25 Series of Higher Integral with Geometric Coefficients
This chapter is a generalization of "[24 Sugioka's Theorem on the Series of Higher Integral|'. The origin of

theses paper is "[e Ax [T T HDATDIE R.]" ( Mikio Sugioka 2003 ) .

25.1 Series of the n-th order Integrals
In this section, we ask for the sum of series of higher integral with geometric coefficients, such as

X X X X X
cl/ f(x)dx J_rcz//xf(x)dx2+03//7Xf(x)dx3ic4/---/ f(x)dx4+i
a aJa aJaJsa a a

Theorem 25.1.1

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

m X [X X X X X
Z Cr/___/ f(X)er — Cecx/ f(X)e_CXdX _Cm+1ecx/ {// f(X)de}e_Cde
r=1 a a a a a a (1 1)

X X
Especially, when rl]im Cm/"'/ f(X)de =0,
— 00 a a

0 X X X
Zcr/---/ fOO)dx" =ce°x/ fO)e “dx (1.1)
r=1 a a a
Proof
Let
<> X X r
f ) =// f(x)dx r=1,2,- .m (1.1
a a

Then fq(a)=0 (r=1,2, ,m). So,
X X
/a fG)e % dx = [FG)e ™1, +¢ / P (x)e %dx

=f)e ™™ +c / T 00e " dx
a
X
= e ™ + ¢ [F20)e ], +c? / 2 (x)e dx
a
X
=) ™™ + M )e ™™ +¢? / f=(x)e " *dx
a

m X
— — >
=e Zlcr %<0 +cm/ e "%dx
r= a

Substituting (1.r) for this,

X m X X X X X
/ fQ)e Pdx =e ™ X cr'l/---/ f(x)dxr+cm/ {// f(x)dxm}e'cxdx
a r=1 a “a a a “a

Multiplying by € * the both sides,

X m X X X X X
ecx/ fo)e “dx = Zcr'l/---/ f(x)dxr+cmecx/ {// f(x)dxm}e'Cde
a r=1 a “a a a “a

Multiplying by C the both sides and transposing them, we obtain (1.1) .
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X X[ X X[ X[ X
Example 1 Cl/ dX+CZ// dX2+C3// dx3+ -
a a

fGO=1, / /d m = (X'a)m

Substituting these for

m
/ /dX —ce/ cxdx_cm+lecx (X a;) —cxdx
a mi1

The 1st term of the right sideis

X g~ X
Cecx/ e—cxdX — Cecx|: _ i| — ec(x—a)_l
a C a

The 2ndt term of the right sideis is expressed as follows using the incomplete gamma function [(X, y) .

x x=a)" 0Oy = e x-a)"(cx-a)) "{/(m+D-Im+1, c(x-a))}
. m! X= cm!
e x-a)"

=l {C(X_a)}m{F(m+1)—Rm+1, c(x-a))}

When ¢>0 & x-a > 0,

X (v —a\M -ac
@e'cxdx = meT{F(m +1)-I{m+1,c(x-a))}
a m: C m ]

Thus,

mo XX ox-) po(x-2)
C//a dx" =e -1- — {(I{m+D)-I{m+1,c(x-a))} (1.2)
= a =

ec(x—a)

{(IMm+D-ITm+1,c(x-a))} =0

m!
X X
cr/-~/ dx" =M1 (1.2)
= a a

The higher order integral of the left side of (1.2) is as follows.

[ fine = 52

Then, the left side is

e[ - der‘ r(x a)r
o] [ o = £

Using this as the left side of (1.2) and (1.2"),
c(x-a)

And, since lim
m — oo

m X—-a -
ZC ( ) e(:(x a)_l_e

r=1

{r((m+1)-ITm+1,c(x-a))} (1.3)

T (X a) — c(x-a)
rglc rt - -1
When X:2, a—O, c=3. 3, M =4, both sides of (1.3) are calculated as follows.

(1.3)



I'[x ] := Gamma [ x] IT'[x , v ] :=Gamma[x, ¥]

L {x-a)’
flx ,a ,c ,m]:= o

=1 r!

) ) aC (X-a)
glx ,a ,c ,m]:i=a"" o1 ———(T[m+1] =T[m+1, c({x=-a}])
m]

N[£[2, 0, 3.3, 4]] N[g[2, 0, 3.3, 4]]
155.357 155.357

Also, it is clear from the following that is correct.

(x a) 2 {c(X a)} _ {cx-a))° = otC-_1

D Yy o1
X X[ X
Example 2 cl/ eXdx +cz// exdx2+c3/x/7xexdx3+ =
a ava avava
m—l (X_a)r
—_ X m_
fG)=e / /e dx =

Substituting these for m and using the incomplete gamma function [(X y)

Y / / X/Xexe'cxdx -c™le CX/ {/ / e*dx™ }e'cxdx
r=1 a
= Cecx/xe(l—c)xdx _Cm+1ecx/x{ 2 (X a)r }e—cxdx
a a

X X r
- _ X—a _
— Cecx/ e(1 C)de _Cm+1ecx/ e(1 C)XdX+Cm+lecx+a Z ( 5 ) cxdx
a a r=0 -

_ Cecx {e(l—c)x _ e(l—c)a} ) Cm+lecx {e(l—c)x _ e(:L—c)a }
B 1-c 1-c
4 Mgt € (-a) (e =) T (S ~ 114, c(x-2))
r=0 cr!
_ Cecx {e(l—c)x _ e(1—0)51} ) Cm+lecx {e(l—c)x _ e(:L—c)a }
B 1-c 1-c
_ Cmecx+(1—c)a mz_li{ r(1+r,c|(x_a)) _1}
r=0 Cr ri

m r .X“ X X - Cecx {e(l—C)X - e(l_c)a } Cm+1 CX {e(l C)X (l—c)a }
2C e*dx _

1-c 1-c
et 1 ( 7(1+r,c(x-a
_Cmecx+(1 c)a ;O ?{ ( r!( )) —l} (1.9)

Especially, when @ ==,



X [X
// e’dx" =¢e* r=1, 2, 3, . Lineal Higher Integral
— 00 -0

e(1—c)a =0 ’ R1+r,c(x—a)) -0
c'r!

So, becoms as follows.

. 1-c™

1-c

And from this, the following well-known equation is obtained.

m-1 , l—Cm

C
r=0 1_C

m
e* Y ¢ =ce*
r=1

when O0<c<1, limCmZO. Then,

m —co

© X X CX e(1—c)x _ p@@-0)a
Zcr/'"/ edx" = = { : } (1.4)
r=1 Ja “a 1-c

Especially, when @ ==,

o CeCX

cX r—
€ c -
rgl 1-c
And from this, the following well-known equation is obtained.
D .
r=0 1- C

The higher order integral of the left side of-is as follows.

XX o & (xa)s
Léedx Sgo

Then, the left side is

Soff o= fele-w S 67

Using this as the left side of (1.4) and (1.4"),

m x-a)° c™ _ _
Zlcr{ex_ ZO ( Sl) } — T Cecx{e(l c)x_e(l c)a}
r= s= -

_Cmecx+(1—c)amz_1i{ I{1+r,c(x-a)) _1} (15)

r=0 Cr r! .

© X — a S Cecx e(1—c)x_e(1—c)a
Zcr{e -e Z ( ) } = { 1-c j (1.5)
r=1 -

When X:4, azl, C:2, m =3, both sides of (1.5) are calculated as follows. Both sides coincide exactly.
So, (1.4) is confirmed to be correct.

I'[x , v ] :=Gamma[x, 7]



o r-1 EX'ﬁ)s
flx ,a ,c ,m] := - et - a” _—
r=1 ==0 S!
l_ -’E - 1-c 1-cY a
glx ,a ,c ,m] := ca“® (ei merE _ptee ‘1)
1-¢c
m-1 - -
. E-::-r+|f1—=:‘; &Z i Tll+x, c{x=-al] -
r=0 ':’I-: rl
N[f[4, 1, 2, 3]] N[g[4, 1, 2, 3]]
530.6e02 530.602

Example 3 c/ Iogxdx+c// log x dx +c/// logx dx3+ -

Substituting f(x)=logx, a=0 for [(
2 cr// logx dx" = cecx/ logx e "“*dx
r=1 a a a

The integral of the right side is as follows.

/Xlogx e ¥dx = [ —e"%log Ix] + Ei(=cx) }X
0 c 0

—e “log x|+ Ei¢-cx)  logc+y
c c

t
Xe
Where, EI(X) :/ Tdt, Y= 0.5772 (Euler-Mascheroni Constant ).
— 00
Multiplying by €% the both sides,

X
cecx/o logx e “dx = -log |x]+ e®{Ei(-cx) -y - logc}

Substituting this for the right side of the above,

3 cr/-x--/ logx dx" = -log x|+ e“{Ei(-=cx) - - logc}
r=1 a a

The higher order integral of the left side becomes lineal higher integral as follows.

[ n_x_”( _“1)
/O/Ologxdx =1 log |x] s;ls

Then, (1.6)
r r

o r 1
; ; ('09|X|‘§1§) = —log Ix]+ e“{Ei(-cx) - - logc}

When C=1.7 , the first 10 terms of Y are calculated and both sides are illustrated, it is as follows.

Both sides owerlap exactly and blue (left) can not be seen.

Ei[x ] := ExpIntegralEi[ x] v = EunlerGamma

(1.6)



m T L r 1
flx , o, m] = ) = [Log[ﬁbs[x]] -3 -

=1 T! =
glx , ¢ ] := -Log[Abs[x]] + 2" {Ei[-c x] =¥ - Log[c])
10}
|J5§
-4 Z3 _2 1 g
_|'|55
-1.0
— ff{x, 1.7, 50) _152
gtx, 1.7) ol
~25

Theorem 25.1.2

When C is a positive number and @ is a real number on the domain of analytic function f(X) ,
the following expressions hold

m X X X
2 (_1)r—1cr/.../ f(x)dxr — Ce—CX/ f(X)eCXdX
r=1 a Ya a
T X X ml _cx
-D'c e foQdx™ tedx @1
a a “Ja
X
Especially, when %1£rgocm/x/ f(X)de= 0

m X
Zl(— )t r/ /f(x)dx —ce'cx/ fO)e™dx 2.1
r= a

Proof
In a similar way tolthe proof of Theorem 25.1.1|, we obtain the desired expressions.

Example 4

X XX X[ X[X X X
cl/ sinxdx —02// sinxdx”+ 03/// sinxdx3—c4/---/ sinxdx?® +- -
aJsava a a

Substituting fF(X)= sinx for (2.1

X
Z( ) / /smxdx —ce'CX/ sinxe“dx
a

The right side is as follows.
X csinx—cosx )e® - (csina-cosa )e®®
/ sinx-e*dx = ( ) ( )

a

1+¢?

Multiplying by C€ ~™ the both sides,



c(a —x)}

X
_ . c . .
ce Cx/ sinx-edx = , > {csinx—cosx - (csina-cosa )e
a C

Thus, we obtain

Z ( 1)r ! r/ / sinxdx" = {CSII’]X —COSX - (csma Cosa c(a—x)}
2.2)
The higher integral of the left side is as follows according to Theorem 4.1.3 ()
n -1 (x-a)° 7(h =s
t/(/smxdx —ﬂn( )_Z_S__lﬁm{a__g__l}
2 =0 sl 2
Then, (
r-1 _ S _
- r-1_r . - M ] { _M} }
2%( Dc {ﬂn(x 5 ) 35t sinja-—>5
- {csinx—cosx - (csina-cosa )e®@}

1+¢?

When a=3/2,c=1.3, the first 30 terms of ¥ are calculated and both sides are illustrated, it is as follows.

Both sides owerlap exactly and blue (left) can not be seen.

f[x ,a ,c ,m] := Z{_l} r-1 r [Sin[x- Jr_; _g {Xs-lﬁjs Sin[ﬁ_ r Er2- s) }]

gl=x , a , c] := - Z { o 8in[x] - Cos[x] - {cSin[a] - Cos[a]) &° (‘i'm)
1+ o
0&L
. \'\ X
2 . | G a 10

05}

~-1.0

-15 3

f{x, £.1.3,30)
~20 3
. gix, >, 13)
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25.2 Series of the odd-th order Integrals
In this section, we ask for the sum of series of higher integral with geometric coefficients, such as

X X X X X X
Cl/ f(x)dx J_rcs//7xf(x)dx3+05/---/ f(x)dx5ic7/---/ f)dx  ++ -
a asaJa a a a a

Theorem 25.2.1

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

@ 21 [ X or-1 _ C | ox [* -cx —ox [ o
Y.c f(x)dx =5\e f(x)e “dx +e f(x)e“dx
r=1 a a a a
X X X CX 1\ —2m+1, —cx
- (-1)?™1c?Mcosh cx/ {// f(x)dxzm‘l} R 1)2 °  dx
a a a

X X [x X _ (L 1) 2m+1g X
+(—1)2m"102msinhcx/a {A/a f(x)dxzm‘l}e ¢ )2 ©  dx
(1.1)

om [* [ 2m-1
Especially, when nlqim C // f(X)dX =0,
— 00 a a

i 2r-1 [ X Xf d 2r-1 _ C | Xf ~oXg —cx Xf oy ,
c A )dx =51e A x)e Vdx +e . (x)edx (1.1

r=1

Proof

Formula of repeated integration by parts was as follows. ("|01 Generalized Taylor's Theorem|" ( A la Carte ))

[ 10900dx =%, D [160g 60 s + D" [ 7769 e

when g(x)=coshcx , sinhcx,
1 eCX+(_1)—r+le—CX

eCX +(_1)—me—cx

Cosho)™ =¢ . (coshox)™=cm

2 2
- ) ) ecx_ _1 —r+1e—CX . ecx_ _1 —me—CX
Ginhc)¢™D =¢™? ¢ 2) , Ginho)™=¢m ¢ 2)
Substituting these for the above,
X m ) e (=) e X
/ f(x)coshcxdx = 21(—1)r ! [f<f>(x)cr ! ¢ 2)
a r= a

X CX+ _1 -m_ —-CX
+(—1)m/a f<m>(x)cme ( 2) ° dx,

cX -r+1 _-cx 1X
w1 5-CD e }
[f x)c > .

/xf(x)sinh cxdx = % Dt

eCX _(_1)—me—cx
2

+ (—1)”‘/aXf<m>(x)cm dx

Here, let

) = /a-)f-/axf(x)dxIr r=12 - .m
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Since fq(a)=0 =12, ,m),

X m X4 (-1 -r+1_ -CX ,y rx
/f(x)coshcxdx = 21(—1)r'1cr'1e ( 2) ° // fG)dx"
a r=

+ (—1)m/ax{/a-x--/axf(x)dxm}c *C 1) e dx

X m X _ (=1 -r+1_-CX .y px
/ f(x)sinhxdx = 21(—1)“1(:“1e ( 2) c / / f)dx"
a r=

+ (—1)m/ax{/a-)f-/axf(x)dxm} (_1)—m - dx

Expanding a part of the 1st term of the right side,

e¥+(-1) e ™™ : .
Z Dt ! ¢ 2) = c%oshcx - ¢ sinhcx + c2cosh cx - ¢3sinh cx +— -

cX -r+1, —CX
m 1 1 -1 e _ .
M EDrie? ( 2) = c%inhcx - ctcosh cx + c2sinh cx - ¢3cosh cx +— -
=1

Multiplying both sides by COSh cX, Sinh CX respectively,

r-1 r 1 e +(_1)—r+1 o
2

= ¢%osh 2cx - ¢ tcosh exsinhex + ¢ 2cosh %ex - ¢cosh exsinh cx +— -

coshcx Z D

. m B ecx_ _1 -r+1, —Cx
sinhex > (1) tet ¢ 2)
r=1

= ¢%inh %cx - ¢ Ysinh excosh cx + ¢2sinh %cx - ¢>sinh cxcosh cx +— -

The 2nd term of the right side is as follows.

X X X X4 (=1) Me
(—1)mcoshcx/ {// f(x)dxm}cm i ( 2) °  dx
a a a

(-1)™sinh cx/ax{/al-)-(-/axf(x)dxm}cm eCX'(';)_me_cxolx

Since cosh %cx —sinh2cx = 1,

X . X . mooor2 [ X[ 2r-1
cosh cx/ f(x)coshcxdx—smhcx/ fG)sinhexdx = ¢ // f(x)dx
a a r=1 a a

X X X X (=1 -2m+1, —CX
+ (-1)2"Lcosh cx / { / / f(x)dxzm'l}czm'l i )2 °  dx
a a a

X X X X _ (=1 -2m+1, —CX
- (-1*"sinh cx/ {// f(x)dxzm'l}czm'1 e =( )2 ° dx
a a a

Here, M in the 2nd term and the 3rd term on the right side has to be an odd number corresponding to the 1st
term. Furthermore,

X X
coshcx/ f(x)coshcxdx—sinhcx/ f(x)sinhcxdx
a a



e CX_l_e —CX X e CX_'_e —CX e CX_e -CX X e CX_e —CX
= T/a f) > dx - > /af(X)TdX

1 X X
= i{ecx/ fO)e “dx + e'cx/ f(x)ecxdx}
a a

Using this, we obtain

G 2r-2 XX 2r-1 1 cX X -CX -CX X cX
>c / f(x)dx =5\ /f(x)e dx +e /f(x)e dx
r=1 a “a a a
X X X X 4 1 -2m+1 . —-cx
- (—1)2m‘102m‘1coshcx/ {// f(x)dxzm'l} il G MY
a a a 2
X X X oX _ _1 -2m+1, —CX
+ (<D 12 Linh cx / { / / f(x)dxzm'l} il G B
a a Ja 2
Multiplying by C the both sides, we obtain.
X X[ X[ X X X X X
Example 1 Cl/ dx +C3/// dx3+ CS/---/ dx> + 07/---/ dx " +--
a a a

fGO=1, / /d m = (X'a)m

Substituting these for[(T.7),

m _ X [X B I X _ X
ZCZr 1// dXZr 1:_{ecx/e CXdX+e cx/ eCXdX}
r=1 a Ja 2 a a

x (X _a)Zm—l ecx_'_(_:l_)-2m+1e -cx

2m- 1 2m
-(-D coshcx L @n-D1 > dx
2m-1 _cx -2m+1,, —-Ccx
2m-1,2m X (x-a) e -(C-D e
+ (-1 sinhcx L @m-D1 > dx
Here,
c x x ce®[ e 7"  ce™[ e 1"
_{ecx/ e—cxdx+e—cx/ ecxdx} — |:_ :| + |:_:|
2 a a 2 c 1, 2 c 1
ec(x—a)_ e—c(x—a) .
= > =sinh{o(x-a)}
Then,
m X X
» czr'l/---/ dx® =sinh{c(x-a)}
r=1 a a
2m-1 _ cx -2m+1 . —cx
_ 2m-1,2m x(x-a)T T T+ (=DM e
D coshcx L @m-D1 > dx
2m-1 _ cx -2m+1 . —cx
_an2m-1.2m_; x (x-a) e’ -CDH e
+ (D C smhcx/a @n-D1 > dx
(1.2)
& o1 [ X oar-1 _ . ,
¢ dx =sinh{c(x-a)} (1.2)
r=1 a a

-10 -



The left side is

& or-1 2r-1 _ 2r—1 (X_a)zr_l
2,C //dx P Ty

r=1
Using this as the left side of (1.2) and (1.2,

_a)2r-1
2r—lw =sinh{c(x-a)}

2 D1

X (X _a)2m—l eCX+(_1)—2m+1e —CX

_ 2m- 1 2m
-D cosh cx ATy ) dx
2m-1  cx -2m+1, —CX
. x(X-a e _(-1 e
+ (-1)2"1c*"sinh cx (x-2) (G d
a @m-D! 2
(1.3)
2r-1
5 o1 (X-3) .
- - 1.3
;lc Cr-D1 sinh{c(x-a)} 1.3)
When X:3’ a:1, C:2-1, m:5, Both sides of (1.3) are calculated as follows.
m - EX_ ﬂ-)z*:—l
flx ,a_ , c_,m] := 2,5.2-—1
r=1 {(2r -1y
glx, a_, c_, m_] := Sinh[c {x - a})]
2m-1 2m x(t_ﬁ}Em-l .p":t+(—l)'2m+1.p‘
- {-1}*"" =" cosh[c x] a
a {2m-1y1 9
9m-1 2m X{t—ﬁ:lzm_l ﬁ":t_{_1)—2m+1ﬁ_
+ (=17 m-1 2m Sinh[-:'x]_f at
a f2m-1)1 2
33.1338 33.1338

Also, (1.3") is correct. Because the left side is Taylor expansion of the right side.
Theorem 25.2.2

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

U r-1.2r-1 X X 2r-1 _ X . X .
XD f(x)dx =ccoscx[ f(x)coscxdx +csinex [ f(x)sincxdx
r=1 a a a a

— (D> 1C2mCOSCX/ {/’)-('/Xf(x)dxzm‘l}cos{CXJF(zm—Z_l)ﬂ }dx
1P 1c2msmcx/ {/ / F ) dx 2™ 1}sm{cx+ (2m2 Dz }dx

2.1)
om (X [* 2m-1
Especially, when rym c // fQQdx =
— 00 a a

00 X X X X
XD r‘102r‘1/---/ fx)dx*t =ccosex [ f()coscxdx +csinex [ f(x)sincxdx
r=1 a a a a

@2.1)

-1 -



Proof

Formula of repeated integration by parts was as follows (" |1 Generalized Taylor's Theorem|") .
X G r-1 [ ¢<r> (r-1 X m [ Xe<m> (m),
fCIgCIdx =2 1 [F70g M) ], + CD™ [ )9 ™) dx
a = a

when g(X)=sincx , coscx ,

- _ r-Dr mrz
Coscx) ™D =¢' 1cos{c:x+ ( 2) } - (coscx)™ = c"cos cx+7)
. - 1. r-Dr . . mrz
Ginc) D =¢' 1S|n{cx+ { 2) } - Ginex)™ = ¢Msin cx+7)

Substituting these for the above,

fGcoscxdx = 2 D F60c  teos{ ox+ 2% (r- )7z
[ el ]|

+ (D" /a () c™Mcos cx+% )dx
/axf(x)sin cxdx = 21 D! [f®(x)cr’1sin{cx+ (r—21)7r } E
+ (—1)m/axf<m>(x)cmsin cx+% )dx

Here, let
) = /X/ feOdx"  r=1,2, .m
Since fq(a)=0 =12, ,m),
X m _1 X X
/ f(x)coscxdx = Zl -D r'1cr'lcos{cx+ Dz }// fG)dx"
a r=

+(—1)m/ {/a /f(x)dx }c cos

/axf(x)sinxdx = 21(_1) r'lcr'lsin{cx+ - }/ / f)dx"

+ (—1)m/ax{/a---/a f(x)dxm}cmsin

Expanding a part of the 1st term of the right side,

mz
cx+7 )dx

mm
CX+T )dX

m 1o r-Dr ) .
Y ED 1cos{cx+ ( 2) } = c%oscx+ clsincx - c2coscx - ¢ sinex ++-—-

m “1.r-1_- r-Dr . .
> D’ lsm{cx+ ( 2) } = c%incx - cleoscx - cZsinex + c3cosex ++-—--

Multiplying both sides by COSCX, SINCX respectively,

(r—21)7r }

m
cosex Y (1) " cos { oX +
r=1

= COCOS 2CX+ clsincx COSCX — C2COS 2CX— c3sin CX COSCX ++——--

-12-
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(r—21)7z }

= ¢%in2cx - clsincx coscx - ¢2sin%ex + ¢3sincx coSCX ++——-

. u r-1.r-1:
sincx Y, (1) ¢ Tsing ex+

r=1

The 2nd term of the right side is as follows.

X X X m m miz
- X [ fx)dx X+—— |dx
( 1)mcosc/ {/ /f( )d }c cos(c = )d
a a a
. X X [X ml m mr
- incx - [ f(x)dx in{ cx+—— |dx
(1)msnc/{//f()d }c sn(c+2 )d
a a a
since cosZcx +sin®cx =1,

X ] X ) m 1 22 [ [ 2r-1
coscx/ f(x)coscxdx + sin cx/ fG)sinexdx = > D¢ // f(x)dx
a a r=1 a a

+ (_l)zm—lc2m—lcoscx/X{/.).(./Xf(x)dxzm_l}COS{CX+(2m—2_l)ﬂ- }dX
+ (_l)2m—1c2m-lsincx/ {/ / fx)dx 2™ 1}sm{cx+ (2m2 L7 }dx

Here, M in the 2nd term and the 3rd term on the right side has to be an odd number corresponding to the 1st

term. Then, multiplying by C the both sides and transposing them, we obtain (2.1)].

X X[ X[ X X X X X
Example 2 Cl/ exdx—c3/// ede3+C5/.../ eXdx>— 07// eXdx 7 4= -
aJaJa a a a a
Substituting f(X) e for
X X
Z D e*" 1/ / x 21 :ccoscx/ excoscxdx+csincx/ e*sin cx dx
a a

The r|ght side is as follow.

X 1
/excoscxdx = , 5{e*(csincx+coscx)—e®(csinca+cosca) |
a C
X XAz 1 X H a H
/ e"sincxdx = 2{e Gincx-ccoscx) -e?(sinca-ccosca) |
a 1+c
From these,
X _ X eX X _
cosx/ e’cosxdx + smx/ e’sinxdx = 5= > [cos{c(x -a)}- csin{o(x-a )}
a a 1+c 1+c
Therefore,
& 1 o1 (X (% x o1 cet cef :
XEDC // e dx = 5= 5 [cos{c(x-a)}- csin{c(x-a )}
r=1 a Ja 1+cC 1+c

(2.2)
The higher integral of the left side is as follows according to Theorem 4.1.3 ([4.1])

[[frore-ges?

Then, (2.2') becomes

-13-


http://fractional-calculus.com/higher_integral.pdf

eaZr_z(x__a)S _ ce® Ceaz[cos{c(x-a)}— csin{c(x-a)}]

=0 s! 1+c?  1+c

S ) r-1C2r—1 ex_
;1( )
(2.3)

When a=2 , ¢=0.8, the first 10 terms of > are calculated and both sides are illustrated, it is as follows.
Both sides overlap exactly and blue (left) can not be seen.

— fix, 2,08, 10)
B L
g(x, 2, 0.8)

6l

41l

2 L

: : ! J X
: -4 -2 b

A

[ — __1. [
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25.3 Series of the even-th order Integrals

In this section, we ask for the sum of series of higher integral with geometric coefficients, such as
X[ X X [X X [X X [X
cz// f(x)dxzic4/---/ fO)dx* + 06/---/ f(x)dxeics/---/ f)dx 3 ++ -
aJa a Ja a Ja a Ja
Theorem 25.3.1

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

ST B or _ C | o [” -cx —ex [ ox
Y.c fQ)dx“ = 5 \e f(x)e “dx -e f(x)edx
r=1 a a a a

2m+1.; X < [X 2m
-C sinhcx = fx)dx“" } coshex dx
a a a

X X X
+02m+1coshcx/ {// f(x)dxzm}sinhcx dx (1.1
a a a
. : om+1 [ X [ 2m
Especially, when nllgnmc // fG)dx“"=0,
a a

Soor [ X or _ C [ o [ -cx —ox [ oX
> ¢C fx)dx* = > e f(x)e dx -e f(x)e™"dx
r=1 a Ja a a

Proof

(1.1

The following expressions were obtained during | the proof of Theorem 25.2.1 |

X m Xy (-1 -r+1_-CX .y rx
/ f(x)coshexdx = Zl(—l) r-14r-18 ( 2) ° // fO)dx"
a r= a a

+ (—l)m/ax{/a-x"/axf(x)dxm}cm ecx+(_;)_me_cx dx

m X _ (-1 -r+1_ -cx X
DDt e ( 2) ° /X/ fC)dx"
r=1 a -“a

+ (—1)m/ax{/a-)f-/axf(x)dxm}cm ecx_(_;)—me—cx dx

Expanding a part of the 1st term of the right side,

/ "t ()sinh cxdx
a

cX -r+1, —CX

m 1 1 e +(C¢1 e : .

M (EDrie? ( 2) = c%oshcx - ¢ sinhcx + c2cosh ex - ¢3sinh ox +— -
r=1

cX -r+1, —CX

m 1 1 -1 e _ .

Dt ! ( 2) = c%inhcx - ctcosh cx + c2sinh cx - ¢ 3cosh cx +— -
r=1

Multiplying both sides by Sinh cx, cosh cX respectively,

CX -r+1_, —cx
. m qe7+(-1 e
sinhex ) (1) tc" ¢ 2)

r=1

= ¢%inhcx cosh cx - ¢tsinh 2cx + ¢ 2sinh cx cosh cx — ¢ 3sinh 2cx +— -
m ) ) ecx_ _1 -r+1e—cx
coshex Y, (1) te't ¢ 2)
r=1

= ¢%osh cx sinh cx - ctcosh %ex + c2cosh cx sinh cx - ¢ 3cosh 2ex +— -
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The 2nd term of the right side is as follows.

(—1)msinhcx/ax{/;-/axf(x)dxm}cm ecx+(_;)_me_cx dx

(-1)"cosh cx/ax{/af-/axf(x)dxm}cm eCX'(_;)_me_Cde

Since cosh %cx —sinh2cx =1

" X m X X
sinh cx/ f(x)coshcxdx - cosh cx/ fG)sinhexdx = 3 C2r—1/m/ 60X
: a r=1 a Ja
X X [X X 4 g 47y—2Mg —CX
+(—1)2msinhcx/ {// f(X)dXZm}sz e” +( 12) e d
a a a

X X X CX _ g 1y—2mg —CX
~(-1)?cosh cx/ {// f(x)dxzm}c2m e ( 12) ©  dx
a a a

Here, M in the 2nd term and the 3rd term on the right side has to be an even number corresponding to the 1st
term. Furthermore,

X X
sinhcx/ f(x)coshcxdx—coshcx/ f(x)sinhcxdx
a a

e CX_e —CX X e CX_'_e —=CX e (:X_l_e —CX X e CX_e —-CX
= T/a fx) 5 dx - 5 /a fx) de
— 1 CX X —=CX —CX X CX
=5 1€ f(x)e “dx -e f(x)e dx
a a
Using this, we obtain

m or-1 X X 2r _ 1 cX X -CX —-CX X cX
Yc f)dx " = > e f(x)e dx —e f(x)e“dx
r=1 a Ja a a

2 X X X 2
msinhcx/ {// f(x)dx m}coshcx dx
a a a
2m X X X 2m | .:
+ ¢“"coshcx ~ [ fx)dx <" ;sinhcx dx
a a a

Multiplying by C the both sides, we obtain[(1.1)].

X[ X X X X X X X
Example 1 cz// dx2+c4/---/ dx4+c6/---/ dx6+08/---/ dx 8+
a a a

(=1, [~ o= Gea)t

Substituting these for m

2r_ cX X—CX -CX ch
Z //dx 7{ /e dx — e /e dx}
r=1 a a

2m+1 - ( )
-C sinhcx | —-5—<3—coshcxdx

a @m)!

+ ¢2™Lcosh ox *x-a). a)*"

Cem! —/o—~ 7 sinhcx dx
a
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Here,

- X X
£ CX/x —ex _ —cx/x o } _ Cecx |:_ e cx:| ) Cecx|: ecx:|
> {e A e dx —e A e "dx > o 5| o

a a

ec(x—a)_ 1 —e —c(x—a)+ 1
2 - 2
=cosh{c(x-a)} - 1

Then,
NPT A Y 2m+1 - ( )2m
> c // dx“ =cosh{c(x-a)} - 1 -c“" “sinhcx Cm1 — ~—<+—cosh cx dx
r=1 a a a
X _ 2m
+ ¢2™1cosh cx %sinhcxdx
a !
(1.2)
o o[ X (% or
>.C // dx“ =cosh{c(x-a)} - 1 (1.2)
r=1 a a
The left side is
2r
O 2r 2r _ u 2r(X_a)
¢ / /dx )
Using this as the left side of (1.2) and (1.2),
m X—a +1 -
C —5~3 —Cosh{C(X—a - -C SINNCX —a_~3 COSNCXdX
r= = a
+¢*™cosh cx ((2 g, sinh cx dx
a
(1.3)
2r
S 2r(x_a) — _ _ ,
;lc @D =cosh{c(x-a)} - 1 (1.3)

When X:3, a:]., C:2-3, m=4, Both sides of (1.3) are calculated as follows.

m

Ejrjr {X__ﬁ}ET

flx ,a ,c ,m] :=
) f2r) 1
glx ,a ,c ,m] = Cosh[c{x-a)]-1
- x (t=-a)?”
- c“ """ 8inh[c x] J — Cosh[ct] dt
a {2 m) ]
2 et x {t-a)?”
+ ¢ Cosh[c x] J ——— Sinh[ct] dt
a {2 m) ]
N[f[3, 1, 2.3, 4]] N[g[3, 1, 2.3, 4]]
47.366€9 47.36E€9

Also, it is clear that (1.3") is correct if COSh{0(X—a)} is expanded to Taylor series.
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Theorem 25.3.2

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

m X X X X
YD 2r/---/ f(x)dx? =csin cx/ f(x)coscxdx - ccoscx/ f(x)sincxdx
r=1 a a a a
X X X 2
- ¢®™sin cx/ {// f(x)dx m}cos (ex+mz)dx
a a a
X X X 2
+ sz+lcoscx/ {// f(x)dx m}sin(cx+m7z)dx
a a a

2.1)
X X
Especially, when r%iglmczmﬂ/---/ fx)dx " =
a a

00 X X X X

(D" Zr/---/ fx)dx? =csin cx/ f(x)coscxdx - ccoscx/ f(x)sincxdx

r=1 a a a a
@2.1)

Proof

The following expressions were obtained duringthe proof of Theorem 25.2.2. |

Xf(x)coscxdx= i(—l)r'lcr'lcos cx+ﬂ “ Xf(x)dxr
a =1 2 a Ja

N / { / - / Xf(x)dx”“}cmcos

/ f(x)sincxdx = Z D" 1sm{cx+ -z }/a-)f-/axf(x)dxr

+ (—1)m/ax{/a?(--/a f(x)dxm}cmsin

Expanding a part of the 1st term of the right side,

(-Dr

\ 1.r-1 0 1: 2 3.
2D cos{cx+T} =C Ccoscx+ c sincx —c“coscx — csincx ++-—--
r=1

(-Dr

m
> (<D e sin { ox+ = } = ¢%incx - ctcoscx - cZsincx + c3coscx ++——--
r=1

2

mrz
CX+—— )dx

mm
CX+T )dX

Multiplying both sides by SinCX, COSCX respectively,
. m _ r-Dr
sinex Y (D" 1cos{x+g}
r=1 2
= ¢%incx coscx+ ¢ sin2cx - c2sincx coscx — Csin 2ex ++——--
m 1. r-Dr
coscx Y (-1) "sin {x+% }

r=1
= ¢%oscx sincx - clcos?ex - c2coscx sincx + ¢3cos 2ex ++——--
The 2nd term of the right side is as follows.

(—1)msincx/ax{/;-/axf(x)dxm}cmcos(cx+m—2ﬂ )dx
(—l)mcoscx/ax{/a-)-(-/axf(x)dxm}cmsin(cx+% )dx
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Since €OS 2CX +Sin2cx = 1,

X X m X X
sin cx/ f(x)coscxdx — cos cx/ fO)sinexdx = ' (-1) r‘1czr‘1/-~-/ fx)dx >
a a r=1 a a
X X X 2
+ czmsincx/ {// fx)dx m}cos(cx+m7r)dx
a a a

2m X [ 2m | ;
- c“"coscx = [ fQ)dx T} sin (ex +mr)dx
a a a

Here, M in the 2nd term and the 3rd term on the right side has to be an even number corresponding to the 1st
term. Then, multiplying by C the both sides and transposing them, we obtain .

X[ X X X X X X X
Example 2 CZ// xzdxz—c4/--~/ xzdx4+c6/---/ x2dx6—c8/---/ x2dx8+— -
0Jo o Jo 0 Jo o Jo

substituting FO)= X for [2.1),

X[ X X X X X X X
cz// xzdxz—c4/---/ x2dx4+c6/---/ xzdxe—cs/m/ xZdx® +— -
o/o o Jo o Jo o Jo

The right side is,

2cxcoscx + (c?x?-2)sincx

X 2
/x coscxdx = 3
0 c

2cxsinex - (¢?x?-2)coscx -2

X 5
/x sincxdx = 3
0 (o

So,

. X 5 X 5 c?x -2 + 2coscx
csinex | xcoscxdx — ccoscx [ xZsincxdx = .
0 0 c

Therefore,

2.2
o X [X C°X“-2 + 2coscx
— r-1.2r | 24, 2r — \
r;l( e /o /ox dx 2 (22)

C

The higher integral of the left side is

T

Then, (2.2') becoms

2,2
_ 21 C°X“-2 + 2coscx
Z (_l)r 1C2r—X2+2r — > 2.3)
When €=3.1, the first 25 terms of > are calculated and both sides are illustrated, it is as follows.

Both sides owerlap exactly and blue (left) can not be seen.

— f{x,31,25)
gix, 3.1

[45]
T
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25.4 Series of Higher Integrals with coefficients
In this section, we ask for the sum of series of higher integral with arithmetic coefficients and geometric
coefficients, such as

X X X X X
1c1/ f(x)dx J_chz//Xf(x)dxz+3c3//yxf(x)dx3ir4c4/-~/ foOdx* ++
a aJa aJaJa a a

Theorem 25.4.1
When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

¢ r X X r _ .,Cx X —CX 2 oxf f* —CXy,, 2
> rc f(x)dx' =ce f(x)e dx +c“e f(x)e “dx
r=1 a Ja a a

a
X X X
-(m+1)cm+1ecx// {// 1‘(x)dxm'1}e‘cxdx2
a
m+2 _ cx X X —cx 2
mc" e f(x)dx dx (1.1)
a’sa

X X
Especially, when lim mCm+2/-"/ fx)dx™=0,
m = a Ja
00 X X X 2 X[ X 2
» rcr/---/ fx)dx" = cecx/ f(x)e “dx +c ecy f(x)e “dx (1.1)
r=1 a a a aJsa

Proof
When fq(a):o (r=1 2, ,m+n —l), Theorem 16.1.2 () was as follows.

m-1( —N
/ /f<0> (O)an_ 2 ( r )f<n+r>g(r)

r=0
(_1)m ~ n- 1Ck/ /f<m+k> (m+k)d n
B(,m) k o m+k

Here, let ( :e'cx n=2. Then, since g()_( 1)r o=
-2
// f<O> —cxdx 2 ( r )f<2+r>(_1)rcre—cx

r=0
D" 1Co
B@2,m) m+0./,/y

X
1:<m+0>(_ l)m+0C m+0e —cdeZ

(_1)m 1C1 X[ X <m+1> m+1l _m+1  —CX 4., 2
B(2,m)m+1aaf D e e Tdx

X[ X m-1
f e %dx® = X @+r)f e ™™
[l 5 @)

+(m+1)c // f<m> CX m+1// 1:<m+1> -cxdx

-2
{ (—1)r( i ) = 1+r , m:m(m+1)}

Here, subtracting 1 from the index <I™> of the integration operator of the function f,

X[ X m-1
// f <—1>e—CXdX2 — Z (1+ r)f <1+ r>C|’e—CX
a’a r=0

+
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X[ X X[ X
- — >
+ (m+1)cm// "1 "%dx? - mcm+l// e %dx?
a’a a’a
Left side becomes as follows.

// f<—1> —cxdx :/ {[f 0> —cx]x /Xf 0> —cxdx}dx
a
/f<0> CXdX"‘C// f<0> —cx
Substituting this for the abowe,
/Xf <O>e—cxdx + C/fo <O>e—cde2 — 'T‘Z_l(1+r)f <1+r>Cre—cx
a ava r=0
X[ X X[ X
+ (m+1)cm// e %dx? - mcm+1// e "¥dx?
a’a a’a

From this,

m X X[ X
e'CXZrcr'lf@(x):/ f e %dx +c// f e %dx?
r=1 a a’a

X[ X X[ X
B
ava a’a

= [+[teoac, 17 = [=reoat, 1 = [ [eaxn

<
Since these satisfy the condition f (a)=0 (r=1, 2,.m +1) , substituting these for the above

Here, let

and multiplying by cecx the both sides,

m X X X 2 X[ X 2
» rcr/---/ fx)dx" = cecx/ f(x)e ™dx +c ec% f(x)e "“dx
r=1 a Ja a a’a

m+1_ox [ ] % X X m-1{ -cxqy, 2
-(Mm+Dc" e f(x)dx e dx
a’sa a a
mcm+2ecx/7x /->-(-/Xf(x)dxm e %dx? (1.1
a’sa a a ( . )

X X[ X X[ X[ X
Example 1 101/ dx + 202// dx 2+ 3c3// dx3+ -
a aJa aJaJa

f0)=1 / /dxml_ (énfi)mll | / /d n_ x-)" a)

Substituting these for [(1.1),

r r CX -CX 2_ cx X —CX 4y, 2
Zrc/---/dx :ce/e dx+ce//e dx
r=1 a a a a’sa

x x=a)" o
— (M+1 cm+1e°"/ 2 77 o %4x
( ) ala (M-D!

¥x (x-a)" _
+mcm+2ecx/ ( ) e cdeZ

The 1st term and the 2nd term of the right side are as follows.
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X XX pC_ o X X @C_ oo
e°"/ e “dx +ce°7/ e %dx? = ce®*——— +ce°X/ - dx
a ala c a

C
=ce®D(x-a)
After the long calculation, the 3rd term and the 4th term on the right side become as follows
xx (x-a)™t Xx (x-a)"
_(m+1)cm+lecx/ ( ) e cde2+mCm+2ecx/ ( ) e
a’a (m —1) ! a’ a m !
= —ce®D(x-a)
m+1 -
+ ————eDrex-a) IIm,c(x-a) } - I{1+m,c(x-a)} ]
(m-D!
1 -
- e lek-a) {1+ m,o(x-a) ) - [{2+m,o(x-a))

Substituting these for the abowve,

S | (x-2) (-2
> rcr/---/ dx" =ce®™ ™ (x-a) - ce ¥ (x-a)
r=1 a Ja

—CXdX 2

* eyt Pl I e0-a)) - MTLm oG-
_ —(m _11) ; eC(x—a)[c(X —a)]“{ 1+m,c(x _a)} —1—{2+m,C(X _a)}]

(1.2)
SIPPR R T SR )

>re dx'=ce (x-a)

r=1 a a

The left side is

Zrc//d irc(xa)

Using this as the left side of (1.2) and (1.2,

(1.2)

21 rc (X a) _Cec(x—a)(x _a)_ CeC(X‘a)(X _a)
1

- Wec(x—a)[c(x—a)[{ 1+m,c(x-a)} - 7{2+m,c(x-a)} ]

(1.3)
= rc'(x-a)"
A

o = ce®“ M (x-a)
r=1 -

(1.3)
When X=4,a=3, c=2, M=7, both sides of (1.3) are calculated as follows.

D ot {x-a)
flx ,a , c_, m] := Z T{x , v.] :=Gammal[x, ¥]
. rl
glx ,a ,c ,m] =ce ¥ (x_ 5y - ca¥3 (x_ 3
m+ 1
+

XA fcf{x-a)T[m, c{x-a)] -T[1l+m, cf{x-a)])
fm=131
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1
- gt F| fcfx=-a)T[l+m, cl{x=-a)] =T[2+m, ci{x=-a)])

fm—- 131
N[f[4,3, 2, T7]] N[g[4, 3, 2, 7]]
14.7111 14.7111

Further, when a=3, C=2, the first 50 terms of ¥ are calculated and both sides of [1.3" are illustrated,
it is as follows. Both sides overlap exactly and blue (left) can not be seen.

03— f(x,3,2,50)
0.2} gix, 3, 2)
o1t
-3 -2 -1 1 2 3 4 !
o4l
-0zl
_03l
_n4t

Theorem 25.4.2

When C is a positive number and @ is a real number on the domain of analytic function f(X) ,
the following expressions hold

i r-1_r X X r_ -CX X X 2 —cx X cX 4, 2
DD e’ fO)dx" =ce f(x)e“dx - c“e f(x)edx
r=1 a Ja a a’a

- (—1)'“(m+1)cm+1e‘”‘/{lx{/a-)-(-/axf(x)dxm‘l}ec"dx2

m+1 m+2 -ox [ ] © X X m{ Xy, 2
+CED™"  me e fGdx ™ redx (2.1)
a’a a a

X X
Especially, when nliLmeCm+2/"'/ f(X)de =0,
a Ja

- r-1..r X X r_ —ox [ cX 2_-oxf % CXyy, 2 ,
X ED " re f(x)dx" =ce f(x)e“dx - c“e f(x)edx 2.1)
r=1 a Ja a aJa

Proof

In a way similar td Theorem 25.4.1,| we obtain the desired expressioons

Example 2
X X[ X X X[ X X X
1c/ logxdx - 202// Iogxdx2+ 3c3/// Iogxdx3—4c4/---/ Iogxdx4+—---
0 0/o 0/0/o o Jo

Substituting f(X): |OgX , a=0 for (2.1),
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c _\"-1 X X r_ ~ox [ X 2 -ox [ CXqy, 2
XCED re A OIogxdx =ce OIogxe dx -c“e Iogxe dx
r=1

- CD"(Mm+Dc™ e O/O{ /Iogxdxm 1} “dx 2

+ (D™ mc™? ‘CX/J {/ / logx dx™ } %dix ?

The 1st term and the 2nd term of the right side are as follows.

X 1 1
/O logxedx = ?[ecx log x| -Ei(cx) 14 = ?{eCX log Ix] - Ei(cx)+ y+logc}
X[ X 1 X
//0 logxe®dx = ?/0 {e®log Ix] - Eic)+ y+logc }dx
0
1
= = [e™(log Ix]+1)- (ex+1)Ei(cx)+ (r+logc)ex Iy

i %{ecx( log IX+1) - (ex+DEi©)+(+log cox } -%(1—7/— logc)
1

?{ecx(log IX|+1)-(cx+1)Ei(ex) + cx(7+logc)+ y+logc -1}

Where, EI(X) / —dt Y= 0.5772- (Euler-Mascheroni Constant ).

From this,

-CX X CX 2_ —cx X CX gy, 2 Ce—cx cX :
ce logxe~dx —c“e logx e “"dx :T{e Iog|x|—E|(cx)+;/+Iogc}
0 0

2 _ -cX

L e2 {e®(log Ix]+1) - (cx+1)Ei cx)+ cx(y+logc) + y+logc -1}
c

=-1+e ¥ -yoxe™ +cxe “Ei(ex)- cxe “loge

=cxe M Ei(x)-logc -y} +e -1

X X[ X
ce'cx/ logx e %dx - ce ‘CX/ logx e ™dx? = cxe “*{Ei(cx)-loge - 7} +e -1
0 0

Next,

fimeor =5 -5
/O/Ologxdx log Ix] - SZlS

Using thes for the 3rd term and the 4th term on the right side, the right side becomes
xe “{Ei(cx)-logc - y} +e ¥ -1
-1

- D" Mm+1)c™ e 'CX/ (m Y
+ (—1)m+lmcm+2e"”‘/0/O F( log IX] - i %)e‘”‘dx2

s=1

m-1 1
(IoglxI—Z ?)ec"dx2

s=1
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xe {Ei(cx)-logec - 7} +e -1
-¢D" (nr1n+1]5| LEN ‘CX/OZ)XXm-l( log Ix| _f:gll?l )ecxdxz
+ (—1)m+1mcm+Ze-CX/OZXXm( log I - glgl )ECXdXZ
Thus, we obtain
21 D1 rcr/o.).(./oxlogx dx" = cxe “{Ei(x)-logc - y} +e ¥ -1
-CD” (nr1n+11)| Cm+le_cx/07x ) (Iog Ix] —r:;—ll?l )eCXdXZ
FED™ T B 1)| /(/ (Iog Ix] _21?1 )ecxdxz 22)

00 X X
S (D rcr/---/ logx dx" = cxe " {Ei(cx)-logc - y} +e -1 (2.2)
r=1 0 JO
The left side is
7y oo e 1
o---ologxdx Y (Ioglxl—szl?)
Using this,
m 1 _ . -
E( Dt rex’ (I glxl—Z?) = cxe *{Ei(cx)-logc - y} +e "% -1
r=1 s=1

- m+1 m+l —cx/O/ m-1 _ X
AT T [1ogbet -5 5 Jecox?
+ (—l)mﬂwcmze _CX/O/O xm(log IXI - Z %)ecxdxz (2.3)
- = s=1

(Ioglxl—z ?1) =e 'x{EiQ)-y} +e -1 2.3)

s=1

21 (_ 1) r-1

When X:—O-Z, C:l-7, m=3, Both sides of (2.3) are calculated as follows.

Ei[x ] := ExpIntegralEi[x] ¥ := EulerGamma

i:-lf‘l Log [ ] —Zr',}]
r=1

s=1 s
glx ,c ,m] =cxa "F (Ei[cx] -Log[c] -yl +&2 " -1

rotf xt

fl=x= ,c ,m] :

|

 m+1 _ - x> u m-17 ~
- -1t — ol EXJ J t™1 |Log[Abs[t]] - > — | 2“"dt| du
fm=1% 1 ] o =1 S
el 1 ad e [E u o 1 .
(-1 ———— T aa J J t" |Log[Abs[t]] - — e “dt|du
fm-131 o o 521 S
N[£[-0.2, 1.7, 3]] N[g[-0.2, 1.7, 3]]
1.31432 1.31432

Further, when C=1.7, the first 30 terms of Y are calculated and both sides of (2.3') are illustrated, it is as
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follows. Both sides overlap exactly and blue (left) can not be seen.

1

— f{x, 1.7, 30)
— gix, 1.7

-0&8¢
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25.5 Calculation by Double Series
The sum of series of higher integral with geometric coefficients can also be calculated by a double series.

That way is almost the same as |24.4 ~ 24.6|.

Theorem 25.5.1

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

s o[ o0 = 5% 5SS m

> %) / / ey 1)

> (—1)rcf/;-- /a 160dK” = 5@ Y D ‘f’s‘;—‘:))slr (12)
= é) f(r{a)/a - /a gDy (1.2)

Proof
Let f(r{a)= f " and expand f(X) into Taylor series around & . Then

0= 10 (xof:\) bl (xlfil) +2. (XZ?) +3. (xs?) o

Integrating both sides of this with respect to X from @ to X one by one,

/ 1Gdx =12 (Xl";‘) s (XZ?) 12 (X3r:1) e (x4::1)
/ / feoax=f,” (le) e (Xs?) o (X4?) 2 (X5?)

4 5 6
X[ X[ X X —a X—a X —a Y —a
/// OUSRAE 3!) i (4!) vz 5!) aNE 6!) ¥

Multiplying these also including (0 )by c® ¢l c? - respectiely,
Ctg= 10 SO SO g2 SED o SO
o com =10 CER g2 CEDT g2 CUDT g0 COD,
// fG)dx*=f,- 02(x2Ia) rl Cz();la) i 2 020;'&) o2 02(>;Ia)
il / [ e =0 SR o S (2 G, (. S

Adding these perpendicularly.
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r)+ cl/xf(x)dx +c2/x Xf(x)dx2+c3/7x Xf(x)dx3
_ fo[ c’(x-a)° c(x a)? c(x a) c(x-a)° }

0! 11 21 31
cx-a)t c'x-a)? cix-a)® cx-a)*
+fa1[ ) , (2' )’ ) oo, }
+f2[ c’x-a)? C(x a)® c(x a) c(x-a)° }

a 21 3! 41 51

i.e.
[ r = G c’x-a)™"

;Oc/a /af(x)dx Zf ta)go G D1 (1.1)
Furthermore,

= CS(X_a)S+r — X/X c(x-a) 4, r

Z G+r)! _/a 2 © dx
Then

X [X o X [X
Zcf/---/ OO dx" = Zf(r{a)/---/ e ¢ Dqx’ (1.1)
=0 a a r=0 a a

(1.2) and (1.2")| are also proved in a similar way.

Note
If |(1.1") and (1.2")| are written down, they are as follows.

c%fG) + cl/axf(x)dx + cz/azxf(x)dxzi CS/aZZXf(x)dxsﬂ

= fQa)+ f(lla)/ oDy 4 f(zla)/ 7Xei°(x'a)dx o f(3(a)/ 77Xeic("'a)dx3 + -
a aJsa aJaJa

These are similar to the Taylor series and are beautiful, so these are very good for viewing.
Howewer, these are not so useful.

X X[ X XL X[ X
Example 1 logx +cl/ logx dx +c2// Iogxdx2+c3/// Iogxdx3+---
1 1J1 1/1/1

f6)=logx, Qogx)®=CD"*(-D! x™" n=1,23 -
Substituting these for,
S S+r
= B 1yl cx-1)
/ /Iogxdx Z( D - ZO G D1

s=

— N Ll X cx=1) y,r
;1( D (r 1)!/1 /1e dx

When higher integrals are replaced with Riemann-Liouville Integral and X=0.8,c=1.7, =10 are given,
each is calculated as follows.
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m ~T

Log[x] + Z S jx{x— 1" Log[t] dt

=1 Gammal[r]

fl= , c , m ]

= I:S EX - ].:I S+

Z (-1 -1y )
r=1

s=0 s+l

o ~ 1 x ~ N
Z (-1 lgr-1y1 —— J (c- £yl at i1 g4
r=1

Gamma [ r]

glx , c , m ]

hix , ¢ , m ]

N[£[0.8, 1.7, 10]] N[g[0.8, 1.7, 10]] N[h[0.8, 1.7, 10]]
-0.190362 ~0.190362 -0.190362

Example 2 ﬁ - cl/xﬁdx + cz/yxﬁdxz— Cefyyxﬁdxg’ F— .
1 1/1 1/1J1

fX) =4/%

fO@) =

(+1/2) 1%-n -y @n-D
(1+1/2-n) - on
Substituting these for[(1.2)]

> [ Vo =e e ey COD  aye SED

When higher integrals are replaced with Riemann-Liouville Integral and X=0.9,¢c=1.3, m=15 are given,
both sides are calculated as follows.

z 1
flx , ¢, m] =V x e Z{ ) r{x_t __1,\;—

=1 Gammalr]

2 _3 11 o I:S _1 S+
¢ {x-1) Z{ 1}--1LZ{_1)5 (= )

glx, ¢, m]

N[£[0.9, 1.3, 15]] N[g[0.9, 1.3, 15]]
1.08406 1.08406

During |the proof of the previous theorem|, if the calculation is done without including (0) ,
we obtain the following theorem.

Theorem 25.5.1'

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

Zc/ / fGOdx" = Zf(rt );1 S€§+?))! (1.3)
i ~1)t f/ / fCodx" = X > 1) 2 D 1% (1.3)
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Combining this theorem and @l we obtain the following theorem which gives the collateral integral
of the product of an exponential function and arbitrary functions.

Theorem 25.5.1"
When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

X ox — aox v (0 S 13s-1 ¢ ix-a)™""
[ e e =e” £ 1) £ (D75 (.4
X _ex — A g o Cs_l(x_a)SH ,
/a e 160 = e 3 1% 3, S — )

X
Example 2" / e%sinxdx

a
Since (sinx)(”)= sin(xtnz/2) n=1,2,3, - , fom (1.4),

s-1 Cs_l(x _a)s+ '

a+r_;)s§1(_l) G+tr)!

When a=2,c=1.3 and the first 50 terms of ¥ are calculated and both sides are illustrated, it is as follows.

X 0
/ e“sinxdx =e“ Y sin
a r=0

Both sides overlap exactly and blue (left) can not be seen.

— f{x,2,13)
g(x,2,13,50)  10¢

Theorem 25.5.2

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

2s+1 2s+1+r
S 2r-1 X X 2r-1 _ & Q@ s C (x-a)
5o 1000 = 3 €W T @
00 (r X X . r
= Zof {a)/---/ sinh{o(x -a) }dx 2.1)
r= a a
2s+1 2s+1+r
S ayr-1.2r-1 X/X P RO MR il ¢ S:))
%D /a QO = 3 f ta)szzo D a1y 2.2)

00 (I' X X . _ r ‘
;_of {a)/a1 /asm{o(x a) }dx (2.2
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Proof
In a way similar to]Theorem 25.5.1] we obtain the desired expressioons

Example 3 c/tanxdx +c/// tanx dx +c/ /tanxdx +c/ /tanxdx + -

The higher differential quotient of tanX on X =0 is as follows according to Theorem 9.2.6 ( )
2n( »2n
22"(2°"-1) |Byy|
2n ’

Where, T2n—1 is the tangent number and BZn is the Bernoulli number. Thus, from |(2.1)],

@) " P g = Tony = @)@ ],o =0

o X [X o1 o - C25+1x 2s+2r
r- r=

C - [ tanxdx = Ty AL AN

iy ) 2 T2 "G5 aory

When higher integrals are replaced with Riemann-Liouville Integral and X=0.9,¢=1.2, m=12 are given,
both sides are calculated as follows.
m |"2 r-1

flx , o, m] := Z

;e
=1 Gamma[2r - 1] -0

Y252 pan[t] dt

27T (22 ro_ ]_) Abs[BernoulliB[2 =] ]

2r

SetPrecision[f[0.9,1.2,12], 6] SetPrecision[g[0.9,1.2,12],6]
0.622605+0.x10 4 0.622605

Example 4 c/secxdx—c/// secxdx +c/ /secxdx —c/ /secxdx =

The higher differential quotient of SECX on X =0 is as follows according to Theorem 9.2.8 (
n) - (2n+1) —
Geex)*“ ™l = |Ezn| . (seCX) o =0

Here, E2n is an Euler number. Thus, from [(2.2)[,
2s+1  2s+1+2r

< -1 2r-1 X/X 2r-1 _ = - — 1\$S
;1( D" ¢ /0 Osecxdx —;0|52r|§0( i) (@s+1+2)1

When higher integrals are replaced with Riemann-Liouville Integral and X=0.3,¢=1.1, m=12 are given,
both sides are calculated as follows.

m {_1'}":—1 _2_—1

flx , ¢, m] := Z

=1 Gammal[2r -

J {x=-112""2 gec[t] dt

.:,'2 s+1 XE s+142 1T

glx , o, m] := ZAbs[EulerE [2 ] Z{ 117
=0 (2s+1+21)]

SetPrecision[£[0.3, 1.1, 12], 6] SetPrecision[g[0.3, 1.1, 12], 6]
0.329080+0.x10Y4 0.329080
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Theorem 25.5.3

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

o X [X 2s _Aa\25+r
rgoczr/a---/a f)dx* = Zf(rta)‘;J ((2Xs+ar))! (3.1)
= gof(rta)/?(--/Xcosh{o(x—a)}dxzr (3.1)
c3x-a)2t"
z( 1'c Zf/ / fG)dx2 = zf(fta)z -D° (g‘sfr))! 3.2)
= gof(rta) / " / cos{o(x-a) }dx" (3.2)
Proof

In a way similar to| Theorem 25.5.1] we obtain the desired expressioons

X[ X X X X X
Example 5 tan I+ 02// tan xdx 2+ c‘y---/ tan xdx*+ 07---/ tan “xdx®+ -
1J/1 1 J1 1 J1

According to " &% #2245 1 " p39, the following expression holds for a natural number N .

(tan~*x) " = (-D'cos"(tan " x)sin| n{ tan tx+—=
2
From this,

1\ (M n-D! ([ 3nx
(tan~2%) " et = (2n/2) m( 4 )

Substituting this for (3.1) ,

2s 2s
2 2r X/X -1 2r T & C (X_l)
C « [ tan xdx® = — —_—
2, /1 1 4 ;0 (29)!

r=0

5 (I’ l)' 3rr \ e CZS(X_1)25+r
sin
; 4 | (@s+r)!
When higher integrals are replaced with Riemann-Liouville Integral and X=1.8,¢=2.1, m=17 are given,
both sides are calculated as follows.
m _,2 r

flx , o, m_ ] := ArcTan/[ x] +Z -

jxtx— 327! ArcTan[t] d+
=1 Gammal[2 r]

2= 25 m 2= 2 854+7
o= - 1) Z {r-131 3rm, = (-1}
gl=,c_,m] :=— Z + - Sin[ ] Z
1 30 {2s)1 o 2rd o (2s5+1) ]
N[f[1.8, 2.1, 17]] N[g[l.8, 2.1, 17]]
2.6359684 2.635984

During the proof of the previous theorem , if the calculation is done without including (0) ,
we obtain the following theorem.
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Theorem 25.5.3'

When C is a positive number and a is a real number on the domain of analytic function f(X) ,
the following expressions hold

ER x/x or _ « 25(X_a)23+r

;1(: /a ; f(x)dx Zf ta)gl Cs+r)1 4.1)

S anT-1.2r X/X 2r _ 2 ¢ S ans-1 Czs(x_a)ZSH

5D /a 100 =X @Y D st “2)
Example 6

X[ X X X X X X X
cz// sin'lxdxz—c“/---/ sin'lxdx4+c6/---/ sin'lxdx6—07---/ sin “txdx & +— -
oo 0 Jo 0 Jo 0 Jo

The higher differential quotient of Sin _1X on X=0 is as follows according to Theorem 9.3.2 ([9.3])

(sin"%) P Lo = 20 Co@n-DN @n-DN0° = (2n-1)H12
Then, from (4.2) ,
1 CZSX

2( D™ Zf/ / sin “xdx*" = 2(2r 1)"2;(-1) D

When higher integrals are replaced with Riemann-Liouville Integral and X=0.6, ¢c=2.3, m=10 are given,

both sides are calculated as follows.

1 -1 2r
flx , o , m] := ZL

=1 Gammal 2 r]

J—k{x £121 aresin[t] At

23 XZ s+2 v+l

glx ,c ,m] := ff2r-1y1r1y2 y -1yt
Z& Z {2s+2r+1)1

N[£[0.6, 2.3, 10]] N[g[0.6, 2.3, 10]]
0.17668 0.17668

2018.06.09
Kano Kono

| Alien's Mathematics |
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