rz
f = <2F X ’ g(r) = sin X_|_7 )
ST
f<1+s> _f<4> e ’ ggs) = sin— 2

)d o_ _e'sinx _ x
B 2 2

// f <Tg®dx?= // e*sin
// f<4>g(4)dx2=// e*sin | x+
a’a 0v0

Ar )\, ,_ e'cosx | x+l
2)dx“ 2 72
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Substituting these for the right side,

2 [ =2
Right: =eXZ( )sin x+r—2ﬂ)
r=0 r
L0k &[T L sm X o ol 37 X
e ;OSEO( . sin— 1 3e-sin 5 11

e'sinx X ecosx  x+1
‘4(‘T+§)'3(‘ 5t
-2e*cos x — 2e’sinx + 2 + x + 3x

3e* 3x+3
+ 2e"sinx - 2x + e;osx_ X2

_ e*cos x Lx, 1
2 2 2
This is consistent with the left. And, since this result contains the constant-of-integration polynomial with

degree 1, we can see that this 2nd order integral is collateral.

X X
Example 4 / / eXsin x dx?

When n:2,m:3, from,
XX < 2 [ =2 <n+r> -1 ° l C <3+k> +
/a/a]c 0>g(0)dx2:rgo( )f ner> (0 D 1Ck f3 k g(3 K gy 2

B@2.3) &3k ),/
— i ( _2)f<n+s>g(s) _ 4/7 f<3>g(3)dx2 _ 3/7Xf<3>g(3)dx2

s=0 S a‘a a’a
Let f =e*, g =sinx, a= -, then

X[ X X X e*cos x
Left: // f<°>g(o)dx2:/ / e¥sin x dx?= -—5—
ava —o0Y =0

Next,
{7 = = g® =sin x+r—2”)
.
<3> (3 o7 2_ e’sin X
//f dx?= //esmx+2)d B
X X 4 X
/ f<4>g(4)dx2:/ / e*sin 77[)de= £ cgsx
ava —0Y =0

Substituting these for the right side,

2 [ =2 X
Right =" ( )sin - 3(—L(2)SX)
r=0 r

rr e’sin x
X+ ) - 4( 2

2
. . _ 3e*cos x
= e*(in x = 2cos X — 3sin x) + 2e’sin x + —
_ e"cos x
2
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This is consistent with the left. And, since this result does not contains the constant-of-integration polynomial,
we can see that this 2nd order integral is lineal.

Remark 1
The following thing can be seen from Example 2 and Example 4 which are lineal together.

X
) <> e”cos X X [Xx i X [x
(e*sin x) :—T://e"smxdx2://e"smxdx2
27V 1xm —o0Y =00
- i

That is, the higher integral which gives the higher primitive function of the product of two functions is not
necessarily unique.

Remark 2

As understood from the above proof process and Example 1,2 , [[2.1)] holds unconditionally and is perfect.
Howe\er, it is too complicated and the practical use is difficult. is not simplified considering the
conditions.

is the most practicable compared with these. The condition looks severe apparently. But, let

- / - / t60dx =12, ~ n)

Then f<r>(a)=0 (r=1, 2, ,n) holds without trouble.
k

r-
<r> <r>
Therefore, in Example 3, if not f = eX but f Z was adopted, not (2.2) but (2.3) was

<r>
applicable. But if it does so, since f " will become a collateral higher primitive function, the calculation may
be complicated. Like Example4, In the case that the zero of the lineal higher primitive function is consistent

with the lower limit A of the integral of fg, the calculation is the easiest. Therefore, below, we adopt this case
as much as possible, and will mainly use (2.3).

16.1.3 Riemann-Liouville Integral Expression
According to Formula 4.2.1 in[4.2], Higher Integral is expressed by Riemann-Liouville
Integral as follows.

/a /a "t dx" = % /a " G-D" Ot

If (2.2), (2.3) in Theorem 16.1.2 are rewritten using this, it is as follows.

Theorem 16.1.3
Let f = be the arbitrary I' th order primitive function of f(X) and g<r> be the I' th order derivative function
of g&x) for r =1,2, -~ ,m+n-1. Let f Ng gg) be the function values of f ", g(r) on @, for

k=1,2,-,n. Andlet 7(n) be the gamma function and B(N, M) be the beta function. Then, the

following formulas hold.

m-1{ —N
F()/ (x- t)n 1fgdt_ 2( r )f<n+r>g(r)

nil 2—1( -n r)f<n_r+s> o &-a)'

=0\ S 8 a ol
-1lr-1r- “—-a r
FED" S ZotZ‘Cs mon-aoreiCrs £ {0507 r>g%§‘”5)(r—l)
r S S
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(—1)m n-1,_ le

2 /X(X_t)n—1f<m+k> (m+k)dt 3.1)
B(n m)/7(n) = m+k g '

Especially, when f¥°@)=0 (r=1,2, -~ ,m+n-1) or g®@)=0 (=0,1,~ ,m+n-2)

1 X -1 _m‘l(_n) <n+r>_ (D)
F(n)/a(x D" gd=% | 17

+ (_1)m ” -1 1-1Ck
B(,m)I(n) k o m+k

/ ( _t)n 1f<m+k>g(m+k)dt (3.2)
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16.2 Higher Integral of x"af (x) (general)
There are two features in the higher integral of Xaf(X) . That is

1 When ¢ is a positive integer, the remainder and apart of the constant-of-integration polynomial disappear.

2 When the commonn lower limit of Higher Integral is 0, the constant-of-integration polynomial disappear.

Formula 16.2.0
Let [(Z) be the gamma function, B(n , m) be the beta function, f<r> be the arbitrary I' th primitive

function of f(X) and f ;r be the function values of f~ on ay . Then the following expressions hold for

a natural number n.

1)
X X o n— m_l( —n ) arr> T@A+a) oy
/an alf X “dx ;O ; f 1’(1+a—r)x

_ ”21 = ( -n+r ) fn-res> I(A+a) a—s/).("/x dx"
o0\ s ) fr [l+a-s) "y Ja
el el s
( ) Z 2 Z tCs - m+n-1- r+tcm 1
r=1s=0 t=s
i} I'+a) —m-s [* [*
{m+n-r+s) a-m-s [ r
. 1:a‘n-r 1’(1+a—m—s) @n-r a, an_r+1dx
—_ m -
D Z iC / fmke [d+a) x“ ™ Kdx" 0.1)
B@,m) & m+k J, Jy, Ml+a-m-k)

Especially, when & =M — O

X m Ia+m) -
f<0>Xm ( ) <n+r> Xm r
/an a, ; Nl+m-r)
-n+

m <N-r+s> I+ - X X
)y q )f n-res> _TA*M) a // dx"  (©2
a

=0 520 &-r  [M1l+m-s) "'

Especially, when f<rZa) =0 (r=1,2, ,m*+n-1) or a=0

A/af X “dx ;0 ; f I"(1+a—r)x

[y

n-

—

an n-r+l

D™ -1 aiCi /x /x Y 1 ¢ EY7) NI
B(h,m) ; m+k f U1+a—m—k)x dx (0.3)
Where, if @ = =1,-2 -3, - it shall read as follows.
[A+a) L TGa+n)
_y T _ N N
Ml+a-r) D o) r=r,s, mts, m+k

(2) when ¢ #-1,-2,-3, & a+n#-1,-2 -3,

X [X m-1{ —N Q+a)
((0) Jig a+n+re(n)
/an /alx“f dx ;O( , )F(1+a+n+r)x f

. nil mz_l( —n+r) +a) a.tn- r+sf§s) /X/X dx’
r=0 s=0 i 2

n-r
s I'QA+a+n-r+s) Ja
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n-1r-1r-1

+ (_1)m Z 2 Z tCs - m+n—l—r+tcm—1

r=1s=0 t=s
y I(1+a) g ot mEn-rEs f(m+s) X dx"
Ml+a+m+n-r+s) "' An-r a, “a,_ .1
(_l)m ~ n- 1Ck/ / F(1+a) a+m+kf(m+k)dxn 0.4)
B(,m) k o m+Kk IA+a+tm+k) '
Especially, when 2 =0 or f()(a) 0 (¢s=0,1, ,m+n-2)
mll I'(d+a)
[©®) atn+reg(n)
/ / X" = rO( r ) F(l+05+n+l’)x f
(_1) ot n-lck/ / I(+a) a+m+kf(m+k)dxn 0.5)
B(,m) o m+k I'Q+a+m+k) '
Proof (1)
When a #-1,-2 -3, -~
a\O _ F(1+0[) a-r a\(M+K) _ F(1+0£) a-m-k
()™= Mlta-r)" ()™= Mlta-m-k)
Then, substituting these for|(2.1) in Theorem 16.1.2)
/X/Xf <0>Xadxn: mz_l( —n )f<n+r> 1_(1+05)
a, ’a =0\ T Ml+a- r)
ncimst [ —nEr w-rvss 1 (A+a) a—s/x X r
';0 Sgo ( S ) fan_r [‘(1+CZ-S) s a an—r+1dx
« f (m¥s+n-r) I(1+a) aa—m—s/)_(_. X dx"
ner [(1+0!—m—5> i an “8n_r41
o dreir-l
+ (_1) Z Z Z tCs - m+n-1-r+tCm-1
r=1s=0 t=s
+ (_1)m ot n-1Ck / f<m+k> IQ+a) Xa—m—kdxn ©.1)
B(,m) o m+k Jy  Ja, Ml+a-m-k)

When ¢ =m-1 m :O, 1,2,
I'Q+a-m-s)=+ s=0,1,2,3,
IA+a-m-k)= +» k=0,1,2 3,

Hence, %% and the remainder term in (0.1) disappear, and is as follows.

/ /af<o>m1dx Zl(_n)f<n+r> I(m) -

a, o\ r Im- r)
ndmst (TNEC) e TM) g XX r
-2 X fa THo o Qn-r dx
r=0 s=0 S n-r [(m _S) an an_r+1

Then, replacing m-1 with m, we obtain .

Next, when f<rta) =0 (r=1,2,+ ,m+n-1) or a =0, the condition of (2.3)in Thorem 16.1.2 is
satisfied. Then we obtain [(0:3)].
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When & = —l, —2, —3, =, from (5.5) in[L.1.5]
') _ D~ I(1+z+n)
I'(-z-n) I+

Then replaceng —Z = 1+o , N=1T, we obtain the proviso.

(' nis a nonnegative integer )

Proof (2)
When ¢ #-1,-2, -3, & a+n#-1,-2,-3, -
e [(+a) LT f<m+k> - I(+a) Xa+m+k
Ml+a+n+r) ’ Ml+a+m+k)
f<n r+s) — F(l"'a) a+n-r+s
An-r Ml+a+n-r+s) "'
fimen-res) _ I(+a) g @t mn-rEs
A-r Mltag+m+n-r+s) "'

Then, substituting these for{(2.1) in Theorem 16.1.2),

/ / Xag(o)dxﬂ— ES 1( -n ) I(+a) Xa+n+rg(l’)
a

n 1 r=0 1—(1+0£+n+r)
- 2 Z_ —nET I(A+a) g NS O] / /X dx"
r=0 s=0 S H1+a+n—r+s) An-r ga ay “8p_r+1
n-1r-1r-1

+ (_1)m Z ZO Z tC's - m+n-1-r+tCm-1
r=1s=0 t=s
I(1+a) gt mEn-rEs (m+s)/)_(__/X dx"
1'(l+a+m +n-r+s) "' Ja,, a, “a,_ 141
(_1) ~ - 1Ck/ / F(1+a) Xa+m+kg(m+k)dxn
B(, m) k 0 m+k Ml+a+m+k)
Here, replacing g with f, we obtain

Last, when @ =0 or f(s a) =0 (S =0,1, ,m+n —2), since the condition of the Theorem
16.1.2 (2.3) is satisfied, we obtain [(0.5)].

X [ X
Example 1 / / 4/ X logx dx?
21

Let N =2, m=3 , f= Iog X, a=1/2 , dq =1 y do =2 . And integrating the left directly

X [X X X
Left: //f<0>XadX2://\/?|OngX2
a,’ag 271

5 5
=(4Iogx 64 )x2 _(4Iog2 64 )22 +%(x—2)

X

15 =~ 225 15 =~ 225
Next ,
< logx - l//(l+r)7
7= Uog )™ = r /dx—/dx—xZ
(0929 T+ .
f<2+ r>_ Iogx _l//(l+2+ If-)'7/)(2+r f<4>_ Iogl l;V(:I--H]') 714
I(A+2+r) b Ia+4)
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f<2+s> |092 l//(1+2+8) Y n2+s f<1+s> |Ogl l//(1+1+8) Y a1+s
a2 I (1+2+5) ! I (1+1+5s)
Substituting these for the right side of [(0.1] ,
. 2 [~ logx —w(@A+2+r)-y >, T(A+1/2)
Rignt 20( ) Ta+2+r)  ©  7(1+1/2-r) X

3 (2) log2 ~y(A+2+5)-y 05 [(A+1/2) _5-s
S I(A+2+53) N1+1/2-s)

2 (-1 logl -y (@A+1+s)-y. 1.5 [(1+1/2) >
Z( S ) T(1+1+5) 1 I'(1+1/2—s)1 -2

logl -y (@+4)-y., I(A+1/2) 5
T(L+4) Mi+1/2-3) 1 &2

YL R ORI TN A
7a+3) © 11+1/72-3¢ ¥

X(Xlogx —w(@+4)-y 5 1(A+1/2)
B 3/ / a+4y * ni+i/2-4)"

_{i, I RO R Y 25}5
- 2(09)(_2)_6(09)(_6) 32(09JX 12) X

_{1('092-2) 1(!092 11) : (Iog2 ig)}zg

s=0

-3

- 144 x-2) + 256 x-2)
5

5
1 29 z, 1 29\.5 5
—S(Iogx—l—o) (IogZ——)Z ﬁ(x—Z)
5 5
1 63\ 7 1 63\.5 55
32 (Iogx 20 ) 32 (IogZ )2 >56 x-2)
5 5
([ 4logx 64\ 5 4log2 64 \ 7 4
‘( 15 ‘225)X ‘( 15 ‘225)2 t g2

This is consistent with the left side.

X [X 3 >
Example 2 //X log x dx
2 J1

Let N =2, m=3 , f= Iog X, a=1/2 y g =1 y do =2 . And integrating the left directly

X[X <o 2 X[* 3 2
Left: //f X “dx =//x log x dx
a,’ay 271

_(logx 9 5 log2 9 5 1
‘( 20 ‘4oo)x ‘( 20 ‘400)2 * 176 (-2

Next ,
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< < - l+ -
7= Qogx)™" = logx -~y (+r) yr /de1=/xdx:x—2
ao 2

Ia+r)
2> = logx -y (@+2+r)- 7/X2+r
I'(@A+2+r)
f2+s> log2 -y (A+2+5s)- 722+s f<l+s>_ logl -y (1+1+s)- 711+s
a2 T (A+2+s) ! I (A+1+s)
Substituting these for the right side of [(0.2) ,
- ~< | logx —y(A+2+r)-y 5. 1(1+3)
Right: = Z ( ) 1_,(1+2+r) X ”14_3 I") X
9 (2) 1092 -y (1+2+8)-7 005 1(1+3)
o\ s I(A+2+53) M1+3-5s)
3 (1) logl —y(+1+s)y 10s T3 5
- 1 -2
sgo( S ) T(1+1+s) I11+3-53) (x-2)
—{i| §i| £+§| §i| _137}5
B 2(09"‘2)‘1(09’(' 6 ) 4(09)“12)‘5(09’(' 60 ) X

log2 9 5
(56200 )2 + 756D

:(Iogx 9 )X5_(Iog2 9 )25+1_6(X_2)

20 400

20 400

X [ X
Example 3 //q/x log x dx?
0v0

Llet N=2, M=3, f = |0g X, a=1/2 . and integrating the left side directly

5
<oy a 2_/7)( 2_(4|09X_64)7
Left./o/of x“dx“ = A 0q/xlogxdx = 15 555 | X

Next,
< < _ logx —y(@+r)-y
r>_ r> r
=g a+n
Substituting these for the right side of [(0.3)],
( —2) logx —w(1+2+ r)-]/X2+r I(1+1/2) )
r I'(A+2+r) ni+1/2-r)

x(*logx —w(@+3)-y 5 T(A+1/2)
} 4/ / (a+3) * 1+172-3)"

_ 3/7X logx —w(@+4)-y 5 T(A+1/2) d 5
a+d  * ra+sz-4 ¢

- [Liogx-2) - L{iogn-L2) - L 25 }%

= 2(Iogx—z) - 6(Iogx— 6 ) 32(Iogx 12)
1 20\ 3, 1 63

- 15('09" 10) 32 ('ng 20)

Right: = Z
r=0

dx2

I\)|U‘I
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_(4logx 64\ 3
a 15 225

X[ X
Example 4 //«/xsinxdxz
2J1

Let f =sSiNnX, then

f(r):sin(x+—m) , f(m+k)=sin{x+—(m+k)ﬂ}
2 2

G — rz (m+s) — { (m+s)7z}
fa_, sm(an F ) : fan CEsima, e

Substitute these for |(0.4)],
X X ] m-1/[ -—N T(1+«o
[ [ xesinvae- z( ) Ar) oo o

7
‘ng ;( n+r) Id+a) a“*”'”ssm(a 7”)/51 /ax dx"

> F(l+a+n—r+s) o n n-r+l

m n-1r-1r-

+ (_1) Z Z Ztcs ‘m+n-1- r+tCm 1
r=1s=0 t=s

F(l"‘a) aa+m+n_r+ssin{a + (m+S)7Z' }/X X er

”1+a+m+n_r+s> i -t 2 a, Yan_ 41

D" n -1 - 1Ck/ / I'(l+a) “+m+ksin{x+ (m+k) 7 }dx”
B(,m) k 0 m+k I'A+a+m+k) 2

This right side is very complicated. However, fortunately, in the case of this function f =sin X , if m —
>2% and the remainder term converge to 0. And the following expression holds.

X [x o (=N I'+a) ( 7[)

a n— kNI Tz
/an /alx sinx dx r;o( , ) F(1+a+n+r)x >

o (ThEr IA+a) atn-r+s ( rz )/ /X r

_r;O s;o( S ) I'Q+a+n-r+s) By SIN{ &t 2 Ja dx

Substituting N=2, a=1/2, a; =1, a,=2 for this,

1
XX — . N I(A+1/2)  +2+r ( E)
/2/1«/Ysmxdx = ;O( ; ) F(1+1/2+2+r)x sin| x+—

w [ =2 l+2+ 0
- ( ) rarlrz) 527, ( 2+ 2 )
s | I(1+1/2+2+5) 2

= (-1 I(1+1/2) %+2+s. ( 17z)
- 1 1+— |(x-2
s;O( s ) I'(A+1/2+1+s) >IN 2 *-2)

When the both sides are illustrated by mathematical software, it is as follows. Both owverlap exactly and
blue (left) can not be seen.

n n-r+l
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Left:

* a@:=1/2:
# Fl := int{int(t™a*sin(t),t=1..u),u=2..x)
X u
//"\,f -sin(f) dedu
21
Right:
¢« fx = r-> zin(x+r*pI/2)
F—> 5in(x+ T[ir)
* gu := (r,=)-> gamma(l+a)/gamma(l+a+l-r+sz) *=" (a+tZ-r+=)
r(l +d'} atl-r+s
F.5)—> x0T
(. s) [M(l+a+2—r+s)
m:=30
fl := sum(binomial (-2,s)*gx(0,s) *fx(=s), ==0..m):
f2 := -zum(bincomial (-2, s3)*subs(gx(0,=s) *fx (=) ,x=2), ==0..m):
£3 := -sum(binomial (-1, s)*subs(gx(l,s)*fx(s),x=1), ==0..m}*(x-2):
Fr := fl+f2+£3:

Blue: Left. Red: Right
plotfunc2d(Fl, Fr, ==0..8)

4 4
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16.3 Higher Integral of x"af (x) (particulars)

In this section, substituting various functions f for the[ Formula 16.2.0]in previous section, we obtain a various
formula. There are (1) and (2) in Formula 16.2.0, and we may also choose whichever. Howewer, what we want
is the expression or approximation of higher integral of X af(X) by the series. So, in the selection (1) or (2),
we choose the way where such a well-behaved series is obtained.

Moreover, also in which formula, if o = -1, —2, —3, -+, it shall read as follows.
[(A+«a I (-atr
Cra) D Lot r,'s, m+s, m+k
Ml+a-r) I'¢-a)

16.3.1 Higher Integral of (ax+b)"(cx+d)*

Formula 16.3.1
The following expressions hold for p > 0 and a natural number n.

X X
/ / (ax+b)P (ex+d)%dx"

b/ b

“a T a

a

m-1 ( -Nn ) (1/a)n+r F(1+p)F(1+q) (ax+b)p+n+r .
@/0)f I'Q+p+n+r)I(A+q-r) (CX+d)r_q m (11

qn = _CD" tpaC (£)m+" T(L+p) I'(1+q)
M B(,m) o mtk \ a I'A+p+m+k) 7 A+g-m-k)
X X
X/b/ @x+o)P ™K ex+d) ™ Kdx" (L.1r)
b
“a Ta
limRp =0

Especially, when m =0,1,2, -

/);/); (ax+b)P (cx+d)"dx"

a a
_ g ( —n) (1/a)n+r I'@A+p) I +m) (ax+b)p+n+r y
S\ r ) @ Tawmeramn eedy Y

. 3
Example 1st order integral of 4/ X—2 %/ 3x+4
The zeros of this primitive function are X=-4/3, 2. If —=4/3 is adopted, since 4/ X =2 is a complex

number, this higher integral becomes a complex function. It is inconvenient. Then if we adopt X =2 as
the lower limit of the integral, since a=1,b=-2,p=1/2,¢c=3,d=4,q=1/3,n=1, substituting
these for (1.1), (1.1r) , we obtain

/ZXJX—Z 3/ 3x+4dx
ned ( -1 ) o TG/DIGr3)
r I'G/2+r)1(47/3-1)

3 1
S+r =-r
&-22 @Bx+4H)?® +R}
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IR/ 1(4/3) = 1.
I(3/2+m) I(4/3-m) /2 *-2° @Gx+4)° dx

This remainder becomes n%ignm Rn% =0. And the convergence is quick. When M=5 if both sides are

Ry = (-D"3"

illustrated, it is as follows. Both owverlap exactly and blue (left) can not be seen. In addition, this integral is
not an elementary function.

Blue: Left , Red: Right
* plotfunc2d(g,f, x=2..35)

Ittt
20 22 24 268 28 30 32 34 38 38 40 42 44 45 48 50

*
16.3.2 Higher Integral of X*log X
Lineal higher primitive functions of X ¢ Iog X are as follows.
< “*1a+Dlogx - 1
(x“logx) ™ = X {(a )ogx }
(@tD)
< “*2{ (a+1D) (a+2)logx -2a-3
(x%logx)™ = £ {(a )(a2 )09X2 -3}
(a+D)"(a+2)
(xlogx) = x“3{ (a+1) (@ +2) (@ +3)logx -3a*-12a-11}
) (@+D?(a+2)*(a+3)

And when & > —N , the zeros of these are all X=0.

Formula 16.3.2
When f(Z), 1//(2) are the gamma function and the psi function respectiwely, the following expressions hold
for ¢,N suchthat a¢+n>0.

N a n_ (TN logx—yw(@+ntr)-y I(A+a) e n
/O /Ox logxdx" = ;O } T+ F(1+a—r)x +Rp, (2.1)

Rr = _CD" R 1Ck/ / logx -y @+mik)y-y  IQA+adx™ v
" B(,m) 2 mrk I@+mtk)  I(Q+a-m-k) -
limRy =0

Especially, when M =0, 1, 2,
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X fx oo n_oo = logx=w@+n+r)-y  I(A+m) e .
/O /Ox logxdx" = rzo( } ) T+ F(1+m—r)x (2.1)

Complete Automorphism
Obsening well the Formula 16.3.2, we notice that the integral of the completely same type as the left side
is included in the remainder. In such a case, we can take out the integral of the purpose by transposition.

Formula 16.3.2'
The following expression holds for &, N such that a+Nn>0.

X X
// x“logxdx"
0 0

logx-w(@+n)-y N I'+a) nil n-1Ck w(@2+Hk)+y

D) "Ml+a+n) & @+k)? BA+k a-K) e
- -l n-1C« 1
+n 5
=0 (1+k)* BQA+k a-k) 2.2)

Calculation

Let m=1 inm (2.1), (2.11)] then
N\ logx-y(@A+n+0)-y 71+

0 (+n+0) I (1+a-0)
RN = (—1) = nle Xlogx-yw@+1+k)-y T(A+a)x” dy"
1~ B@, 1) 2 1k TA+1+)  T(Q+a-1-k) X

- _ ot n-1Ck% F(1+0‘) /X/X a n
= N2 Tk TRHO T @K Jo Jo X 109XAX

n-1 ,_1C¥k F(1+0(){l//(2+k)+7} X X aq, N
N2 vk Ik e-k) //X &

Here,

I+ = @I+ / / oo TArD) g

I1+a+n)
Substituting these for the remainder,
n__n_l n—1Ck /X/Xa n
Rm n2 A+10Z BA+K a-K) Jo X log xdx
+ nnz'l n-1Ck y@Ctk)+y  I(+a) 0
=0 (A+k)? BA+k a-k) I[M1+a+n)

Thus

X X a n_ Iogx—l//(1+n)-7/ a+n
/O /Ox logxdx" = () X

_ nil n-]_Ck /X/X al dn

nk=0 (1+k)2 B@+k,a-k) Jo Jo X-1ogxax

n nil n-1C« y@tk)+y  I(d+a) K &N
= (@+k)? BA+k a-k) [l+a+n)

From this, we obtain (2.2).
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Example When Nn=1,
logx-w(@2)-y N IA+a) oCo w(@+y

x @ ' Nzve) 1 BA.D) .,
/ x“logxdx = x“
1+ 0Co 1
1> BQ, )
_ logx—1 l+a g _ X7
B l+ta = a+1(|ogx_ atl

But in this case, direct calculation is far easier !

16.3.3 Higher Integral of X%sinx, X*cosx

Lineal higher primitive functions of X >SinX are as follows.
(x3sinx)<1> = (3x%-6)sinx - (x3-6x)cosx
(x3sinx)™ = —(6x2-24)cosx - (x3-18x)sinx

(x3smx)® -(9x2-60)sinx + (x>-36x ) cosx

( )

x3smx = = (12x%-120)cosx + (x3-60x)sinx

And the zeros of these are X=0, 4.9762 , 0, 3.1224--, O, - respectively. Then the lower
limit of the higher integral of x3sin X is variable. Similarly, the lower limit of the lineal higher integral of

X¥sinx forany « is variable.

Formula 16.3.3
(1) when m=0,1,2, -

/a-x--/axxmsinx dx"= Y ( —rn ) Idrm) xm'rsin{x——(nﬂ)”}

r=0 1"(1+m-r) 2
n-1 m [ —n+r I(1+m n-r+s)r X [X
r=0 s=0 S r(1+m_ ) 2 an “8n_r41
(3.1
Especially, when a, ,a,, -, a, are the zeros of the lineal heigher primitive of xmsinx
X fxo m (—N\ JT(@A+m) . { (n+r)7r}
m n— m-r
= [ xUsinxdx" = ———X SIN\X-——F— 3.1
/an /al r;o( r ) IM1+m-r) 2 o4

(2) When @ # ~1,-2, -3, & a+n #-1,-2,-3, -
X [X m-1{ —N I+ N+
// x%sinx dx"= Y ( (+a) orner
an al r=0 I

r
+_

F(1+a+n+r)x sm(x
ndmsl [ TNt I(1+a) a+N-r+s_; ( S )/X/X r
rZ:O S;O ( ‘ ) T(+a+n-r+s) oy sinja, +— A dx
+R/ 3.2)
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n-1r-1r-1

Rr?] = (_1)m Z Z 2 tCs " men-1-r+tCm-1

r=1 s=0 t=s
I(A+a m+s) X [X
W) connrigofy o QDT 2 [ g
I 1l+a+m+n-r+s) s 2 2 Ja
n n-r+l
D" n -1 - 1Ck/ / I'(l+a) “+m+ksin{x+ (m+k) x }dx”
B(,m) k 0 m+k I'@A+a+m+k) 2
limRp =0
m — o

In addition, the formula of X % COSX is obtained only by replacing SINX by COSX .

Example 1
a5 (7 mfs- €2} 102
-3( Jonlz- S22
- éo ( -1 ) sin{l_ (1+23)7z } 1—{1(1;:_3)5) 13-5(x-2)

= —(x*-18x)sinx - (6x?-24)cosx
+ (Bx-6)sin1 - (,x-10)cos1 - 28sin2

Especially, when a;=0 , a,=4.9762-,

X [X . 3 -2\ QC+tr)r | 1(@A+3) _r
/az/alx3smxdx2— ZO( , )sm{x— > }1’(1+3—r)X3

r=

= —(x*-18x)sinx - (6x?-24)cosx

Example 2
See|Example 4 in 16.2].

16.3.4 Higher Integrals of X*sinhx, x#coshx

Lineal higher primitive functions of XSSinh X are as follows.

3 2 3 2
3. < x® 3 X( x> 3x )
= 2+ +3x+ +eX| S -—=—+3x-
(x smhx) e ( > > 3x 3) e > > 3x-3
3 - <2> -X X3 2 X X3
(x smhx) = -e 7+3x +9x+12 —e| % +3x2 -9x+12
And the zeros of these are X=0, 2.7085--, 0, 3.12241i--, O, - respectively. Then the lower

limit of the higher integral of x33inhx is variable. Similarly, the lower limit of the lineal higher integral of

X “sinhx forany « is variable.
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Formula 16.3.4
(1) when m=0,1,2, -

X X S 1+ X _ (=)™ o~
// x"sinhxdx"= Y ( ) _fdrm) X2 ¢ 2) :
a, “a

r=0 ]_( 1+m-r )
n-1 m -n+r 1”(1+ m) - n—r_(_l)n—r+se'an-r X X i
- Z Z 1+ an_r 2 / dX
=030\ S M1+m-s) a, Ja_ .
(4.1)
Especially, when a, , a5, -, d, are the zeros of the lineal heigher primitive of x"sinh x
mo(“N\ @+m) oo ef-ED™e™
x"sinhx dx"= > ( ) — X (4.1)
/ / o\ r | M1+m-r) 2

(2 whenax #-1,-2,-3, & a+n #-1,-2,-3,

s () M) (D)
a n— atn+r
/a /alx sinhx dx r;o( r ) F(1+0£+n+r)x 2

n

an_ —g_ —an_
_ni mz_l —n+r I'(Q+a) g =TS e '-(-D7% r/x/x dx"
s | I@+a+n-r+s) °n-r 2 a, /a

r=0 s=0

+R/ 4.2)
r-1

Rrrr]l = (_1)m 2: 2 2 tCs " men-1-r+tCm-1

an_ R
I(1+a) atm+n-r+s € " r_(_l) e r/X " dx"
I'1l+a+m+n-r+s) a “a

CD" o / / M) o € =CD T
B(n, m) 2 ik I(L+a+m+k) " 2 X

limRy =0

m -

In addition, the formula of X “COSh X is obtained by only replacing —(— 1) by +(— 1) .

n n-r+l

X[ X
Example //«/xsinhxdxz
2J1

From (4.2) ,
-2 I(1+1/2) —+2+re -C-D7e7*
// Vxsinhx dx® = rzo( r ) T(+1/72+2+1) ¥ 2
5 (2) 1(+1/2) 2%+z+s e —(-1) %2
o\ s | I(A+1/2+2+s) 2
_ i (-1) I(1+1/2) %+2+s et -(C-D% ‘1( _2)
o\ s | I(A+1/2+1+s) 2

When the both sides are illustrated by mathematical software, it is as follows. Both overlap exactly and
blue (left) can not be seen.
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Left:
e a:=1/2:
e FI = int(int(t?a*sinh(t),t=1..u),u=2..x)

2/1/\/t_~sinh(t)dtdu

Right:

e X 1= r-> (E™"X-(-1)M-r*En-x)/2:

e gx = (r,s)-> gamma(l+a)/gamma(l+a+2-r+s)*xN(a+2-r+s):

e m:=15:

e T1 = sum(binomial(-2,s)*gx(0,s)*fx(s), s=0..m):

e T2 = -sum(binomial(-2,s)*subs(gx(0,s)*fx(s),x=2), s=0..m):

e 3 := -sum(binomial(-1,s)*subs(gx(1,s)*fx(s),x=1), s=0..m)*(x-2):
o Fr = T1+F2+T3:

Blue: Left., Red: Richt
¢ plotfunc2d(Fl, Fr, x=0..3)

o |

100 T

80T
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16.4 Higher Integral of log x f (x)

16.4.1 Higher Integral of (Jog x)?

Lineal higher primitive functions of (logXx) 2 are as follows.

{ {og X)z}<1> = x(ogx (logx -2) +2)
{Qog x)2}<2> = 1x2(2logx(logx -3)+7)

{(Iog 02~ 138 3(6logx (3logx -11) +85)

And the zeros of these are all X:O .

Formula 16.4
no1
When H = T = 1//(1+n)+7/ is a harmonic number, the following expression holds.
j=1
X 2 n— Xn
A Iog xdx —Iogx(logx—Hn)ﬁ
m-1 _ -Nn F(r)
+ _ r-1 N7 ,n _ + n
r=l( 1D ( i ) F(1+n+r)x (logx-H,.r)* Ry (1.2)
1 X" C
n — —azk-1_n-1
Ry = BG.m) n' kZO( D k)’ ——— 5 (logx —Hy—Hpi k) (1.1r)
FL@OR =0
Calculation

since FTGX)=g&)=logx, f<rtO) =0 (r=1,2, ,m+n-1). Then[2:3)in Theorem 16.1.2]

is applicable.

a+r> _ logx —w@+n+r)- +
(Iogx)” > _ g F(l:/l-/fn+r) )7/Xn r ’ (Iogx)(r)_( 1)

Substituting these for (2.3) in Theorem 16.1.2 ,

x x5 o {logx-w(@+n)-y} logx
/0 /Olog xdx" = @) X

rlr(r)

. {logx-w(@+n+r)- 7}F(r) n

- Z GD 1( ) I@A+n+r) "Ry
n m-1 . -Nn IOgX_Hn+r F(r) n n
=Iogx(|ogx—Hn)X—! t2CED 1( . ) : ]“(1+n+2-) * R

D" nlnlck/ /Xlogx YAMH-7 e
-

m+k-1 F(m+k) n
B(, m) & m+k T(L+m+k) D mek 0%

k-1 n—le

= By S g ) toex -vasmo 0
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_ 1 g e n2Ck [ logx -y (@A+n)-y  y(@+m+k)+y ] g
~ B(,m) k;O( D (m+k)2{ I (1+n) I (1+n) }X
_ 1 Xn n-1 - ank-1 n-1Cx :

= BGa,my 0t &Y e (109X HamHi)

Example 3rd order integral of log 2X

Let N=3, m=1000 in[[T1)] And if both sides are illustrated, it is s follows. Since the convergence of
logarithm family is usually slow, both sides are not overlapping completely.

Left:
e g = Int(int(int(In(xX)"2,X),X),X)
- Inx)? 1133 In(x)  85.%°
6 18 108
Right: Series

e N:=3: m:=1000: MAXDEPTH:=1000:
e T = InCO*(In(X)-psi(1+n)-EULER)*x*n/gamma(l+n) +
sum((-DM(r-D)*binomial (-n,r)*(In(x)-psi(1+n+r)-EULER)
*gamma(r)/gamma(l+n+r)*x™n, r=1..m-1):

Blue:Left, Red: Right
* plotfunc2d(g,£, =x=0..5)

Vo d

10 +
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16.5 Higher Integral of e f (X)

16.5.1 Higher Integral of e*x%

When F(a,x) denots the incomplete gamma function, the lineal higher primitive functions of e”*x % can be
expressed as follows.

a)<1> x% TI'Q+a, -X)Xx°
GON 0!

i x? TQR+a,-x)X°+ IA+a, -x)x*
GON 1!

> x?  TB+a, -+ 2I@+a, -)xt+ I+a, -x)x>
0° 2t

(e*x

{= x""E_,(-}

(e*x«

(eXx“

x> X% =l aalC I(n-r+a, -x)x"

e E @D

Since these zeros are all —® and these do not include constant-of-integration polynomial, surely these are

(e*x%)

the lineal higher primitive functions of e*x*. And these are complex functions generally so that clearly from
(GIN

Although it seems that the lineal higher primitive functions of e*x *can be immediately obtained from these,
it does not go so. When these are calculated numerically, the sighn of the imaginary number part is contrary
to the result of Riemann-Liounille integration at the time of X>0. That is, these are right at the time of X <0,

and are not right at the time of X>0. So, I found the following formula that holds also at the time of X>0.

Formula 16.5.1

When 7(@,x) =/ OOt 318 "4t denots the incomplete gamma function, the following expressions hold
for a#-1,-2, —3,X~-'.
(1) whenx =0

X X a X n — X% n-1 n—lCrF(n—l"+a’ —X)Xr _
/_oo /_oox © dX - (—X)a r=0 (n _1)! @.nm)

(2) when x>0
/)'("/anex dx" X% -1 01 Cr I -r+a, =X
=00 ¥ =00 (-x)“ r=o (h-D!
-1 1 Cr (N -r+a)x’

+ 2isinar ;O @-DI @.n*)

Proof

As mentioned abowe, the lineal higher primitive function of e*x % was as follows.

(e*xe) ™ = X ntaalC l(n-r+a, -x)x'
(-x)? =0 (-D!

From this, when x<O0 , (1.n") holds immediately.
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Andwhen a7 -1,-2 -3, -,
@ DT x=0

0% (D x>0

Then, (1.n") holds as the limit of X = -0 also at the time of X =0.

When X >0, we calculate separately for [-,0] and [0, X] . If the lineal higher integral is displayed
separately by Riemann-Liouville Integral, it is as follows..

F()/ x-t)"t%
r()/ x-t)" % dt + F()/(x )"t % W)

Calculation of the 1st term
since X=0, then Xa/(—X)az (—1)a . So, the 1st,

/O(x—t)”'lt“etdt
= [0 (e )™+ - [ {eenr2 e ot
o 0 0 <1>
:[(x—t)”‘l : ”(15.“"0} +(n—1)[:{(x—t)”‘2(t“et)1}dt

(GON : _
)(x n-1 F(

= (- +( 1)/ G-0D"2 (1% )™ Jdt

the 2nd,

/o{ G-0D"2 (1% )™ Jdt

- 00

= [e-02(1e )]+ -2 [ {02t ) ot

= (DTG 4 -2 [ oo e ot

the 3rd,,

/O{ G-0D"3 (1% ) Jdt

1)y n3F(3 Ot)

= - + -3 [ {oen™ (e ) ot

the last (n-1)th,

/O{ -0 (t%) "t

= o a1 [ o)™ e
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Substituting these for the former expression one by one, we obtain the following expression.

0 n-1 ~1)1
/_m(x—t)”'lt“etdt = (D*“ ;1 O g —1)—r)! I'(h-r+a)x’
+ (@ —1)!/0{ -0 (t%) ™t
Thus,
1 0 n-1 I(h- r
W/_m(x—t)”'lt“e‘dt = (D~ l;ln—ICr (n(n EJS‘)X
+ /O(t"‘et )<n_1>dt wi)

Calculation of the 2nd term
since X>0, then X*/(-x)%= 1/ (-1)“ . so, the 1st,

/Ox(x—t)”‘lt“e‘dt
= [x-0"(t% )]+ (v —1)/0X{ x-1)"2(t%")™ Jdt

a 0 X X <1>
[(X—t)n_l (tt)a t F(10'|‘Ia, -t) :| +( _l)/o {(X_t)n—Z(taet) 1 }dt
. ) 0

X" @+a)
-p« O

+ (-1 /0 {x-0m2(t%) ™ ot

2nd,

/O {x-0m2(1%) ™t

[-"2(t% ) o+ @-2) /O {-0"3(t% ) 7 ot
x"% I'@+a)

- _ D 1! + (n —2)/()X{ (x-t)"3(t%! )<2>}dt

the Ia.st (n-1)th,
X -
[ o0t (te) ™™ Ja
0

1 _ X <n-1>
- O 1 [l

Substituting these for the former expression one by one, we obtain the following expression.

X 1 2 -D!
/O x-)"'t%'dt = - D" ;1 r!g —l)—r)! I'(h-r+a)x’

+ (-1 /0 {x-00(t%")

Tt

Thus,
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o1 _ 1 o I -r+a)x’
/ (X t) t dt - - (—l)a rgln—lCr (n—l)!

X _
+/ (t”‘et )<n 1>dt W2)
0

()

Total
Substituting [(wL)l, w2) for

G )/ (x-t)"t%dt = {(—1)“—

}jf . [“(n—r+a)xr

-D* | = (h-D!
+/O(taet )<n-1 dt +/0X(taet)<n_1>dt
Here,
a_ — o _ 2ri
D D" 2isinar { D I(-a) }
Oat Xat<n_l> _ [ — OtX<n>
/_Oo(t ) dt+/0(te) dt—/_oo(t O P4t = (x%*)
x* -1Cr I(n-r+a, —-x)x"

(%x) Z: (h-D!

Substituting these for the above, we obtain :

Example 2nd order integral of ex'\/ X
Let us substitute a¢=1/2 , N =2 for (1.n"), (1.n") and calculate the value on the arbitrary two points
X=x1_.7. Then,itis as follows.

Left: Riemann-Liouville integral
e a:=1/2: n:=2:
e G = x-> 1/gamma(n)*int((x-t)N(n-1)*t a*E~"t, t=-infinity._x)

X
L‘ -1 e ot
—)F(n) /(X t) t°-E dt

o float(G(-1.7)); float(G(1-7))
0.3457294964 - i

2.255551158 + 2.835926162 - i

Right: Higher int by incompleate gamma
X <=0
e Fm = x-> xMa/(-x)"a*(1/(n-1)1)*sum(binomial(n-1,r)
*igamma(n-r+a,-x)*x*r, r=0..n-1)
n-1

2 1 -1 r
X —> (—Xx)a.(n—l)!.<z<nr >.r(n—r+a, —x).x>

r=0

¢ float (Fm(-1.7))
0.3457294964 -1
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x>0
e Fp = x-> Fm(xX)+2*I*sin(a*P1)/(n-1)1!
*sum(binomial(n-1,r)*gamma(n-r+a)*x~r, r=0..n-1)
2-i-sin(n-a) ”_1(n_1> .
x—»FnKx)+——?EjEYT——-<§: ; -I'(h=r+a)-x

r=0

o Tloat(Fp(1.-7))
2.255551158 + 2.835926161 - i

When & is a natural number, we can differentiate x“ completly. And the following formula holds.

Formula 16.5.1'

when m=0,1,2, -,
X X m [ —N I(A+m _
// eXxMdx" = g* E ( ) ( ) Xm r (L.n)
—co Y_ r=0 r r(1+m_r)
Proof
Let f(X): ex in the |Theorem16.2.0 (O.2)|. Then, since dq = dy, == adp— —X,
X X m [ =N 7 (1+m _
// exxmdx”=eXZ ( ) ( ) Xm r
—o /oo =\ r ) I(1+m-r)

B 57V ey e Lo

Since this 2nd line is 0 clearly, we obtain (1.n") immediately.

Example 5th order integral of eXX4
Substituting M =4 , N =5 for .n),

X X X A4y 5 — X v =9 F(S) 4ot _ xS . r(4+r) 4!_4-r
/—00 /—Ooe xixT=e 23( r )F(5_r)x € rgo( D 4 (4—r)!x

When the both sides are calculated by mathematical software, it isas follows.

Left: Riemann-Liouville integral
e m:=4: n:=5:

e g := 1/gamma(n)*int((xX-)M(n-1)*t™"m*E~t, t=-infinity..x)
e (x*~20-x* +180 - x* - 840 - x + 1680)
Right: Formula
e T = E~x*sum(binomial(-n,r)*gamma(l+m)/gamma(l+m-r)
*x~N(m-r), r=0..m)
e (x* =20 x>+ 180 - x* - 840 - x + 1680)

Collateral higher integral of e*x*

About the collateral higher integral whose zero is 0, the following formula holds from the|Formula 16.2.0 (0.5)[.
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Formula 16.5.1"
The following expressions hold for &, N such that & # -=1,-2, -3, & a+n >0

X X xoaqon— x"at —Nn F(1+0() atN+r 4 on .
/O /Oexdx e ;o( , F(1+a+n+r)x Rm (L.n")
RN = (_1)m 2_ n-1C F(1+a) / / Xy a+m+k X

M B(,m) izo m+tk IA+a+m+k)

}HI}OR” =0

Example Collateral the 2nd order integral of e* i/;

This function can be illustrated in a positive domain. Blue (Riemann-Liouvlle integral) hidden from red (Series)
cannot be seen. Although this turns into complex function in a negative domain, of course, both sides are
corresponding.

Left: Riemann-Liouville integral
e a:=1/3: n:=2:

e g := x-> 1/gamma(n)*int((x-t)r(n-1)*t"a*E"t, t=0..x):
Right: Series

e m:=20:

e T := x-> E~x*sum(binomial(-n,r)*gamma(l+a)/gamma(l+a+n+r)

*xN(atn+r), r=0..m-1):

Blue: Left, Red: Right

¢ plotfunc2d(g(x),£(x), x=0..4, ViewingBoxYMin=0)

|

16.5.2 Higher Integral of &*log X
Formula 16.5.2

. X e
When EI(X) :/ Tdt is the Exponential Integral, the following expressions hold.
- 00

X
/ e*logx dx =e*logx —-Ei(x)

X [x o1
//exlogxdxzzex{logx +FXO}_(
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|
—_

« « o1 0! 11 o1 11 21
[m[mexlongX4 :ex{logx+ ﬁx +(—!+§)Xl+( —!+ﬁ+—!)XO}

X X X n X n-2 n-2-r S! Xr . n-1 Xr
// e"logxdx” =e"ylogx+ X > m —El(x)goﬁ @.n)

r=0 s=0
Proof
. xe X
when Ei(X) :/ Tdt , lineal higher primitive functions of €" 10Q X are as follows.
- 00

(e*logx )= e*logx —Ei(x)
(e*logx )7 = e*(ogx +1) - x+DEi()

< +3 X2+2x+2
(e*logx ) > = (Iogx+ X2 ) - —X Ei(x)

< 2+4x+11 34+3x2+6x+6
(exlogx)b:ex(logx+ X 3)§ ) _Z X6 X Ei()

And the zeros of these are all X==— . Therefore, 1st ~ 4th order integrals can be written as mentioned above.
And hereafter, by induction, we obtain (2.n) .

Example 3rd order integral of exlogx

n-2n-2-
FIn ] :=&* [Log[Abs[x]] + Z Z

r s oxr ] n-1 NG
r=0 s=0

(reo+1)t - ExpIntegralEi [X] Z —

PIOt [F[s]! {X, _5, 4}]
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Note

All polynomials obtained by applying Theorem 16.1.2 to exlog X become the asymptotic expansions, and
they are hardly useful.

16.5.3 Higher Integrals of e*sinx, e*cosx

Formula 16.5.3
X [x z\" nz
XAl n— H XAl
= — N 3.0
/_OO /_Ooe sinxdx (sm4) esm(x 2 ) (3.0s)
X X x n 7 " X nz
// e"cosxdx = [sin— | e"cos|X—— (3.0c)
coo I 4 4
Proof

About the higher derivative of e’sinx , the following formula is known.(See 337 5 /A p187).

n7l')
X+—

(e*sinx )(n) = (sinz ) _nexsin
B 4 4

Replacing N with —N

Xeiny )M = 7" xan [ N7
(e*sinx ) (sm4)esm(x 4)

Since a differentiation operator (—n) is equal to an integration operator N>,

n
X_: <> _ [ . T X_: _n7r
(e*sinx ) = (sm—4 ) e sm(x v )

And since X=—0 is zero of this clearly, rewriting the left side, we obtain (3.0s).

The following formula holds also about € *cosx .

+M)
X"

-n
X Q) . T X
(eXcosx ) = = sinz | e’cos
From this, we obtain (3.0c) in a similar way.

Example

X . ) ) 2 . sinx — cosx
/ e’sinxdx = (smﬁ )exsm(x—%) = J_ex

4 2 J2

1
= Eex(sinx — COSX)

[ ernoet = (sn |'esin[x-57 ) = -5
e*sinxdx? = | sin e'sin | x-—- | = - e’cosx
3
3z ﬁ T
X - — ¥ 7 A Xai _
//ecosxdx (sm )ecos(x—4)— 4esm(x 4)
_ ﬁe sinx — COSX

4 V2

Higher Integral of e*sinx , e*cosX ends now. There is no necessity for Theorem 16.1.2.

1
—ex(smx CoSX)

Howevwer, daring use Theorem 16.1.2, we obtain an interesting result.
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Form ula 16.5.3'

R;l'_ (}{L)n] & n- 1Cjk j[
%)
-n
/ / e*sinxdx" = (
r
Rn — (_1)m ~ n-1 k /
m - B(,m) k 0 m+k
3
-n
/ /ecosxdx”—e E ( ) )cos
RN = (_1)m n-1 7-1Ck
M B(,m) o m+k
(4)
X X
// e*cosxdx" =
Rn _ (fl)m - nl(jk
m B(,m) k o m+Kk
Calculation

Let fx)=e", g)=

Gin)®  =sin

-n
//esmxdx”— Z ) sin

B(,m) o m+k

Jsn
[
Joni
[

[ee]

sin

0

€ Sln{

€ sm{

+Rn

(m+k)7z
2

I’)ﬂ'}

(m+k)z
2

2 | * Rn

/ / € COS{X—W

Substituting this for{ (2.3) in Theorem 16.1.2|, we obtain (3.1), (3.1r).

Next, let f(x)=sinx , g(x)=

Also about € *cOS X

SinX . Then
+ ror
X —
2
eX. Then
(h+r)r

Ginx)™""™ =sin { X—

Substituting this for (2.3) in Theorem 16.1.2, we obtain (3.2), (3.2r).

2

Example 2nd order integral of e”sinx

Let N=2,M=10 in (3.1), (3.1r) . And calculating the function value on the arbitrary point X =3

by mathematical software, it is as follows.

Left: Formula 16.5.3'

n:==2:

g := (sin(PI/4))"
float (subs(g,

9942165421

x=3))

|
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, in a similar way, we obtain (3.3) ~ (3.4r).

n*E"x*sin (x—n*PI/4):

jox

+Rr?1

o

X X +
// e%os{x+%}dx”

m-1 [ —N +
(7 o 7)o

jox

(3.1)

(3.1n)

(3.2)

(3.2

(3.3)

(3.3

(3.4)

(3.4r)



Series

e m:=100:
o T = E™x*sum(binomial(-n,r)*sin(x+r*P1/2), r=0..m-1):
o Tloat(subs(f, x=3))
—1135.950099
Remainder
e r0 := -1/(m+0)*binomial (n-1,0)*E"x/2*cos(x+(m+0)*P1/2):
e rl = -1/(m+1l)*binomial(n-1,1)*E"x/2*cos(X+(m+1)*P1/2):

= (-D)™m/beta(n,m)*(r0+rl):
float(subs(R, x=3))

1145.892364

Series + Remainder
e Tloat(subs(f+R, x=3))

9.942265422

Complete Automorphism
As understood from this example, although (3.1), (3.1r) hold as an equation, it is not helpful at all. The same
is said for (3.2), (3.2r). Howewer, if these are used in combination, the complete automorphism of the higher

integral of e’sinX is drawn as follows. This is the same for € COS X

Formula 16.5.3"
‘. nz nz
. e’sin| x-—~ | cos -
.. Xei n o—
/_oo [ooe sinxdx 1+ Z_ n- 1Ck (1+ k)ﬂ' (3.5)
nko 1+k cos 2
. nz nz
X X € " Cos X—T sin—— 4
. X n —
/—oo /_ooe cosx dx ”21 -1Cv . A+ 7 (3.6)
npo 1+k sin 2
y nz nz
X X €"COoS X—T COST
~ [ e*cosxdx"= .
[00 [oo 1+ Z_ n- lck (l+ k)ﬂ ( )
ico 1+Kk cos 2
X: nz\ . nx
X X €e’Sin X—T SInT
. Xsin n — |
/_oo /_ooe sinx dx nlaa1Ck . A+ (3-8)

nk=0 1+k sIn 2

Calculation

Let m=1 in[(3.0) ~ (3.2). Since B(n 1):1/n
S B N— Xeiny — N 1Ck/ / { (1+k)72'}
/_OO /_ooe sinxdx” =e’sinx nkZO 1+K e’sin > dx"
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%“ X X N — Xa; __DZZ - l1lc:kl/n b/‘ { (1+k)7T} n
/_oo /_Ooe sinxdx =e sm(x > ) ko 1+ K e’sin > dx

n-1C 1+
Here, let Ck: 11_'_ kk , k:%- Then

X X n-1 X X
// e*sinxdx" =e*sinx - n Z Ck/---/ e”sin (x+B )dx"
/ /esmxdx”—esm(x—n—) —nZCk/ /esmx -B, )dx"

Using the sum and difference formulas,

X X n-1
// e*sinxdx"=e’sinx - n Z Ck/ / (sinx cosBy + cosx sinB, )dx" @)

/ /esmxdx =e sm(x——) nZCk/m/ e’(sinx cosB, - cosx sinBy ) dx" (b)

Adding (a) to (b),

T xe N— oX] i : nz ISy X x n
2// e’sinxdx” = e" sinx+sin| x-—- —ZHZCK/"'/ e’sinx cosBydx

X X
= 2exsin(x—ﬂ ) cos—= - 2n Z C, cosBk/ / e*sinx dx"

4 4

From this,
nrz )

Xei ax
< px e sm(x— 7
// e*sinxdx" = —

1 +n ) C,cosB,
k=0

nrx
CoSs 4

Returning C, , B} before,

i ( _M) nz
/)f~~/xexsinxdx” = A )™ 35
—o0 /oo n-1 n-1Ck a+r 49

+
1 nkgo T+k COS >

Next, subtract (b) from (a) . Then

. . n sl [X X .
0 ex{3|nxdx”—sm(x—7ﬂ)} —ZnZCk/m/ e*cosx sinB, dx"

nz nz XX n
2c0s X=—71~ S'”T ZnZCksmBk = [ e"cosx dx

From this,

e*cos| x nz smM
4 4

X X
// e*cosx dx" = —
-0 - n > C,sinB,
k=0
Returning C, , B, before,
y nz nz
X X €7COos X_T SII’]T
~ [ e*cosx dx" = 3.6
/_oo /_oo ”21 -1Cx . @A+« 49
X Tr ST 3
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Also about eXCOSX , in a similar way, we obtain|(3.7), (3.8

Example When n=2

- /4 V4 - /4
o e sm(x—7 ) COS % e sm(x—f ) COS %
/ / e’sinxdx? = Ty - —
T 1+22 k+1 Ccos ( 2)” 1+2{Tcosg+50057}
eXsin(x—z)cosﬁ exsin(x—ﬁ)
B 2 2 2 ) _ e*cosx
1+2{Tcosg—%} 2 2
excos(x—z)sin£ excos(x—£> sin =
/X/Xexcosx dx? = 2 2 2 2
e Zl G G L7 2{isinﬁ+isinﬁ}
o 1+k 2 1 2 2 2
X T\ . & V4
) e cos(x—f)smf ) e cos(x 7) _ e*sinx
2sin > 2 2

16.5.4 Trigonometric Polynomial and Binomial Polynomial

(1) Trigonometric Polynomial
Although Formla 16.5.3" is helpful, it is fearfully complicated and cannot be compared to|Formula 16.5.3
However, if we dare compare this with Formulal6.5.3 , the following Trigonometric Polynomial is obtained.

Formula 16.5.4
n -1Ck-1 . km 1/ \" nx
kZlTsm7 :F sin- smT 4.1)
$ 11Cir M_l( : 1)'” nr 1
& K COoS > = n Slrl4 COoSs 4 n 4.2)
Proof
z\" nz
/ / e COSXdX (sm ) eXCOS(X—T) (3.0c)
y nz nz
X X e "CoSs X_T SII’]T
- [ e*cosx dx" = 3.6
/_oo /_oo oG A7 49
nk:0 1+K Sin 2
From these,

_z\" . nxm { n-1-1Ck . (1+k)7r}
(smz) —smT/ nkgo T+k sin >

Replacing k with K=1, we obtain 4.12).
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Next,
n
_ nz
/ /esmxdx (sm—) esm(x—T) (3.0s)

e n e’sin x——4 (:os—4
// e’sinxdx =

3.5
1+ 2'1 n-1Ck A+ 9
N2 ek 7 2
From these,
n
. T nz n-1 n-1Ck kz }
R = _ +
(sm 2 ) cos— /{1 kzo T+k S5
Replacing k with K=1, we obtain 4.2).
(2) Binomial Polynomial
However, Formula 16.5.4 is tedious for a natural number n and is not interesting. Then removing
Sink—zﬂ, COSKTH from the formula, we obtainthe following interesting polynomials.
Formula 16.5.4'
When { T denote a floor function and a ceiling function respectivy,
n/21 (_1)k 1 (. 2\t (+D=x
kZO P+l - nCax = ) smz) sin——"— 4.3)
nz2t (=) 1 { oz (h+D7x
k;l 5k nCok-1 = ) (smz) O 1 (4.4)
Proof
Replacing N, K with n+1, k+1 in [@1),
Ok . Dz 1 (. 2\t Dz
kgo 1SN > = o1 |Sing ) sin——
Since the even-numbered terms of the left side are all O,
nCk . G(+1)7T nCo nC2 oCa (—1)
= - + -+ - <
kgo F1Sn— 5 1 3 5 2k+1 —anC2x 2k=n
n/24 (_1)'<
ns2e (1)K 1 Y A GE) Y
k;o 2k+1 nCok = n+1 Slﬂz) SII’]T (4.3)
Replacing N, K with n+1, k+1 in [4.2)),
G+Dz _ 1 {( . 77)_ G(+Dr
kgokﬂcos > = o+ |sing Cos— -1
Since the odd-numbered terms of the left side are all O,
n WCx  K+Drx nC1 Cs Cs (-1)k
= - + - +- - =-1=
k;o k_}_1COS > > 2 6 5K —7—nCa-1 2k-1l=n
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:kzl ok nC2k-1
nz2t (=) 1 { 2\t D« }
kZl o nCok-1 = ) (smz) COS—~— = 1 (4.4)
Example

QCO_QCZ+9C4_QCG+QCS 1 ) ﬁ)_g_l_ O+~ 16

1 3 5 7 9 “o+1|\"M7 M= =75
SCO_SC2+SC4_SCG+SCS 1 ) 1)_8_1 . @+tDr 16

1 375 7 "9 ~ 81|72 SN™—7— 79
_7C1+7C3_705+7C7 1 { _ z)—7—1 T+Dr 1} _ 15

2 4 6 8 7+ |G ] -8
_8Cl+8C3_SCS+SC7_ 1 {( E)_S_l (8+1)7Z'_1}_E

2 4 6 8 _8+1l\Y"2 €0s™3 -3
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16.6 Higher Integral of f (x) / "%

16.6.1 Higher Integral of e *x%

Formula 16.6.1

when /1@, x) :/ oota_le_tdt is the incomplete gamma function,
X

X % 4 1
/e X “dx =-or IA+a,x)

X(x oo, 1
/oo/we x“dx® = ﬁ{F(2+a,x)—F(l+a,x)x}

X[ X[X X o 3 1 X
/m/m/ooe x“dx= -y {I@+a, 0~ 20(+a , )Ix + I+a 0%’}

X X 1
/OO /OO e x%dx* = j{1*(4+oc,x)-3r(3+0¢,x)x+3r(2+og,x)<2-r(1+o¢,x)x3}

/?(../Xe-xxadxn— (( ))! EO( D1 Ce I n=r+oa , xx" (.n)

Proof

If the integration is obediently repeated, they are led naturally. And these zeros are all X =00 . Then these
are lineal higher integrals.

Example 2nd order integral of e_Xq/ X

Let substitute a=1/2, n=2 for (1.n), and calculate the value on thearbitrary point X=—2.3.
Then, it is as follows. Both sides are corresponding exactry.

Left: Riemann-Liouville integral
e a = 1/2: n:=2:

e g = x-> 1/gamma(n)*int((x-tH)r(n-1)*t™a/E~t,t=infinity..x):
e Tloat(g(-2.3))

3.367662317 + 6.637309509 - i

Right: Integral by incomplete gamma function
e T = x-> (-D)™M/(n-1)! *
sum((-)~r*binomial(n-1,r)*1gamma(n-r+a,x)*x~r, r=0..n-1)

X —> 51_11))' <Z( 1) < )F(n—r+a X) - x)

—
e float(f(-2.3))
3.367662317 + 6.637309509 - |

When ¢ is a natural number, we can differentiate Xacompletly. And the following formula holds.
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Formula 16.6.1'
when m=0,1,2, -

/Ooi-/ooxe'xxmdx”‘ £ ) Z D' ( -’ ) égmm_)r) X" m

r

Example 5th order integral of e~ x4
Substituting M =4 , N =5 for @a.n),

X X _ (_1)5 4 . -5 a+4 _r
/OO---/OOe x4dx5——ex r;0(-1) ( ] )—F(l+4—r) x4

When the both sides are calculated by mathematical software, it is as follows. Naturally, both sides are
corresponding.
Left: Riemann-Liouville integral
e m:=4: n:=5:
e g = 1/gamma(n)*int((xX-O)N(n-L)*t"m/E"t, t=infinity. .x):
e expand(g)
. 840-x  180-x* 20-x> x* 1680

e e e* et &

Right: Formula
e T = (-D™/EMX*sum((-D)r*binomial(-n,r)*gamma(l+m)
/gamma(l+m-r)*x~(m-r), r=0..m):
e expand(fT)
. 180-x* 20-x° x* 1680 840-x

N S

Collateral higher integral of e *x®
The following formula holds about the collateral higher integral whose zero is 0.

Formula 16.6.1"
The following expressions hold for &, N suchthat & # -1, -2, -3, -+ & a+n >0.

e A5y o ] SO o
/O /Oe x“dx” = o ;o( D ( r F(1+a+n+r)x Rm
_k n-1C« +a) /X/X X0:+m+k "

. _
Rm = B(n m) g( = m+k I(Q+a+m+k)
}]IE%R =0

Example Collateral the 2nd order integral of e_Xq/ X

This function can be illustrated in a positive domain. Blue ( Riemann-Liouvlle integral ) hidden from
red (Series) cannot be seen. Although this turns into complex function in a negative domain, of course,
both sides are corresponding.
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Left: Riemann-Liouville integral
e a = 1/2: n:=2:
e g = x->1/gamma(n)*int((x-t)*(nh-1)*t™a/E"t,t=0..X):

Right: Series
e m:=20:
o T = x->sum((-1)™-r*binomial (-n,r)*gamma(l+a)/gamma(l+a+n+r)

*xN(a+tn+r)/E™x, r=0..m-1):

Blue: Left . Red: Right

* plotfunc2d{g(x),£(x), ==0..3)
v &
51
1-
0 } t Hilme
0 1 2 3 4 5

16.6.2 Higher Integral of e log X

Formula 16.6.2

. X e
When EI(X) =/ Tdt is the Exponential Integral, the following expressions hold.
[e9)

/Xe'x logx dx = —-e *logx + Ei(-x)
X X 01 0
//e'xlogxdx2 :e'x{logx +FX } - (X—l ;—)Ei(—x)

(" <——>}

X X 1 I 1
/OO/oo e'xlogxdx4=e‘x{logx+%x (O—Q+L)xl+(

QO 1m
[EEN
N 1=
w

.
oOfx W
>
>
<

/OO)-(-:/OOXe‘XIogde” = D"elogx+ £ ¢ X)Z(r%lﬂ)'}
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et (0

r=0 r !

-CD"EICE0

(2.n)

Proof

Lineal higher primitive functions of e'x Iog X are as follows.

(e™logx)™" = —e™logx + Ei(=x)
(e'xlogx)<2> = e @ogx+1) + x-DEi(-x)
< 3 2_2x+2
(e™logx)™ = —e"‘(logx— %+ 5) + %Ei(—x)
< 24y 11 3_3x%+6x-6
(e™logx) 4>:e'x(logx+ x3!x+ 5 ) 2 X3! X Ei(

And the zeros of these are all X=0 . Therefore, 1st ~ 4th order integrals can be written as mentioned abowe.
And hereafter, by induction, we obtain (2.n).

Example 3rd order integral of e ~*log X
' n-2 n-2-r - ¥ n-1 -
F[n ]:=(-1)""* | Log[Bbs [x] ] +Z Z f& ‘(_lthprntEgralEi[—x] Z (-x)

r!

r=0 a= r=

Plot[F[3], {x, -3.5, 5}]

Note

All polynomials obtained by applying Theorem 16.1.2 to e'xlog X become the asymptotic expansions,
and they are hardly useful.

16.6.3 Higher Integrals of e *sinX, e “Ccosx

Formula 16.6.3

XX x n — N ein 2% " -X_:
= [ e7sinxdx" = (-1 sinz | e sin

L
X 4 (3.0s)
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R n Y nz

- [ e "cosxdx” = (1) sinz | e "cos X+T (3.0c)
(0¢] 00
Proof

About the higher derivative of € SinX , the following formula is known.(See 37 #¢%2/A 2 p187).

n7Z')
X+——

4 4

-n
(exsinx)(n) = (sinz) e*sin

Replacing X with =X,

(—1)n{e'xsin(-x)}(n) = (sin% )_ e %sin
Using Sin(-x) = -sinx
(e smx) = (—1)“(sm ) )_ e'Xsin(x—%)

Replacing N with —N ,

X " n
(e Xsmx) —(—1) (sm ) e "sin x+Tﬂ)
Replacing (-n) with <n>,
n
=X _ - <n> — _ n - £ =X _ = nﬂ'
(e7sinx)  =(D (sm4) e”'sin | x+—7- )

And since X=X is zero of this clearly, rewriting the left side, we obtain (3.0s).
The following formula holds also about € “cosx .

+M)
X774

-n
e*cos

X Q) . T
(e*cosx)"~ = |sin—

4

From this, we obtain (3.0c) in a similar way.

Example

X
/e'xsinxdx—(—l) (sm )e'xsin

x+”)— N2 _sinx +cosx

4 2 © J2

1
—Ee'x(sinx + c0sX)

e “sinxdx? = (-1)? sing | e *sin L2z 1e'Xcosx
17 | ) )= 3

/ /ecosxdx = (-3 (sm 37) -2 (x

= Te SIn
_ /2 cosx +sinx _
=2 e* 72 4e *(sinx + cosx)

e cos

+£)
4
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16.7 Series Expansion of Higher Integral

By adopting easy function such as 1 or e as one side of the functions f and g in Thorem 16.1.2, various

function series is obtained.

16.7.1 Series Expansion of Higher Integral with fixed lower limit
First, adopting 1 as the function f in Theorem 16.1.2, we obtain the following theorem.

Theorem 16.7.1
Let M,N be natural numbers, f(r) r=0,1, - ,m+n bethe I th derivative of f, @ be an arbitrary
constant on the domain of f, B(X,Yy) be the beta function. Then the following expressions hold.

/ / fedx"="S (_rn ) %f(r)(x) + R w

r=0

D™ n-taaCe Xt L E-a)™" Mk
- . S A n
R = B(,m) & m+k //a . M+ f ©at (1.1r)

/ /f(x)dx”— (E(nfl?)' f@) + R" (1.2)

(X _a)m+n+s
(m+n+s)!
k

B(, m)ko m+k a (M+K! '
Where, there shall be no term of £X at the time of N<2.

n-1r-1
=y 2 - 1)n r+s tCs m4n-1-r+tCm-1"m+n+sC'r f(m+s)(a)
r=1s=0

Proof

Exchanging fand g in ,
/X/Xg <O>f(0)an — mz_l( —n ) g <n+r>f(r)
a a r=0 r

_”Z'Z‘( —n r)g<n r+s>f(s) (X a)r
— = a

S rt

SR m+n-r+ m+ X—a
F DS S S Cr nen G g (Mg e X2

r=1 s=0 t=s r'

(—1) - n- 1Ck/ / <m+k>f(m+k)dx
B(, m) k o m+k

_ -0

r!

X X m-1 (X C)n+r
v [ 1-§Ogyn = ( ) AN ()
/a /a Fdx ;0 r ) (+r)?t f

ime1 [ =N T (a_C)n—r+s (X_a)r ©
_ rzoszo( ‘ ) (-r+s)! r! f3

Substituting g (a = C) for this,
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(a C)m+n r+s (X_a) (m+s)
rl a

-1lr-1r-1

m .
+ (—l) Z Z Ztcs m+n-1-r+tCm-1 (m+n r+3)l

r=1s=0 t=s
o _ED" G 1% X =™ ey
B(,m) ico m+k J; Ja (Mm+K)!

Change this to the definite higher integral from a to b (2 C) , and rewrite the variable in the remainder term

from X to t. Then,

(b C) n+r f(r)

[T /f(o)dxn‘ri_o( : ) CEDYL

amsa [ -nHr) @-c)" (b-a)” ©

ZZ( s )(n S I

@-c)"" " (b—a)rf<m+s>
1 'a

n-1r-1r-1
— m .
+ ( 1) ;1 SZO ;Stcs m+n—1-r+tcm—l (m+n r+S)I
L _CED" « o 1ck// t (- C)m+kf(m+k)dt o
B(n, m)ko m+Kk (m+k)! '

Here, put C=a , then
[ [rose= 5
r= 0

) (b a)n+r f(r)
(+n)!

r
_ () G- ~)" (0-)
=0 5=0 S (h-r+s)! r! a

n-1r-1r- (a a)m+n—r+s (b_a)r (m+s)
+ (—l)m ; Z Z CS m+n-1- r+tCm 1 (m+n r+S)' . fam S

- +k
D™ w0 [ / L™ mriogen
a

-

* B(,m) & m+k (m+K)!
m—l( ) (b a)n+rf(r)
=0 (n+r)'

+ (_l) ~ Nn- 1Ck // / (t a)m+kf(m+k)dt
B(, m)ko m+k (m+k)!
Returning b to X, we obtain [(1.1), (1.10)]

Next, let C=D in (1.0). Then,
m-1 (b b)n+r
/ / / {@gyn= "5 D) o
r= 0 r (n+r)'
—ntr) @-b)"" (-a)' ¥O!
S (-r+s)!  rl 2
n-1r-1r-1 a-b m+n-r+s -a)" N
+ (_1)m Z Z ZICS'm+n—1—r+tCm—l ((m+n) r+S)' (b !) fé *s)

r=1s=0 t=s

+ (_1) 1Ck// (t b)m+kf(m+k)dt
B(, m)ko m+k JaJa Ja (m+k)!

n-1m-1

r=0 s=0
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— st nores[ TNFT G-a)"* ®
= 450D ( s ) T @-r+s)t @
oE S —A\N-T+S ) (b_a)m+n+s (m+s)
+ r‘zl 520 tzs( 1) tCS m+n-1- r+tcm 1 r' (m+n r+S)!
CD" i 0aC / / LD e gy
B(, m)ko m+k a (M+K)!
Here, +
s(TNTr} 1 _ n+sCr
D ( s ) BRI ¥ =S YR CES Y

Substituting these for the abowe,

~ m (b a)n+s ()
// /f(O)an _S O( rzo(_l)” "n 1-r+sCs n+sCr) ( +S)' fas

+ nzlri( 1)ﬂ r+s Z C ’ C C (b_ )m+n+s (m+s)
= tCs " m+n-1-r+tCm-1"m+n+sCr (m+n+s)!

CD" it 0aC / / N Gal) BTSN
B(, m) k o m+k JyJa (m+k)!

Here, the following equation holds for a natural number N and a non-negative integer S .
n-1
n-r —
Z (_1) n—1—r+scs 'n+sCr =-1
r=0

Because,
=l aNn-r _nt, ner (0-1-r+s)! - (nts)!
rgo(_l) n-1-r+sC's "n+sCr = ;E(_l;l (n 1—r)! sl ((n —:II’-;'IS)! rt L
()l o ner n-1)!

T (-Drst rZO( D (-1-D'r! n-r+s
(n +S) ! n r n—lCn—l—r
C(-DIst 20(_1) ' s+1l+n-1-r

(+s)! 1 D'

T (-DIst & s+l+r

n-1C'r

According to & ¥ £ AX I pl2,

n (-1)' . omIQE) .
rgo avr "Cr " I(n+a+1) az0,-1-2
Then,
nf D' C. = M-D'7G6+D) _ (h-D!s!
2 s+1l+r "N T n-1+s+1+1) ~  (n+9)!
Therefore
// /f(O)an_ (b a)rH-S f(S)
s= O (n+S)l
n-1r-1 (b_a)m+n+s
+ n-r+s — tCr-1 manssCy ——2——— (m+s)
er SZO( 1) Ztcs m+n-1- tc 1 C (m+n+S)!

(_1) ~ n- 1Ck// (t b)rm-kf(m+k)dt
B(n, m) k=0 m+K a (M+K)!
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2% of the 2nd line cannot be simplified any more. Moreover, since this is a disturbance term, we combine this
with the 3rd line and make it a remainder. Needless to say, when this 2nd line doesn't exist when n is smaller

than 2. Thus, rewriting S to I in the 1st line and returning b to X, we obtain [(1.2), (1.21)].

Series Expansion of Riemann-Liouville Integral

Higher Integral with fixed lower limit is Riemann-Liouville Integral itself. Therefore, the above thorem is also
a series expansion of Riemann-Liouvlle Integral. If the above thorem is rewritten by Riemann-Liouville Integral,
it is as follows.

Thorem 16.7.1'

The following formulas hold for a natural number N and an arbitrary number @ on the domain of f.

F(ln)/ &-D" f®dt = i ( ) ) (énfr);rf“)(x) + R w1
R = B(n(,;l11));(n) : :r_:ik X (X_t)(:r;i.(;)— ?)mk fMO@dt” (1.17)

% /a &-D" Ot = Z (én f))n:r f®@) + R" w2
Ry = ZZ D" ”St Stcs mon-1-r+tCr-1- m+n+scrg1‘+:;+:f<m+s>(a)

CD™" el X )™M
B(,m)I(n) ico m+k J (Mm+k)!
Where, there shall be no term of £X at the time of N<2.

fMO@©dt" (L.27)

Examplel Series expansion of the 2nd order collateral integral of e*
Let f(X): e*, then

= , fP=e, fPO=1 r=1,23
Substituting these for ,

X X xqon — xS —n (X_a)n+r n
/a /aedx ~° rZo( r ) @+t " Rm

CD" G ta-a™
B(n, m)ko m+k /a/a (m+k)! "ot ¢t

_ _1 (X a.)I'1+I"
/ / X'= r0 (h+r)! e” + Ry
m+n+S
n-r+ X—a
Rn — ; SZ ( 1) r+s " tCS ‘m+n-1- r+tCm 1 m+n+sCr me

(—1)m - nlck t-x)™"
B(n, m)kom+k // (m+k)IEOIt

Although the zero of the lineal higher integral of eis a= - , these expressons can not hawve this zero.

Rp =

That is, by the above formulas, the lineal higher integral of e can not be expanded to the series. Then, we
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put a=0. and we expand the collateral higher integral of e *to the series. When n=2 ,

X § (X O)2+r
/o/o d=e Z( r ) @t * R

D" 2 12.1Ck (e O)m+k
B@.m) & m+k // Mm+K! e'dt”

m-1 0 2+r
// ro (2(2+))|-e + Ré
(X o)m+2
@D

D" 2 12.1Ck //t(t X)m+k
+ e'dt?
B, m)ko m+k m+k)I

R: =

2
Rm - _mCm—l'm+ZCl

Example2 Series expansion of the 3rd order integral of Iog X
Let f(x)=1log x , then

r—
@=jogx , ©@=cptEDL oo
X
Substituting these for | Theorem 16.7.1{,

/a)-(--/axlogxdx”— &-a). )n log x —Z (- 1)r( ) (énfr))n:r (- }) + Ry

X

If @=0 then the first formula is lineal higher integral, else it is collateral higher integral. On the oter hand,

the second formula can not be lineal higher integral.
By the first formula, we calculate the lineal 3rd order integral and illustrate it as follows. Although the
convergence of this series was slow, as a result of taking m very greatly, both sids overlapped somehow.

Left: lineal higher integral
e g = n-> x™n/nt*(In(x) - sum(1/k,k=1..n)):

Right: Series
e m:=1000: a:=0:
e T = n-> (x-a)™/n1*In(x)-sum((-D*r*binomial(-n,r)
*((x-a)r(n+r)/(n+r)1)
*((r-1)1/x™r),r=1..m-1):
v & Blue: Left , Red: Right
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16.7.2 Series Expansion of a Function

Sliding the index of the integration operator in Theorem 16.7.1, we obtain the series expansion of a function.
Of course in these, Taylor expansion is also included.

Theorem 16.7.2

Let M,N are natural numbers, f(r) r=0,1, - ,m+n be the r th derivative of f, @ be the arbitrary

constant on the domain of f, B(X,Y) be the beta function. Then the following expressions hold.

X — a X —a n+r .
feo = 2o ( > @ 2 ( r ) ((n+r))| {060 + Ry 2.1)
(—1) i naC / / / D™ @emeio
n — n
Ry = BG m) k — @+ ——f @®)dt @2.1r)
m+n-1 - r
0 =3 (Xr—f‘)f“)(a) +RD @2
n-1r- e+ X—a m+n+s ene
Rp = r:lsg D"’ SZtcs m+n-1-r+tCm-1"mn+sC'r mf(m "D @)

(_1)m S n-1C (t X)m+k (+m+k)
B(n,m) 2 m+k /a/a M+Kk)! M ®dt" (2.2)

Where, there shall be no term of X at the time of N<2 .

Proof

Adding N to the index of the differentiation operator of the function f( )ln Theorem16.7.1

/ /f(n)(X)an_mZ_( i ) (X a)n+rf(n+r)(x) + an

r=0 (n+r)'
= CDT O (L™ i
™ B(,m) &6 m+k JoJy Ja (MHK)!

[ [10eac="5 LD 00 + g

KGO
n-1r- o+ (X_a)m+n+S et
N rg ; D " tzstcs “mn-1-r+tCm-1"m+n+sCr mf(” ) S)(a)

CDT gty [ 1400 e ygy
Here,

/X/Xf(n)dxn :/).(../X{f(n_l) (X a) (n 1)}dxn 1
a

/ / {f(n 2)_ (X a) f(n 2)_ (Xl?) f(n 1)}d

/ / {f(n 3)_ (X a) f(n 3)_ (Xl?) f(n 2)_ (XZ?) f(n D}dx
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n-1 (Xx—-a
=@ _ € I) ©
r=0 r:
And,

m-1 (X a)n+r m+n-1 (X a)

1(X a) &) 0y + Z T 0D Y = Z

>

r=0
Substituting these for the abowve, we obtain the desired expressions.

f(r) ( )

Remark

When N=1 in [(2.2), (2.21)]
f(x) = ;0 (X a)r (r)(a) + (—l)m/ax(tr;]—x!)mf(“m)(t)dt

Needless to say, this is the usual Taylor expansion. Howewer, in fact, (2.2), (2.2r) is alredy the usual Taylor
expansion. Because, from|Theorem 4.1.3|(1.2), this fearful remainder must be as follows.

Rn = /?("/Xf(m*")(x)dxm+n = ;/X(X-t)mm_lf(t)dt
m a Ja F(m"‘n) a

(2.2), (2.2r) is a trivial expression.

After all, the clarification from this theorem is the following two.

(1) A series of functions of a function f(X) about a point & exists innumerably.

(2) The Taylor series of a function f(X) about a point @ is unique.

Example1 Series Expansion of @* about 0

f=¢ , P=¢, PO=1 r=1,23,
Substituting these for in the theorem,

) nz_l X" sz_l -n M o
e = — +e _ +
r=0 rt r=0 r (n+r)! m

However, this is an automorphism and is not interesting. Then, using r%imman =0,

ex[l-i o X_}_X_
=\ r | (+r)! =or!

c={1-g (TS5 g
And giing N=1,2,3, ~ to this. we obtain the following series.
c-fi-g(7)E5 1 -uk
-3 (P) 25 (e
S ER =PI PR


http://fractional-calculus.com/higher_integral.pdf

Example2 Series Expansion of Iogx about 1

fG)=logx, f(@=0, f00= (-1
Substituting these for (2.1) in the theorem,

-t (I-x)" w1 1 [ -n ( 1 )”” I
=y -— _ _ S +
logx rgl r rgo n+r ( r ) X 1 Rm

And giving N =1, 2, 3,

r-1 (I’—l) !

to this, we obtain the following series.

© 1 -1 1 1+r
IOgX—_';O 1+r \ ¢ (Y_l)
o 1 _2 1 2+r 1_ 1
(2] (2a) e
=0 2+r r X 1
_ © -3 ( 1 1 ) 3+r (1_X)1 (1_X)2
B _r;O 3+r \ r X B 1 - 2
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16.8 Pascal Type Triangle
When there is a number triangle, such that the numbers on two sides are given and the other numbers are
given by sum of the two numbers on the upper line, we will call it "Pascal Type Triangle".

Lemma 16.8.1
In the following number triangle, C., (r=0,1,2, ) are given, andlet C, = Cpg ,
Crs =Crgs T Cgsp 1521

Coo

Ca0 Ca1 Ca2 Ca3 Caq

Then, the following expressions hold.
r-1

r-s
Crs = 2 r-1-tCs1 Cio ~ 2 Gt Cr-1-to
t=0 t=s-1

Proof

If we calculate one byone according to the condition C,g = C,_15 + C_1 -1, it is as follows.
1 Cpo Cna
2 Cp CotCi C22
3 C30 CiotCiptCy C1o+ Cpp * Cpp Cs3

4 Cqo CyptCyptCytCzg 2C9% 2011+ Cogt Crp Cipt Ciq+Crt Caz Cag

When C, = Cgo r:]., 2, 3,

0 o 1 2 3 4
1 Cqo Coo

2 Cyp  CpotCio 1coo

3  Czo Coo+ C10F Coo 2¢o0t 1c1o 1coo

4 Cp  CootCiptCyptCyp oot 20t 1cp  3Cppt Cio 1coo

Using binomial coefficient Cs |

0 Coo 1 2 3
1 C1io 0Co Coo
2 Coo 1Co Coo ™t 0Co C1o0 1C1 Coo

3 C 2CoChnt 1C0Cn T 0C0C 2C1Cont1C1C 2C2C
30 00 10 20 00 10 00
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That is,

0

Thus,

And,

Coo

Ci0

C20

Cao

Ca0

1 2 3 4
0
E 0-tCo Cio
t=0
1 0
2 1-tCo Gy 2 1tC1Cyg
t=0 t=0
2 1 0
2 2-tCo Cio 2 2-tC1 Cio 2 2-tC> Cio
t=0 t=0 t=0

3 2 1 0
t;03400 Cio t:Eos-t01 Cio t;03402 Cio tgos—t03 Cio

we obtain the following expression.

r-s
Crs = X r-1-tCs-1Cyg rs=1
t=0

r-s
= 2 r-1-tCs-1Cg
t=0

= ro1-@-5)Cs-1 Crso T r-1-Gr-s-DCs-1Crg_10F = Fr-1-1Cs-1C10 + r-1-0Cs-1Cqg

=5-1Cs-1 Crso T sCs-1 Cres-10 T - r-2Cs-1 Cio T r-1Cs-1 Coo

r-1

= 2 tCs-1 Crii-to

t=s-1

Example When COO: 4, 010: 3 , CZO: 2 , C30: 1

Since Cog=4C'1, C19=3C1, Cyp=2C1, C3g=1C1, Cip=2-tC1.

Then,

e C2 = (r,s)-> sum(binomial(r-1-t,s-1)*binomial(4-t,1), t=0..r-s)
r-s
r-1-t 4 -1
(r,s)ag( s—1 )( 1 >

e C2(3,0):;C2(3,1):;C2(3,2):C2(3,3)

| g 11 4 4
3 4
2 7 4
1 9 11 4
Note
When Gy = 1 t=0, 1, 2, =+, this number triangle reduces to Pascal's Triangle.
2009.02.18

K. Kono

[Alien's Mathematics
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