List of Theorems and Formulas ( A la Carte )
01 Generalized Taylor's Theorem

Formula 1.1.1 ( Formula of repeated integration by parts )
When f(X)is n times differentiable functionon [a,b ] and f(X)is

g<”>(x) =/g<”'l>(x)dx +C, n=1,23, Cp : arbitrary constants,

the following expressions hold.

/ 9601G00x = 3 D g0 e s+ o[ 9601

[Tariea = £ g Dot 26, - [ 7 ]

r=1

b
+ [ g@nor ™o
a

In the following, I—(Z ), l//(Z ), ¥ and Hn are the gamma function, digamma function, Euler-Mascheroni constant and

harmonic number respectively.

Formula 1.1.2 ( Series expansion of Exponential Integral )
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Formula 1.1.3 ( Series expansion of Sine Integral )
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When SI(X) / / Td X+ E , the following expressions hold.
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Formula 1.1.4 ( Series expansion of Cosine Integral )
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When CI(X) / —dX =y+ |OgX / COSXdX, the following expressions hold.
0
(1) for x>1
. sinx Cr-2)! COSX Cr-D!
Ci¢) = NG n™ 2 =€ D" 1T Ran+1
COSX
Rones = D"@MY [T
(2) for x>0
N COSX ro1 logx-w@r-1)-y (21
CI(X) - 7+ 2 ( 1) F(ZI’ l)
sinx -1 logx-y@r)-y 2"
+ Z ( 1) F(ZI’) + R2n+1
*logx-y(2n)=7 201
— £_1\N n-
Rone1 = (D / @n cosx dx
. _ COSX N\ v @r-1 2r1 sinx . 1//(2r)
Ci() =logx + Z -D 2D X Z D TG )
=logx + y - cosxﬁ D' ——— x? - sinxi D' r_Hara x>t
r=0 (2r) ! r=0 (2r+1)'
Lemma 1.2.1 ( Lagrange form of the remainder )
When f(X)is n times differentiable functionon [a,b ] and g<”>(x) is
g<”>(x) =/g<”'1>(x)dx +C, n=1,23, - Cn : arbitrary constants

the following expressions hold.
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Theorem 1.2.2 ( Generalized Taylor's Theorem )
When f(X)is n+1 times differentiable function on [@,b |, & exists suchthat a< & <b , and the followings hold.
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Formula 1.2.3 (Taylor Expansion of Logarithmic Function )
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Theorem 1.2.4 ( Generalized Binomial Theorem )
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Taylor Expansion of Power Function
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Taylor Expansion of X
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Taylor Expansion of Fractional Function
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02 Multiple Series & Exponetial Function

Formula 2.1.0 ( Multiple Series & Half Multiple Series )
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When a multiple series Z arl Fay I is absolutely convergent, the following expressions hold.
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In short, we should just perform the following operations to Z Z Z a
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Replace I'h_q with I'1_1— Iy, and replace the 1st @ with I;_1 from the right.

Replace I'h_o with I'y_o—1I,_1, and replace the 2nd © with I',_5 from the right.

Replace I'; with '1 =I5, and replace the (n=21)th o with 1 from the right.

Formula 2.1.1

When M is a non-negative integer, the following expressions hold.
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Formula 2.1.3
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Formula 2.2.1

When M is a non-negative integer, the following expressions hold.
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Example: n=2, m=1
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Formula 2.6.1 ( Euler-Mascheroni Constant )

When y is the Euler-Mascheroni Constant (=0.57721566-) , the following expressions hold.
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03 Higher Calculus of Binomial Identity

Formula 3.1.1 ( zakii )
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By-products ( Partial Fraction Decomposition )

The following expression holds for § #-1,-2,-3, - .
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04 Euler-Maclaurin Summation Formula
4.1 & Bermnoulli Polynomial

Bernoulli Number

(1) Definition

Bernoulli numbers Bk (k =1,2,3, - ) are defined as coefficients of the following equation.

(2) Calculation Method

Bn = E—E(—l) kCrr"

k=0 k+1 ¢
If the first few are written down, it is as follows.
- 1 (]

Bo = 1OCOO

1 1
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1 2 1 2 2 1 2 2 2
B, = TOCOO +§(1Coo -1C11 ) + §(2Coo -2C11°+2C>2 )

Bernoulli Polynomial
(1) Definition

If Bn are Bernoulli numbers, polynomial Bn(X) that satisfies the following 3 expressions is called Bernoulli Polynomial .
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L) =nBaGO  (n=1)

/Oan(x)dx =0 (n=1)

(2) Properties

B8, =n [ By @it +B, (n=1)

_ \ n K — % n n-k
Ba() = kgo( ) ) Bn_x X© = k;o( ) ) By X
B.(0) =B,
B,(1) =B,(0) (n=2)
B,(x+1) -B,(x) =nx"* (n=1)
Bn(1-X) = -1)"B,(X) (n=1)

For arbitrary natural number M and interval [0,1],
|BZm(X)| < ‘82m|
| BZm+1(X)‘ <@m+l) ‘ BZm|
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Examples

1 1 3 1
B;0)=x-%, B,()=x? X+e Bs(X):X3-§X2+§X,
1 5 5 1

—v4_n,3 _ =y _ Ay =3

B, ()= x*-2x3+x2 30 Bs(x)=x > X + 3X "X
5 1 1 7 7 7 1

— v6_2,5 4_ 2 —v7_ 6 5_ 3

Bg(X)= x"-3x +2x > X +42 , B, (x)=x 5 X +2x > X +6x,

Formula 4.1.5 ( Fourier Expansion of Bernoulli Polynomial )

When M is a natural number, |_XJ is a floor function and Bm are Bernoulli numbers

oo 1 mrz
Bn(x-1x1) = -2m! ¥ ————cos 27rsx—7 xz=0
=1 (275)
Example
If the left side and the right side are illustrated for m=1,2 , it is as follows. Blueis M=1and Redis m=2.
left hand side right hand side
> : m=1 m=1
04 ._).- e P _.{‘ m= /‘I/‘fﬁ
S 1 A . ~&— 1 L 1 S A
= //_r' d -2 ‘ ; / ./; ;
Y & .v‘/ _'4{ / F’

4.2 Euler-Maclaurin Summation Formula

Formula4.21(k =a~b-1, B;)

When f(X) is a function of class C™ on a closed intenval [a,b] X is the floor function, B, are

Bernoulli numbers and Bn(X) are Bernoulli polynomials, the following expression holds.

Eglf(k) = /bf(x)dx + %%{f(f-l)(b)_ f(r—l)(a)} +R,
m+1
Rm = 1) / Bm(x- ij)f(m)(x)dx
D" 2/ {i COS(Zﬂsx—m—)}f(m)(x)dx

2
: ™ (x
When lim |Rpy| =% m is a even number S-t. |—(m)‘
m o (27)

(27s)"

= minimum for xe[a,b]

Formula4.22(k =a~b-1, By,)
When f(X) is a function of class sz on a closed interval [a b ] ., Lx is the floor function,

B, are Bernoulli numbers and B, (X) are Bernoulli polynomials, the following expression holds.

$1100 = [ 1600k - 3 (10 1@) + § o ar (1D~ (D@} +Rar

SN L
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Ron = gy ), Ban(-Lx AT G

(2m)'
5 €0s(27sx)
= D" / { 2 (2m) (27s)%" ] oo
[Fem(x) |
When lim |Rpp| =0, M is natural number s_t. Wzminimum forxela,b]
m — oo T

Formula4.2.2' (k =a~b , By)

When f(X) is a function of class sz on a closed interval [a b ] X | is the floor function,

B, are Bernoulli numbers and B, (X) are Bernoulli polynomials, the following expression holds.

m By
X100 = / 10 + 510+ @) + 3 o (1 D@)- 12D @)) + R
= SN L
R2m: (Zm)'/ BZm(X LXJ) 2m (X)dX
% (2
ool 5 24250 e
(2m)
When lim ‘R2m| =00, M is natural number S.t. Mzminimum forxela,b]
m e (27r)2m

4.3 Sum of Elementary Sequence
Formula 4.3.1 ( Sum of Arithmetic Sequence )

:Z;‘,:(a+kd) = 2 {2a+(-1Dd}

Formula 4.3.2 ( Sum of Geometric Sequence )
n-1

>r¢=(r"-1) i E:(Iog N +R

= (D™ = (Iog r) / B(x=1x]) rdx
n-1 o Bs . n_
gork =(r"-1) SZ:‘,()H(Iog )t = =

Formula 4.3.3 ( Jacob Bernoulli )

Fim= L& (M) pmer = Brye (1)~ Bt (0)
& T mer sl rnN = m+l{ m+1 (N mr1(0) }
Example: m=3,n=101
101-1
> k3= 03+13+23+ - + 1003 = 25502500
k=0
1 1/ 3060299999 1
m{83+1(101)_83+1(0)} = Z( 30 +E = 25502500
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Formula 4.3.4 ( Sum of alternative integer powers of natural numbers )

n-1 m m+1
Z (_1)k—1km — 1 Z Br . ( nm+1—r _ 2m+1 "
k=0

m +l r=0

™)

(ot 2ol 3] -0

m+1

NS

r

Example: m=3,n=101
101-1

1

+ 101
3 {83+1(101) Bau- 2 1{ Baes

[TW )— Bm} } = ~507500

Formula 4.3.4' ( Sum of alternating squares of natural numbers )

él(_l)k—lkz _ (_1)n—1§1k 1) n(n+1)

Example: n=999
999
) D k2= 12-22 +32-42 +— . +9992 = 499500

999-1000
D% (1+2+3+--4999) = —— —— =499500

Formula 4.3.5s ( Sum of Sine Sequence )

.o sinn _ O aNr D2r
kgoslnk— —— - (cosn 1){1+§1( D (2r)!}+R2m

2
_1 m+1 n )
Rom = %/ Bom(x=x]) sinx dx
sinn 1 1\ _ n-1_n 1
Esmk =-— - (cosn - 1)( —cotE) sstmE /smE

Formula 4.3.5¢ ( Sum of Cosine Sequence )

n-1 m 1
= Q] . + - r 2r ] - — - +
kgocosk sinn {1 ;1( D @ni 5 (cosn -1) + R,
B (_1)m+1 n
Rom = W/ Bom(x=1x]) cosx dx
3 1 1 B n-1.n 1
kZocosk sinn - 2cot 5 - (cosn D = cos—2 sin > /sm >

4.4 Sum of Harmonic Sequence & Euler-Mascheroni Constant

Formula 4.4.1 ( Sum of Harmonic Sequence )
When ¥ is Euler-Mascheroni Constant and M is a natural number greater than or equal to 2,

Bor /w Bom(X=1x1)
+ [ ——/———Cdx

1 1 m
= + - — =
kgl Kk Y |Ogn 2n rgl 2r-n2r

X2m+1
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100
Example: ) 1/k

k=1
When m =2,

( B, N B,
2-101 2-101%2 4-11*4

This all digits (14 digits below the decimal point) are significant digits.

y +1log101 - ) = 5.18737751763962

Calculation of Euler-Mascheroni Constant

11 m B © Bom(X=%])
y=% -logn+ oo 43— [Tl A
k=1 K 2n r=1 2r - n n X2m+1

Where, M =N . Then, the number of significant digits is roughly given by 2n-"?.

dx

Example: m=n=10

10-1 1 10 By,
2, —-log10+ + ) = 0.577215664901532860--
= k 2:10 =1 2r-10”

This all digits (18 digits below the decimal point) are significant digits.

4.5 Sum of Zeta Sequence & Zeta Function

Formula 4.5.1 ( Sum of Zeta Sequence )
When é'( p ) is the Riemann Zeta Function and B( p.q ) is the beta function, the following expression hols for p # 1.

1-

_ m(x=1x1)
R = mB(m, p)/ xPHm dx

Where, M is an even number s.t. [p] =m < .

100
Example: )} 17kt
k=1

When m = 1.1t =2,
101-1 1 2 (1—1-1

2o T @b 1112 ‘

This all digits (9 digits below the decimal point) are significant digits.

) B,n1 11" = 4.278024023--

Calculation of Riemann Zeta Function
Transposing the terms of (1.1) , we obtain as follows.

-p ot m(x=1x1)
g(p) ZF_l—purzo( r )Brnlp _mB(m p)/ xP*rm

Where, M =N, Then, the number of significant digits is roughly given by 2n -7

Example: (1.3)
When m=n=10,

10-1 1 1 10 (1-13
Z K3 1132,

) B,10'"1°" = 3.9319492118095--
r
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This all digits (13 digits after the decimal point) are significant digits.

4.6 Sum of real number powers of natural numbers

Formula 4.6.1
When £(p ) is the Riemann Zeta Function and B( p.q ) is the beta function, the following expression hols for p#-1.
n-1 m 1+p (X LXJ )
SK=CEp) s Y B.n P+ [
k=1 1+p =\ r m B(m -p) x P

Where, M is an even number s.t. [p] =m < .

100
Example 1: 3 KO-1
k=1

When m = 2,

101-1 1 2

01 - — 1+0.1 1+0.1-r —
2 ko= (EOD+ o7 2 B, 101 144456549944
r=0 r

This all digits (9 digits below the decimal point) are significant digits.
4.7 Sum of alternative real powers

Formula 4.7.1 ( Sum of alternative positive powers of natural numbers )
When £(p ) is the Riemann Zeta Function and B( p.q ) is the beta function, the following expression holsfor p=-1.

1 nm 1+p ( n 1+p—r)
- aNk-1pp — 1+p . 1+p-r _ ol1+p| 1T
2(1) kP =(1-2 )§(D)+l+pr_( . )Br n 2 [J * R

_ 1 © Bn(x=1x1) 1ep [ Bm(x=x1) }
R = mB(m,—p)[/n xPHm dx -2 /rnm x~P+m o

Where, M is an even number s.t. [p] =m < .

Example : p=0.6,n=1001
£l{p , n ] := -Z( 1)t P

fr(p ,n ,m :=l:l—21+?'} Zeta[-p]
= 1
s +“ r
Z Binomial[l + p, r] BernoulliB[r] nl*P-T _olp C:-:::L_'L:Lng[ > ] )
r
= =0

SetPrecision[{f1[0.6, 1001], £r[0.6, 1001, 4]}, 15]
{-31.20265206%9c208 , —31.20265206962127%

In this case, M=4 gives the best approximation (11 digits below the decimal point) .

Formula 4.7.2 ( Sum of Eta Sequence)
When é( p ) is the Riemann Zeta Function , 77( p ) is the Dirichlet Eta Function and B( pP.q ) is the Beta Function,

the following expression hols for p # -1.

n-1 (_l)k—l B _ 1 m 1—p ot i o 1-p-r
2= (127 1 z( r )Br.(nl - g9 2]

+R,
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_ 1 = Bp(x=1x1) 1o [ Bm(x=1x1)
o= iy e 0 2

2] P
Where, M is an even number s.t. [p] =m < .

Especially, when N — 00,

n@) =(1-21") @)

Examples : p=1.7,n=1001, n=o0

n-1

-1 -1
fl[p , = ] := ZL

- k=1 kP
fr(p ,n ,m ] := (1 —21':'} Zeta[p]
1 2 B l-por
+ ZBinomial [1-p, r] BernoulliB[r] nl~PTr _ p1P Ceiling[ o ] *’ )
1-p =
SetPrecision[{f1[1.7, 1001] , £r[1.7, 1001, 4]}, 15]

{0.7809721725383435 , 0.TBOT721725383434

SetPrecision[{f1[1.7, =] , Er[1.7, =, 4]}, 30]
[0.7807256936487159206805568610911 , 0.789725693648715920680558610911 |

When N=1001, the right side is calculated up to M=4, but 14 digits after the decimal point are significant figures.
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05 Generalized Bernoulli Polynomials and Numbers

When P is a real number, the generalized Bernoulli Polynomial is given by the following.

51
3,() = -2MW) 3

C%(Zzw—Z§J O=x=1

When P is a real number, the generalizedl Bernoulli Numberl is given by the following.

2F(l+p)
—— #1,-1,-2,-3, -
(270)° 2 <@
By =1 _1/2 p=1
-pc@-p) p=-1,-2,-3~
Formula 5.3.1 ( Generalized Bermoulli's Formula )
n-1 1 p+1 +1_
S =g B[ fper B 5.0)
Formula 5.3.2'

When p# 0,-1,-2,-3,

Where |p|T+1 <=m< ©

By-products

Bpi1(®) = -(+1DCp)

m p+1 +1
BP+1(n) = Z Brnp T
r=0 r

p+l © B (x=1xJ)

mB(m,-p) /n xPrm

Formula 5.4.1 ( Generalized Bermoulli Number & Zeta Function )

When é'( p ) , B denote the Riemann zeta function and the generalized Bernoulli number, the followings hold true.

B,
Q) = -——

s p#1,0
¢@-p) = —% p#0,1
o = 1;)'0 2(1;;1)_1'03 sin - B, 0+0,1,2,3, -
¢ = Z(Fi)lpp) 2 {(1-p) p#0,1,2,3,
¢@-p) = (2(';3 LUNTO) p#1,0,-1,-2, -

-22-
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06 Superellipse ( Lamé curve )

6.1 Equations of a superellipse

A superellipse (horizontally long) is expressed as follows.

Implicit Equation

n n
X+ X =1 O<b<a ,n>0
a b
Explicit Equation
1
x | " "
y:ib(l— P’y ) O<b<a ,n>0

Fig1

6.2 Area of a superellipse

Formula 6.2.1
When n,a,b (b =a ) are positive numbers respectively and Iz ) is the gamma function, the area S of the ellipse of

degree N is given by the following expression.
1))2 2 s (1/n) (D"

=4 d 1+— | 1 / d 1+— | =4
3 ab{ n)} n) ab;;( r )nr+1

6.3 A part of area of a superellipse

In this section, we calculate the area of the light-blue portion of the following figure.
b-x

S(a)

X
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Formula 6.3.1

When n,a,b (b =a ) are positive numbers respectively, the area S( X ) from O to x of the ellipse of degree N

in the 1st quadrant is given by the following expression.

sQO = bgo ( L/n ) D' X"

r a"f nr+l
By-Products
s (1/n) (D"
=4 = "7
S ab rgo ( r nr+l

12 2 » (1/n) D"
e e 2] -2 (753
n n =0\ r nr+l
6.4 Arc length of a superellipse
6.4.1 Arc length of an oblong superellipse

In this sub-section, we calculate the length DP of the following oblong superellipse.
1

y=b|1l-— O<b<a ,n>0

n

a
¥
3
b

P
|
|
|
|
|
|
I
L H

0 X1 a

Formula 6.4.1

b\ V™,
Let n,a,b (b <a) are positive numbers, X be a numbers.t. 0< X < a[ 1+ ( Y L and

(Zl be Pochhammer's symbol. Then, the arc length |(X) from 0 to x of (1.0) is given by the followings.

2 -
(n 1)r_1+S
©x = (1/2 n b2 X2(n—1)r+ns+1
0= 55 (Y )
r=0 s=0 2(n-Dr 1 a2nr+ns 2(n—l)r+ns+l
n
o & (1/2 2(n-Dr 1 p? 2(n—1)r+ns+1
-2 27705 ) ST 20 2@-Dyrns+1
SRS 2(n- 1)([‘ s) 1 b2(r-s) X2(n—l)(r—s)+ns+1
= rgogo ( r-s )( ) sl 2n(r—s)+ns 2(n—1)(r—s)+ns+1

6.4.2 Arc length of a longwise superellipse

—

In Formula 6.4.1, we cannot calculate the arc length @aP1 of an oblong superellipse. However, this problem is easily

solvable. That is, let us replace x and y in (1.0) , as follows.
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1
n

n
y:a(l—%) O<b<a ,n>0 (2.0)

And we calculate by the following formula.

Formula 6.4.2
n
Let n,a,b (b <a) are positive numbers, X be a number s.t. 0< X < b{ 1+ ( % ) n-1 } " and
(Z)S be Pochhammer's symbol. Then, the arc length (X ) from 0 to x of (2.0) is given by the followings.
2(n-1
—(n L -1+s
v o [(1/2 n G X2(n-1)r+ns+1
0= 5 (2] .
r=0 s=0 r 2(n -1)I’ 1 p2nr+ns 2(ﬂ —l)r+ns+l
n
o & (1/2 2 -Dr 1 a' X2(n—1)r+ns+1
=Lz ( ) ( 2 ) Sl p2nr+ns @.1)
r0s=0} T n s ST b 2(n-Dr+ns+l
o & (/2 [ 2(=-1)(r-s) 1 gAr-s) X2(n—1)(r-s)+ns+1
= rgosgo ( r-s )( n )s sl b2n(r-s)+ns 2(n_1Xr—S)+ﬂS+l 2.1
Note

In the longwise superellipse, the convergence speed of the double series (2.1) (or (2.1")) is slow. It is about 1/100 of

the convergence speed of the diagonal series (2.1") .

6.5 Peripheral length of a superellipse

Formula 6.5.1
When n,a,b (b < a) are positive numbers respectively, the peripheral length L of the ellipse of degree N

is given by the following expressions.

2(n-1)r 2(n-Dr+ns+1 2(n-Dr+ns+1
Ry, n -1+s b2ral—2rA_ n +a2rbl—2rB_ n
L=4 ( )
r=0s=0\ I 2(n—l)l’ 1 2(n—1)r+ns+1
n
_ 2(n-Dr+ns+1 _ 2(n-Dr+ns+1
4% i(i/z) ( 2(n-1)r ) 1 b%at™?A " 4a®plB "
A&\ r n Y 2(n-1)r+ns+1
o n-1)Xr-s 1 1
s S[0) [(2 ) X
=0s=0\ r-s n ¢ S! 2(n-1)r-s)+ns+1
{ _2(n-1fr-s)ns+1 ) 2(n-1ijr-s)+ns+1}
bz(r—s)al—z(r—s)A n +a2(r—s)b1—2(r—s)B n (1.47)
Where, A=1+(£)n_1 , B=l+(i)n_1
a b

Example: Peripheral length of the ellipse of degree 2.5, a=3, b =2
We calculate this peripheral length by numerical integral and by the above formula respectively. Since the numerical

integral can not be accurately calculated, We add two integration values in the previous section, and quadruple it.
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Formula (1.1") is the only choice for the convergence speed. As the result of calculating ). to 45, both were consistent
until 9 digits below the decimal point.
Mumerical Integral
4= 2.708999727549167452512418 + 1.413871105491204061256779 )
16.451483333216148605507675

Diagonal Series
a=3; b=2; n=2.5;

A=1 (b) ] SetPrecision[A, 10]
a 1.50876188¢6

B=1+ (E) -] . SetPrecision[B, 10]
b ’ 2.565556046

m r N 5 . _ .
Ld[lﬂ_]:=4ZZBinomial[E,r—s] Pochhammer n-1) (r-s) ;5]

1
r=0 ==0 51

In

2 fn-1 r—s3+n s +1 2 fn-1 r-3y+na +1
]:}2 {T-3] a1—2 {r-3) p- { ! fn it = n a? {T-8] b1—2 {r-2) g- f : fn it =

x 2n=1y {r=s) +ns +1

SetPrecision[Ld[45], 12]
16.4%14833320
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07 New Formula for the Sum of Powers
7.3 Expression with binomial coefficients of a power (Part2)

Formula 7.3.1

When M ,N are natural numbers, the following expression holds.
™ -1
n" = Z mDr+1 n+rCm
r=0
Where, D, r=1,2,--,m are Eulerian Numbers which are given by

r-1
Dy = 2 1D na1Cs(@-s)™ m=1,2,3, -
s=0

Formula 7.3.2
When M is a natural number and X is a positive number, the following expression holds.

m m-1 X+r
X" =2 mDri
r=0 m

7.4 New formula for the sum of powers

Formula 7.4.1

When M, N are natural numbers, the following expression holds.

n m
m —
Z k - Z mDrn+rCm+1
k=1 r=1

100
Example: E k5
k=1
101C6 +26102C6 +66103C6 +26104Cs + 10sCs = 171708332500
2.1 6 +6-1 5 +5-1 4 -1 2
007 +6-1007 +5-100 00 = 171708332500
12
Formula 7.4.2
When M is a natural number and X is a positive number, the following expression holds.
Skn=$ o X
k=0 B = R m+1

0.9

Example: Y, k*

k=0
1.9 2.9 3.9
+11
5 5 5
6-0.9°+15-0.94+10-0.9% -0.9¢
30

4.9
+1l( )+( . ):0.659148

= 0.659148

7.5 Formula for the sum of powers of real numbers

Formula 7.5.1

When M, N are natural numbers and a,b are real numbers, the following expression holds.

El(akJ’b)m =p™C1 + r;lmcrarbm‘rsgl Dq n4sCra1
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Example 1
;ﬁl(zk—e)“ = e%0C1 - 47e31C>
) + 67%2(51Cs+52C3)
- 47°%e(51Ca+4 5:Ca+53C4)
+ 7%(51C5 +11 52C5 +11 53C5+ 54C's)
= 50e* - 4-12757z¢° + 6(20825 + 22100) 7%
- 4(249900 + 4-270725+292825) 7%
+ (2349060 + 112598960 + 11-2869685+3162510) 7*

50
Y (7k-e)* = 50e* - 51007 e+ 2575507% 2 - 65025007 + 656666657
k=1

Example 2
100

gl(ﬁk+ﬁ)3 = (/3)%100C1 + 3y2(4/3)%10:C2
+3(4/2)°Y3 (10105 +102Cs )
+(4/2)%(101C 4 +4 102C 4+ 105Cs)
= 100-34/3 + 5050-94/2 + (166650+171700) 64/3
+ (4082925 +4x4249575+4421275) -24/ 2

100

> (4/2k+4/3)° = 510504504/2 + 203040043
k=1

Note: Calculation method one by one for Eulerian Numbers
Eulerian Number can be calculated also by the algorithm one by one as follows.

2 1 1 Calculating formula
2,2
3 1 4 1 4 =1x2 + 1x2
3,2 2,3
4 1 11 11 1 11 = 1x3 +4x2
4,2 3,3 2,4
5 1 26 66 26 1 26 = 1x4 +11x2, 66 =11x3 + 11x3

5243 3,4 25
6 1 57 302 302 57 1 57 =1x5 +26%x2, 302 = 26x4 + 66%3
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08 Taylor series and Maclaurin series

8.1 Case without a singular point

Theorem 8.1.1
When a function f( z ) is holomorphic in the whole domain D , the following expression holds forany a €D .
00 f(s) a _ _ f(r) O
S=r - -

Example 1 f(z)= cosz

= (D' ST or 1 rr B

SZ:r o1 0 at— Cra®" = TS forr=0,1,2, -
Special values
When r:O,

a’cosa  a'sina a®cosa  asina _

- - ++——. =1
0! 11! 21 31

e.g.

1 (z\° 1 (z\* 1 (z\2 1 ()3

—_— —_— + — —_— —_— —_ —_ —_ +4+—=—e-... =

0!(4) 1!(4) 2!(4) 3!(4 V2
When r:1,

alcosa a%sina  adcosa  a“ina .
- - ++-—- =sina
1! 21 31 41
e.g.

A (z\', 1z 1z 1 (=
1!(4) 2!(4) '3!(4) '4!(4
Example 2 sinhz

5§ €= DT DT

4
++——e =1

s-r — 1_(_1)_ri

) 5 o1 <Cra 5 o for r=0,1,2, -
When =0
a’sinha _ a'cosha a’sinha _ a’cosha ,  _ 0
or 1 21~ 31 -
When =1
a®cosha  alsinha . a’cosha  a3sinha 1
or 11 21~ 31 -7
Example 3 (1+2)e?
) +l+ +1
eaZ S . a (_1)5—rscras—r - rr' for r=0,1,2, -
When =0,
d-aa’ , @-aa' , G-aa’  @-aa’ — ea
o1 11 21 3!
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When r=l,
- 0 _ 1 _ 2 _ 3
(2-a)a N G-a)a N (4-a)a N G-a)a

ot 11 21 TR
Generally,
Gb-2)a° (@-at+tDal! @®-at+da? (Gp-a+3)ad _
on T 1 YT ar tT o3 toTbe

8.2 Case with a singular point

Theorem 8.2.1
When a function f( Z ) is holomorphic in adomain D except a singular point P . the following expression
holds for a s.t. |a| < |p-a|
f(l’)(o)
ri

2 1Y@ |, s S
Z (_1)S rsCraS f= 1

s=r s!

for r=0,1,2, -
Where, the singular point P is assumed to be nearest to the origin O and the point a .

Three cases where singularity exists
In domain D , let the originbe O , the singular point of the function f(Z) be P , the convergence circle of the

Maclaurin series be Cm , and the convergence circle of the Taylor series be Ct- Then, the following 3 cases exist.

Casel: CmD Ct Case2: CmC Ct Case3: CmMN Ct# @

Ct Cm

@ (&

Ct

8.3 Example of Case1: C,, D C;
This is a case where the convergence circle Cm of the Maclaurin series includes the convergence circle Ct of the Taylor

series. We consider the following function as the example.

f@) =tanh™z

Then, the following equations have to hold.
5 (-1)° 1 -1t
tanha + 3 ) { + D }as =tanh~'0 r=0
=1 28 a-a)° (@+a)’

C DT 1 GD“] cr o EDT o
;r > [ (l_a)5+ (l+a)5 sCra - or r—1,2,31

The following formula is derived from the first equation.

Formula 8.3.1

tanha = mi{( . )S-(-l)s(%a)s] IRe(a)|<%

=1 2S 1+a
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Examples

1 1/ 1 1/ 1 1/ 1 1/ 1
-1 - - = = = = _ - = — | = _
tanh 5 = 2( 31+1)+4 3 1)+6( 33+1 +8( 0 1)+
tanh‘li:i S D I PO Y I D O
3 204 2t) 4l 4 22) 6|4 22) 8|4 2

8.4 Example of Case2: C,  C;
This is a case where the convergence circle Cm of the Maclaurin series is included in the convergence circle

Ct of the Taylor series. We consider the following function as the example.

5
W=5
Therefore, the following equation has to hold.
& 5 ot or _ L { Re(@) < 5/2
e Y T Ty r=0,1,2,~

Now, changing the convergence radius 5 to 1 and replacing a/(a-1) with 1/X , we obtain the following formula.

Formula 8.4.1 ( Geometric Series with coefficients )

g L sCr ( 1 )r X {|x|>1

sgr( D xS 1-x ) 1-x r=0,12,
Especially, when r=1,

< S X

> — = x|>1

YT @ IxI
Example 1

1 2 3 4 2

21 22 23 24 12

1 2 3 4 3

3 e T T2
Example 2

1 2 3 4 2

2 TE T T T

1 2 3 4 3

3@ e T e
Example 3

1 2 3 4 13
+ + + + =
13t 132 13% 13% 032
1 2 3 4 13
—_ + —_ +—=-. =
13t 132 13% 13 232
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1 2 3 4 14

an' @z @y’ a7
12 3 4 o s
@+t @+ @+ @+’ @+i)?

8.5 Example of Case3: C, N C; # ¢

This is a case where the convergence circle Cm of the Maclaurin series and the convergence circle Ct of the Taylor

series are overlapping partially. We consider the following function as the example.

1
@) =
@ 1+2°
Then, the following equation has to hold.
s+1
& T2 - @+l
) D% (1+a?) 2 sinf G+Deottal (<D "Crav" = (—1)rsm%
r= 0’1,2,

Here, setting @ =1/4/ 3 , r=0, 1, we obtaint the following formula.

Formula 8.5.1 ( Alternating series of powers of 1/2 )

11 1 1 1 1 1 1 4
- - e T e = —
20 21 93 94 96 o7 99 9l0 3
0O 1 3 4 6 7 9 10

- - — Y 4. = 0

8.6 Sum of Stieltjies constants

Using Theorem 8.1.1, the following formula can be proven.

Formula 8.6.1 (O. Marichev)

When 5 are Stieltjes constants and é/(n )(0) is the n-th order differential coefficient of Riemann zeta function,
The following expression holds.
@ Js+n

)y = D" {n1+£"0)} n=01,2,

s=0 S1! B

Special values

The following special values are known about Riemann zeta function.

cOx0) = —% (=) , NO)=- |0g227r ( Glaisher -Kinkelin constant )

Therefore,

52 =+ OQ) =5
io f*ll = (-DH U+ DO} = '0922” - 1=-0.0810614667--

-32-



09 Absolute Value of Gamma Function
9.1 Some infinite products

Formula 9.1.1

:1 ( o rzx ) (1_ r)—/x ) - F(ﬁi:;)gig:i)—y)
f{ ( 1+ rXx ) (1_ rzx ) - F(li(ifgigzi)’fy)
rfjl ( o rzx ) (l_ rilrx ) - F(1+><1fy()11t()(1)+x‘)’)
ﬁl(“ r)—/x )(l' rB—/x ) - F(l—:y()l;(xl)-x—y)
Formuoloa 9.1.1" y . o

LIJ(H r+x ) (l r-x ) - I Ix-Y)
(w25 ) (-5 ) = "o oo
,11(1* rzx ) (l_ rzx ) ) T(Xf;)(l)%-y)
rI:OIO(l-'- r)—/x )(l_ r)-lx ) ) F(-X’{;)(})gx-)/)

9.2 Square of the Absolute Value

Formula 9.2.1
When X, Y are real numbers and / (X +iY) is the gamma function in the complex plane,

00 2 _l
il = rior v 2 )]

r+x

y )2}—1/2
r+x

TGeriy)| = |r(x)|g[1+

9.3 Partial Derivative with respect toy

Formula 9.3.1
when 7(Z) (Z=X+*iy) is the gamma function in the complex plane C

-1
2TOI” _ —zr%x)llj){“(i)z} } o

oy r+x =0 (s +y?

Theorem 9.3.2
When F(Z) (Z =X+ iy) is the gamma function in the complex plane C,

Forany x , if y >0 then |/1z)]| 2 is monotonic decreasing with respect to Yy,

if y<O then |71z)]| 2 is monotonic increasing with respect to y.
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9.4 Partial Derivative with respect to x

Formula 9.4.2
When F(Z) (Z =X+ iy) is the gamma function in the complex plane C and l//(X) is the digamma function,

M=2r?<x>[ﬁ[1+(i)2]_l}-[wwi Ly

oX =0 r+x s=0 S+X (S+X)2+y2

Theorem 9.4.3
When F(Z) (Z =x+ Iy) is the gamma function in the complex plane C ,

Forany y, if x >1.461632144968 then | /{z)]| 2 is monotonic increasing with respect to X .

Theorem 9.4.3'
When F(Z) (Z =x+ Iy) is the gamma function in the complex plane C ,

fx=0 & |y| >1.047662675461731 , |7Tz)]|? is monotonic increasing with respect to X .
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10 Convergence Acceleration & Summation Method by Double Series of Functions
10.1 Double Series of Functions & Summation Method

Theorem 10.1.3
Let b(S) be a real function, Dl , Dz are small domains, fl( z ), f2( Z ) are series of functions defined as follows.

bE) = Y= 1 $=0,1,2, -

f1@)
L@ = Y X bea@

r=0 s=0

Y a,(@) 7eD,
s=0

(1) When f1(2) is absolutely convergent,

i if f5(Z)is convergentinthe D,
00 0 r
Z as(z): Z Z brs as(z) Z€E Dl
s=0 r=0 s=0

i if f,(Z) is divergentinthe Dy,
00 0 r
by as@=" 22 brsas@" zeDq
s=0 r=0 s=0

where, "S (Z) means that S(Z) is interpreted as convergent. ( Same as below. )
(2) When f,(Z) is absolutely convergent in the Dy,
i if f,(2)is convergent,

0 © r

Z as(z): Z Z brs as(z) Z& Dl

s=0 r=0 s=0

i it f,(Z) is divergent,
0 ) r

"Ya@)" = 2 Xbsas@) zeDy

s=0 r=0 s=0
(3) When f5(2) is absolutely convergent in the D (;t Dl) ,

" goas(z)" = 20 3 brsa,@) 7eD,

10.2 Accelerator

The following equations were obtained in the previous section.

goaS(Z) = go gobrs as@) (2.1)
bG) = Xb=1  fors=0,1,2, - o)

When (b) converges faster than the left side of (2.1), by transforming this like the right side of (1.1), we canaccelerate
the convergence of the left side. In this case, we can call the series (b) accelerator .

The accelerator is desired fast-convergence more. Altthough this is considered variously, | recommend the following.

Formula 10.2.1 ( Knopp's accelerator )

e qrs r _
b() = 2 —(q+1)”1 (s) 1 for
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10.3 Knopp Transformation & Double Series of Functions

Transformation of a series using Knopp's accelerator is called Knopp Transformation.

Lemma 10.3.1

Let Q be positive number, fl( z ) = Zoas( Z) be series of functions in a small domain D, and Knopp transformation be
o

_ qr—s
fz(z) rzo SZO (q +1)r+1 ( )aS()

Then, if f1(Z) is bounded, f,(Z) is absolutely convergent,

Theorem 10.3.2 ( Knopp Transformation )

Let ( be a positive number, Dl , D2 are small domains, fl(Z ), f2( z ) are series of functions defined asfollows.

@ = La® 2D,
r—s r
f,(@) = 20 20 a+ 1),+1 ( )as(Z)
(1) When f1(2) is convergent,
r—s r
Zas(z) rEO SEO @ +1)r+1 ( )as(z) zeD,
(2) When f, (Z) is absolutely convergent in the Dy, if f (Z) is divergent,

r-s

" B w_ c
Zas(z) r050(+1)r+1( )as(Z) z2eD;

where, "S (Z)" means that S(Z) is interpreted as convergent. ( Same as below. )

(3) When f5(2) is absolutely convergent in the D (;é Dl) ,
r-s

"Zas(z)" = rZO sZO ( j_l)r+1 ( ) S(Z) Ze D2

10.4 Acceleration of Power Series

10.4.1 Acceleration of Mercator Series

0gG+D) = X D7 = Y zﬁ( )(— DTS RI=1

This transformation produces significant acceleration and asymptotic effects around the convergence circle.

10.4.2 Acceleration of Madhava Series

Madhava series ( Gregory—Leibniz series ) is as follows.

4

g g 1 (r) (-1>s:iig(i_i)g(1_3+1)¢(1_§+3_1 .
rm0s=0 21 g/ 2s+1 211 22\ 1 3/ 2311 3 5/ 241 3 5 7
1 0on 1 21 1 41 1 6n
ToLIN T 52310 T 53 BT 2 7l 4
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10.5 Acceleration of Fourier Series

_|og(2sin£) _ 21.003252) Z Z (qirl_)sfﬂ (f) COSiSZ) Cl)r:(FS(z:)SZﬂ

2

The Fourier series converges only in the real interval, but this transformation extends the convergence region to the complex
area on both sides of the interval.

10.6 Acceleration of Dirichlet Series

1 r-s s-1
( D e ¢ =1
@ = —"=% % — : zeC
S =15t (Q+1) S
This conversion provides a large acceleration effect near the convergence axis. Furthermore, an analytical continuation
occurs beyond the convergence axis. As the result, when Zz = -1, -3,
1
llll_ 21+ 31_ 41+_ =
4
n 3 3 3 3 n 1
18- 2%+ 33- 4%+ - = -2

10.7 Application to Divergent Series

10.7.1 Application to Oscillating Series
1 .z c =y g r 0<Re@)<2rx
—cot— ="Xsin(sz)"= X X ———— sin(sz
2 2 s=1 ( ) r=1 s=1 (q +l)r+l S ( ) |m(Z) = 0
Although this Fourier series oscillates (diverges), the summation method is applied by this transformation.

As the result, when Z = /4 , n/3,7/2, 1 ,
1+4/2

1 1 1 V4
——+0-—=-1-—=-0 ++++———- - "= —cot—
«/_ 22 2 2778 2
ﬁ ﬁ.po ﬁ_ ﬁ_o F+4++—ee "= c tﬁ = ﬁ
2 2 2 2 2 6 2
" n _— 1 1 - 1
1+0-1-0++-- _2C0t4_2
] ] . i 1 1
"sinl+sin2+sin3+sin4+--" = ECOtE

10.7.2 Application to Divergent Alternating Series

s)! o q* r s @)1 1
2s-2)! §1sl(q+1)r+1( )(‘1) @s-2)! ~ 2

S s (29)! “ & 97 @)
;Z(—l) (@s-3)! ;25;2 @ +1)r+1( )( D’ (2s-3)! =0

Since these domains are all natural numbers, they must be interpreted as follows according to Theorem 10.3.2.(2)

"1:2-34+56-78+- " :—%

2-34-456+678-8910+ - =0

M-

s
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12 Series Expansion of Gamma Function & the Reciprocal

Formula 12.1.0 ( Masayuki Ui)
When f(Z ) is the gamma function, y/n(Z ) is the polygamma function and Bn,k(fl , f2 ) e ) are Bell polynomials ,

d F(Z) '@ Z Bk (W) . wi®@) ... . ¥n-o@))
;jzn Féz) r() Z( D B (WD) . w1@) ., ¥n-1(2))

Formula 12.1.1 ( Taylor expansion )
When HZ ) is the gamma function, l//n(Z ) is the polygamma function and Bn,k(fl , f2 ) e ) are Bell polynomials ,
the following expression holds for a s.t. a = 0,-1,-2,-3, -~

1@ = ray+ 32 g-ay’

where,

(@) = 1@ 3B ve@)  vi@) oo voa@)  n=1,23,

Example: Taylor expansion around 2

V/c( ) w2 *+y(2)

(z-2)+ 2 "0 ()24 vk *+3yd2) t//1(2)+1//2(2)
21!

31

ITz) =1+ 7-2)3+
Formula 12.1.2 ( Taylor expansion )

When HZ ) is the gamma function, l//n(Z ) is the polygamma function and Bn,k(fl , f2 ) e ) are Bell polynomials ,
the following expression holds for a s.t. a = 0,-1,-2,-3, -

1 1 e cn(a)
™ r(a)+§1 r @)
where,
@)= =< 2( D By (wd) , v1@) ..., ¥n-1@))

F()

Example: Taylor expansion around 2

1 _ . vdD V2 *-y(2) 2
o Sl Aty (272)7-

vl -3vd2) )+ ‘//2(2)
31!

2-2)%+

Formula 12.2.1 ( Laurent expansion )
When HZ ) is the gamma function, l//n(Z ) is the polygamma function and Bn,k(fl , f2 ) e ) are Bell polynomials ,

F(z)——+Z—z -

n=anl!
where,

n = 2BV vi@® o vna@D)  n=L23,-

1 vl | wdD%uD) N v D *+3p D) v +yLD) 2 4.

=7+ * 21 ¢ 31
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Formula 12.2.2 ( reciprocal Laurent expansion )
When H z ) is the gamma function, ¥/, (Z ) is the polygamma function and Bn,k(fl , fz ) e ) are Bell polynomials ,

1 & Cn n+1
=z+ X —2
® nzzl nt

where,

6 = 2D B i@ e yra@)  n=1,2,3,-

1 v, N v D -y ~ vlD -3y D) yD) +yLD) 4,
@ Tt 2t ’ 3! Z

Formula 12.3.1 ( Maclaurin Expansion )
When I—(Z ) is the gamma function, (//n(Z ) is the polygamma function and Bn,k(fl , f2 ) e ) are Bell polynomials ,

ﬁ =1+ n%(—1)"%2“
ﬁ =1+ n%ch—:]!z”
aws = B g

where,

n = 2 CD B v vi@D - v kD) =123,

Formula 12.3.2 ( Maclaurin Expansion )
When I—(Z ) is the gamma function, (//n(Z ) is the polygamma function and Bn,k(fl , f2 - ) are Bell polynomials ,

\/; _ & Cn n
{Q@+)/2} 1+ n2=1 ot

\/; _ S n Cn n
Q-2 1+ nZ:l(_l) ot

where,

o= Sl 2ol 2] rcd 3]) ner2a

Formula 12.3.3 ( Maclaurin Expansion )
When I—(Z ) is the gamma function, (//n(Z ) is the polygamma function and Bn,k(fl , f2 - ) are Bell polynomials ,

N/; _ X n Cn n
2@-2)/2} 1+ 2CD o1’

where,

o feornul 2] 2]

N[ w

)) n=123
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Formula 12.4.1 (Taylor expansion around 1)
When 71z ) is the gamma function, l//n(Z ) is the polygamma function and Bn,k(fl , f2 ) e ) are Bell polynomials ,

% =1+ gl%(z—l)”

oy S Lt A DDy

T Tt R @

EyE Sl SED D!
1

Ay - @D - n;(—l)“n—“!(z—l)"*1
where,

= 3 D B, vi@D . v D) n=12,3, -

Formula 12.4.2 (Taylor expansion around 1)
When I—(Z ) is the gamma function, (//n(Z ) is the polygamma function and Bn,k(fl , f2 - ) are Bell polynomials ,
1 ©  Cp
- = + 2 0 Z_l n
) 2 @D

where,

= 3 DBV Vi@ . v D)) =123,

Formula 12.5.1 (Taylor expansion around 1)
When I—(Z ) is the gamma function, (//n(Z ) is the polygamma function and Bn,k(fl , f2 - ) are Bell polynomials ,

Jz .

(/2 =1+ n12”n|(z D"
% + L e @D
m()m

Formula 12.5.2 (Taylor expansion around 1)
When HZ ) is the gamma function, l//n(Z ) is the polygamma function and Bn,k(fl , f2 ) e ) are Bell polynomials ,

L et 1 + S n Z—l)n
27 (1+2/2) A1 2"t
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13 Convergence Acceleration of Multiple Series

13.1 Series Acceleration Method
If multiple series are converted to a single series in some way, an acceleration method can be applied.
Since this is similar to a series circuit in an electric circuit, we call this series acceleration method.

Formula 2.1.0 ( reprint )

00
(0) When a multiple series >

r1, rz, - ,r,=0

=YY

F1,Fp - 1S @bsolutely convergent, the following expression holds.

DIPIEDY a,, Z= a,_

ri=0r2=0 r,=0 f2. ri=0r2=0 212713, f-a=fn T
00
(1) When a multiple series Z A, r,, ry is absolutely convergent, the following expression holds.
ri, rz, - =1
0 -1
rlzlrzzl rz— arl fa.” rlzlrzzl rn2:1a1+rl—r2,1+r2—r3 7o WTng =M

How to convert multiple series to semi-multiple series ( reprint)

00 00 00
In short, we should just perform the following operations to Z Z Z ar1

o,y MZg,n ™"
ri=0r2=0 r,=0 2D

Replace I'h_q with I'1_1— Iy, and replace the 1st @ with I,_1 from the right.

Replace I'h_o with I'y_o—1,_1, and replace the 2nd ©© with I',_5 from the right.

Replace ' with 'y =I5, and replace the ( n —1)th ©0 with I; from the right.
When the subscripts starts from 1 (i.e. (1)), +1 is only added.

8

00

(_ 1) r+s+t 2r+ 25+2t+3

o g r s (_1)rx2l’+3
r=0 SZ:"o {=0 (2r+1)(25+1)(2t+1) B ;0 sgotzzo (2r-2s+1)(2s-2t+1)(2t+1)

(_ )r1+r2+r3+r4 o r1 rz rs (_1)1+r1
rn=1r2=1rs=1rs=1 1 a3y B r12=1r22=1r32=1r42=1 (1+r1—r2 )( 1+I’2—I’3)( 1+r3—r4) My
o o ( )I’+S o T (_1)l+l’ ( S )
P EE— X O 1} log——
rgl sgl (rs E1 sgl {@+r-s)s}* ylog 1+r-s

cos(y log— )

Theorem 13.1.2 ( Series Acceleration Method )

[oe]

(0) When a multiple series of functions > a
ry,rz, - ,rR=0

Iy, (Z) is absolutely convergent in the domain D ,

the following expression holds for arbitrary positive number ( .

-1 k-r1 k
q
rlEOrzzo rE— al’l F2,=\In (Z) kEO rlEOrZZO rnEZO (q +1)k+1 ( ry ) a‘l’l—l’zyl’z—l’s vy nog=Tn o (Z)

0

(1) When a multiple series of functions > a

r,rz2,-,rm=

F1.T5, M (Z) is absolutely convergent in the domain D ,

the following expression holds for arbitrary positive number ( .

k-r1

Z Z Z arl rn(Z) Z Z Z Zlq—( “ )a1+r1-r2,1+r2-r3,~-,1+rn_1-rn,rn(z)

ri=1r2=1 r,=1 k=1ri=1r2=1 r,=1 (q+1)k+1
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Example 1

® o o —) Sty 2r+2s+2t+3
(lan"x)’ =2 3 G~ x
=0s=0 =0 (2r+1)(2s+1)(2t+1)
o k r k-r k -1 I‘X2r+3
PP -
k=0 r=0 50 i=0 (y +]_)k+1 r/ (2r-2s+1)(2s-2t+1)(2t+1)
Example 2

Gg2*=3 535 D~

ri=lra=1rs=1ra=1 1 I3y

o rL orz rs k-r1 k _1\1tn
-£3 855 ( ) -

=emteminst (Q+) Y\ ry ) (T4r-rp ) (14ro-rg)(14+rs-rg )1y
Example 3
o o 1 r+s
InGx,IZ=X X icos(ylog )
r=1 s=1 (rs)

& k r k—r k (_l)l+r 5
) kgl rgl 2 k+l ( I‘) {@+r-s)s}* cos(y log 1+r-s )

13.2 Parallel Acceleration Method
In this section, | present the method of accelerating as it is, without rearranging a multiple series. Since this is similar to
a parallel circuit in an electric circuit, we call this parallel acceleration method.

Formula 13.2.1 ( Parallel Accelerator )

© qk—rl—rz—--~—rn k rs=01,2-
b(ry,ry,~ ,r) = D - =1 fors=1,2-n
( 1:12 n) K=t g+, (q+1>k+1 (r1+r2+,.,+rn) q>0’ ) y

Proposition 13.2.2 ( Parallel Acceleration Method )

[oe)
(0) When a multiple series of functions E Ar, 1y (Z) is absolutely convergent in the domain D ,
r,rz, =0 <7
the following expression holds for arbitrary positive number ( .

k k=ri-r2---ry k
DL Zarl O ED RS q—( ) a, @

r=0r2=0 r,= k=0r=0r2=0 ;=0 (q+1)K" | rytro+- 4,
0
(1) When a multiple series of functions Z arl Iyl (Z) is absolutely convergent in the domain D ,
r,re, =1
the following expression holds for arbitrary positive number ( .

Kk k- r1—r2—--'—rn( k

S5 -Sa,.. @8558 )mmw®

ri=lr2=1 ry=1 k=1ri=1r2=1 r,=1 (q+l)k+1 ritro+-- +r,
Example 1
3 o o © ( l)r+s+t 2r+2s+2t+3
tan"'x )" =
< ) EJS;OtZZO (2r+1)(2s+1)(2t+1)

(_ 1) r+s+t X 2r+2s+2t+3

o k kK qk‘r-s—t k
=X XXX

k=0 =0 5=0 t=0 (g +1)k+1 r+s+t

(2r+1)(2s+1)(2t+1)
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Example 2
r+rp+rg+ry,
(g2 =5 3 5 5 D

ri=1r2=1rs=1rs=1 L algly

o k k k k k-ri-r2-ra-ra k -1 ritra+ra+ra
=YYy Yy q—( )L

k=tn=testsin=l (q+1)K"h \ ritrptragtr, | Tafafals
Example 3
r+s
2 _ QW (_1) S
G = 2 X —Xcos(ylog—)
r=1s=1 (Trs) r

I k-r-s k —A\+S
:k;llglz . ( o cos(ylog%)

r+s/ (rs)”

Speed comparison between serial acceleration method and parallel acceleration method.
When the upper limit m of 2’ of N -multipl series is the same, the serial acceleration method is at most NV times faster

than the parallel acceleration method. For quadruple series or higher, it is better to use the serial acceleration method for
calculations and the parallel acceleration method for explanations. For triple series or less, it is better to use the parallel
acceleration method for both calculation and explanation.
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14 Taylor Expansion by Real Part & Imaginary Part

Lemma 14.1.0
When X,V are real numbers and I' is a non-negative integer, the following expressions hold.
['_-w f_l
2 r
H r_ S r-2s.,2s H r-2s-1,,2s+1
Gy = 5 0| ) pemyE e Senr] ey
s=0 2s $=0 2s+1

Where, OO: 1 , |—X—| is the ceiling function , LXJ is the floor function.

Formula 14.1.1
Suppose that a complex function f(Z) (Z =X+i y ) is expanded around a real number @ into a Taylor series
with real coefficients as follows.

1@ =3 gy

Then, the following expressions hold for the real and imaginary parts U ( X,y ) , V( X,y )
f(') a bl .
uew = 5 S (7| | ey

Q) L 2J
V(X y) gof (a) Z ( 1) ) (X_a)r—23—1y25+1

Where, 00: 1 , rXW is the ceiling function , |_XJ is the floor function.

Example
1 o -Dr1 ) _ z-a)"
f(z) =—F— =2 ( )(r+1)/2 sin{ (r+1)cot 1a}¥
2741 170 (5247) rt

—1)rsin{(r+1)cot'1a} [
(a2+ 1 )(r+1)/2 s=0

ux,y) = 20 (

_ & CD'sinf(r+t)eot™a) el
V(X,y) - ;O (a2+1)(r+1)/2 Sgo

r _25—
(_1)5( ) (X_a)l' 2s 1y25+1
2s+1
Where, OO: 1 , |—X—| is the ceiling function , LXJ is the floor function.

When a =4/ 3, both sides are drawn as follows. The left is the real part and the right is the imaginary part.

In both figures, orange is the left side and blue is the right side. Convergence circles with radius 2 are observed.

H Re( E u{x, ¥, 5,60) u lm( u v(x, v, ﬁ,ﬁﬂ]

(Xﬂy) 1 ) X+|y)2+1 )




Formula 14.1.2

Suppose that a complex function f(Z) (Z =X+i y ) is expanded around a real number @ into a Taylorseries

with real coefficients as follows.
S
o Z—a
@ = 3 19(a) L2
s=0

s!
Then, the following expressions hold for the real and imaginary parts U ( X,y ) , V( X,y )

© o _ S -1 r,,2r
uGy = 3 £ 1@y L CD

o —_2S ¢_1\F,2r+1
V(X,y) — rgo s;01;(2r+s+1)(a) (XS !3.) ((21?-'-{)!

wWhere, 9= 1.

Example
1 % -Dr! . _ z-a)"
f(z) =—F— =2 ( )(r+1)/2 sin{(r+1)cot 1a}¥
z°+1 170 (5247) rt

_ & a_CDe@rsyt gy (x-2)* (Dy*
u(x,y) = EO sgo (a241) @7 sin{(2r+s+1)cot *a} 51 (2r)1

S2r+s+1)!

S r,,2r+l
sin{(2r+s+2)cot *a} (x-a)’ D'y

L e a (D
vix,y) =-2 X ( 5 1)(2r+s+2)/2 st (2r+1)1

a +

When @ =4/ 3, both sides are drawn as follows. The left is the real part and the right is the imaginary part. In both
figures, orange is the left side and blue is the right side.

i

[X+iy)2+‘l

B u(x, ¥, JE 60)

Ulm( 12 ) K v{x,y,¥3,60]

[x+iy)=+1

These convergence areas are squares inscribed in a convergence circle of radius 2. And, both expressions are series

within the square, and are asymptotic expansions outside the square.
For odd and even functions, Formula 14.1.2 becomes as follows.

Formula 14.1.2 ' ( Odd Function )

Suppose a complex function f(Z) (Z =X+ y ) is expanded into a Maclaurin series with real coefficients as follows.
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25+1

'@ = Z o) Gyt @s+D)!

Then, the following expressions hold for the real and imaginary parts U ( X,y ) ,V( X,y )

© X25+l ( )I‘ 2r
uGy) = X B (0) @stDT @ND)!

x2S _1)Fy2r+l
vy = rzo szof(mzsm(o) @)1 ((2?+>]/_)!

Where, 00: 1.

Formula 14.1.2 " ( Even Function )

Suppose a complex function f(Z) (Z =X+ y) is expanded into a Maclaurin series with real coefficients

as follows.

f@) = 2f<25><o) eSY

Then, the following expressions hold for the real and imaginary parts U ( X,y ) , V( X,y )

(2r+2s) 25 ( )l' il

4Gy = 5 B0 Gt G
(2r+2s+2) 28+1 ( )r o
v = B R0 G gy

Where, 00: 1.
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15 Taylor Series of Elementary Functions by Real & Imaginary Parts

The followings hold for elementary functions. Where, Oo =1.

1/(1-z)
1 & 75
1-7 _sgoS!; Izl < 1
o o S )I‘ 2r
u(x,y)—rgosgo(ZHS st @N!
o s 1 r.,2r+l
W0 = 55 @resr s QU
1/(1+z2)
1 0 1)s s
1+7 sgo IZI <1
D xS Dy

u(x,y):§§O(2r+s)! NEEreRY

s 1" 2r+1
v(x,y) = - E E @r+s+1)! = ?. - ((2r)+1)!

r=0 s=0

z* (p.a z0)
= I (1+p) _ (z-a)®
p = E p-s
) ﬂ1+p—s)a s! 1< lal

B £ €3 WP ) i o
uGy) = r;o;o 11p—2r—s+l)aID : s! @nN!

RS F(l+p) p-2r-s-1 (X_a)s (_1)ry2r+1
V&Y = L L o) @ st @r+D!
a‘* (a=0)
7_ % s, 2°
a?= Y log*a — lz] < ©
s=0 st

o o . S -1 r.,2r
ux,y) = X X log* Saé%

r=0 s=0
2r+5+1 X ( 1)!’ 2r+1
Vo) = 3 Bloo™ a5 sy

Especially when a =¢ (=2.71828-),

|z|<oo

XS ( 1)r 2r+1
Sost @D
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logz (a=0)
E G-D! D°@-a)

logz = loga - lz-al<a,z#0

= St
uG.y) =loga- <Sa1>' CDGa) g 5 (2 ra+2sr+—51>! CDea) ((g)yl2
Gy = 35 G CD O

log(1+2)
gy = 5 C2F l<1 221
Gy = 2 ¢ ) - 3 Y @res-1 (_?!SXS COy”

@n)!

r=1 s=0

(_ ) X 1 r.,2r+1
v(x,y) = > Y @rs)! st ((2?+1)|

r=0 s=0
log(1-2)
0w 7S
log(1-2) = - % = lZl<1,2#1
s=1
. XS o o X ( 1)I’ 2r
__w X 12
UGY) = -2~ - 2 2 @ris-DE @n!
o . S ( )r 2r+1
= 2 !
D P I ) TSy
sinz
° Z23+1
] _ 1S
sinz = 3 (-1) @s+D)1 Iz] <
o = X23+1 y2r
_ _ S
e = 5 2D o @nt
Xzs y2r+l

v.y) = ZO §0<-1>S (2s)! @r+D)!

Cos Z
- ZZS
cosz = SZ:‘;)(_DS(ZS)! Iz] <
2s y2r
u,y) = 2 SZ( DGt @n
. X2$+1 y2r+1
vx,y) = ; 20( D 1(2 +D1 r+1)!
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fanz

. 223+2( 225+2_1) Bosso 72541 T
_ _1)$ >
tanz= 2 (-1 2542 @s+D)! I21<7
. 22r+2s+2(22r+2s+2_1)B s x2s+1 2r
uGy) = 3 51y s y
r=05=0 2r+2s+2 @Cs+D! 2n)!
22r+2s+2(22r+28+2_1)B rossn X2 2r+1
P Z 2(_1) 2r+25+2 y
) 2r+25+2 @) @r+H!
cotz
1 . o1 225+2 Z23+1
COtZ—_ ;( 1D s+2|325+2 @s+D)1 Izl <~
X o . D2r25+2 CDSx>L y2
Ly = x2+y2 ) rgo;) Dr+2s+2 D2r2si? @s+DH! @n!
w @  D2rt2s+2 1 SXZS 2r+l
v, y) = - B Dr+Ds+2 Daras2 o 7
X +y o5 2r+2s+2 @) @r+D!
zcotz
2s
— NV nsosp L
zcotz = s;o( 1) 2By 29)! Izl < 7
SRS S H2r+2s X yzr
ux,y) = rgo sgo(_l) 2 Bor+2s @s)! @N!
2s+1 2r+1

+ +25+ X
V(X y) Z Z ( 1)5 122[’ 2s 282I’+28+2 (25+1)| (2yr+1)|

Sec Z
© Z25 P
— _ S ad
secz = Sgo( 1) °Ey 251 Iz] < >
o o XZS y2r
— — 1\$
u (X,Y) - ;0 S;O( 1) E2r+25 (23) 1 (2',) ]

‘1 X25+1 y2r+1
V(X y) Z Z ( l) ® E2r+25+2 (25+l)! (2r+l)!

r=0 s=0

CSC z
cscz = 1 g (G 2:;2 Bosio (2232:+11)! lzZl< =
LYy = Ziyz * 2020%82”2“2 ((215);;5:1 é,:)rl
vy = - +y ¥ ﬁ‘oﬁo%%”z“z (_(2;;25 (zyril)!
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ZCSC Z

2s
— 1 _ N NS £D25_ Z
zescz =1 Sgl( 1° (2°°-2)B,; 251 Izl <~
x s 2s X2s SRS S 2r+2s XZS y2r
ux,y) = 1—521(-1) @ _Z)BZSW - rgl sgo(-l) (@ _2)82r+2sm (2r)1
25+1 2r+1

V(X y) Z Z (_l)s (22r+28+2_2)82r+28+2 (2XS+1)! (2):._'_1) 1

r=0 s=0

sinh z
) o ZZs+1
smhz—gom Izl < =
e XZS+1 (_1)ry2r
U = 2 Z st @n!
_ o o XZS ( )I’ 2r+1
V&Y T 2 S BT @ren!
cosh z
o 725
coshz = SZ,O re5Y lz] <
25 r.,2r
ux,y) = DY CLy

roSo(Zs)' @n!

o X25+1 (_1)ry2r+1

vix,y) = EO §0 @Cs+D! QCr+D!

tanh z
} 223+2(225+2_1)BZS+2 725+1 P
= < _
tanhz S;O 512 @D Y A
- 22r+25+2(22r+2s+2_1)B s X25+1 ~1) 2"
Loy = 5 S 2r+2s+2 D'y
r=0 5=0 2r+2s+2 @s+D! @2n)!
- 22r+25+2(22r+25+2_1)B oes Xzs r,,2r+1
oy = 53 2r+25+2 D'y
r=0 s=0 2r+2s+2 @) (Cr+)!
coth z
1 o D25+2 Z25+1
== 4 e <
cothz =~ Z D542 D252 @s+D)! Izl < 7
X o w  D2rT2s+2 y25+1 D' 2r
W) =7 5 S s B @D T @)
X +y r=0 s=0 r S ( S ) ( r)'
22r+23+2 X2S ( 1)[’ 2r+1

Mg

V) =t B Y g Banaes @' @r+D!
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zcothz
o Z25
— 2s
zcothz = X 2By 291 lzZl<7

s=0
2s r.2r
— W\ ~2r+25 X Dy
U(X,y) - ;} 822‘402 Borsos @)1 @2N!

v(x,y) = X 3 2222 DY
’ 10 420 22 25+ Qr+1)!

sech z

ZZS

(@2s)!
ux,y) = go goEZHZS

T
< —
Iz1< 5

XZS (_1)ry2r
@) @n)!

e X28+1 ( l)r 2r+1
vx,y) = ;O §0E2r+23+2 @Cs+D! @r+)!

sechz = E Eos—on~

csch z
1 o 225+2_2 Z25+1
cschz = rl SZ:O 5510 Bosio s+ lzl<~
_ X o 22r+23+2_2 X25+1 ( )r 2r
U(Xay) - X2+y2 - rgOsgo 2r+2s+2 B2r+25+2 (25+1)! (zr)!
22I’+ZS+2 2 XZS ( )I’ 2r+1
V&) =- X2+y - 35 Gz B GyT - @raD!
zcschz
© ZZs
-1 _ 2s_
zeschz =1 S;1(2 2)B.; 21 Izl <~
2s 2s r.,2r
— 1 _ N (925_ X N N 021425 X Dy
U(X,Y) - 1 sgl (2 Z)BZS (25)! ;1 32:0(2 2)BZF+23 (25)! (2r)!

o ® pre5e2 X25+1 ( )r 2r+1
V(ny) - - ;0 sz=o(2 _2)82r+25+2 (25+1)! (2r+l)!

sin""z
Z23+1

z—Z{(zs DU Gt lzZl<1

2s+1 _ r.,2r
ux,y) = E Z{(2r+25 1)"}2(2)(5+1)! ((2)):

- ZS ( )I‘ 2r+1
@s)! @r+D!

vx,y) = Z Z{(2r+28 —pn
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2s5+1

cos x = g S{(ZS 1 "}Zﬁ IZ]<1
B o o X28+1 ( 1)!‘ 2r
UGy =5 - 2 N (@rezs-D MGy S5

2 (_1)ry2r+1

vx,y) = - i{(2r+23 -1 1z X

r=0 s=0 (25) 1 (2r+1)!
tan~1z
. © s X23+1
- = — 1
tan "X ;O( D @s)! Qs+ IzZ]<1
o ® 1Y (2r 426 1 X25+1 y2r
UGY) = 2 2 CD Cr2) o ST ooy
2s 2r+1

veoy) = Zo go(-1)5(2r+2s)! (;(s)! (2yr+1)!

1

cot "z
P o X25+1
-1, — o o —ANS 1 <
cot™ z =sign{Re @)} 5 Z,O( D @s)! @s+D)1 lzl<1
2s+1 2r

Uy =signE 5 - X X CDR2)p T o

r=0 s=0

o o 2s 2r+1
W) = - 5 BEDCrH Gt

sinh~z
Zs+1

sinh ™z 2( D {@s-HNY? (2 oY lzZl<1

2s+1 2r

ucx,y) = E Z CD{@r+2s-pn}? (2Xs+1)| (gr)n

2r+1

y
@s)! @r+I)!

vi.y) = 2 2(-1)5{(2”28 ~pny

tanh™*
1 © Z25+1
- = | | —
tanh ™"z 20(25) "Gl lzZI<1
XZS+1 ( )I’ 2r
uGy) = 2 E Crezt G @i

XZS ( )r 2r+1
vx,y) = 2 2(2”25) @)1 @r+D1
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16 Split of Power Series

Formula 16.2.1 ( n-split )
Suppose that the function f(Z ) is expanded into a power series on the domain D as follows.

f@) = Yaz" =agz+a zt+a,z?+azzi+a i+
r=0

And let the n-split series f(k,n,z) k=0,1,2,,n-1 are as follows.

f(ONn,z2) = Yaoz" 0 =agz®+a,z"+ay 22" +az,z>"

+...
r=0
W nr+l _ 1 n+1 2n+1 3n+1
f(1n,z2) = X ay2 =aiz tapZ T tagnl *agn+1? e
r=0
00
_ nr+2 _ 2 n+2 2n+2 3n+2
f(2n,2) = X aynp? =azZ tappZ  tapgn? *agn2? e
r=0

0

- - 2n- 3n- 4n-

f(n—l,n ,Z) = Z anr+n—1znr+n ! :an—lzn 1+3-2n—1z " 1+a3n—1z " 1+a4n—12 e
r=0

Then, the following expressions hold for N = 2,3,4, -,k =0,1,2, ,n-1.

_ f@) - 4D i(-2)

n

f(k,n,z)

+ %“fj { (-1)'275:{ (—1)$z} +(—1)ZTSkf{ (—Déz} }

s=1

Where, An = {1+(_1)n}/2 , | X is the floor function.

Formula 16.2.2 ( alternating n-spilit )
Suppose that the function f(Z ) is expanded into a power series on the domain D as follows.
f@) = Zoarzr =apz’+a; 2 + a,z%+ agz3+a 2t +
r=

And let the alternating n-split series _f( k,n,z) k=0,1,2,,n-1 are as follows.

S 0 0 2 3
f(On,z) = X (-D'ay0z" " =agz -a,z"+ap,z" - ag,z>" +--
- r=0
_\ nr+l _ 1 n+1 2n+1 3n+1
f(lnz) = X D'aynaz =a1Z -apyZ tagl —aszp+1Z +-
r=0
_ o\ nr+2 _ 2 n+2 2n+2 3n+2
f(2n,2) = X D'agraz" =82 = ana2"  taguaZ” - agupZ -

r=0

_ r nr+n-1 _ n-1 2n-1 3n-1 4n-1
_f( n-1n,z ) - Z D ayrenaz =ap-1Z —a-1Z +agp-1Z — 84p-1Z e
r=0

Then, following expressions holdfor n = 2,3,4, ,k =0,1,2, ,n-1.

k
fon ) =4 ERCD
_Gs-Dk %1 (2s-Dk 25-1
+%Léjj[(—l) " f{(—l) " z}+(—1) " f{(—l) n ZH

Where, ﬁ = {1—(—1)”}/2 , | X is the floor function.
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16.3 Two-split of Power Series

Example 1 Two-split of Exponential Series
1 2 3 4 5 6

4 z z z z 4
f(Z) = 1+ﬁ+z+§+z+ﬁ+a+"' = g ( Series to be splited )

2 .4 _6 _8 10 74 -7

yA z z i A e“+e
f(0,2 = b= 4. =— =
(02.2) 21" 41 61 81 101 2 cosh z

1 3 5 7 9 11 z -z
_Z 1 z Z z z _e"-e " _ .

D T T I T TR T TR B L

Example 2 Two-split of Exponential Generating Series

i A 2° 2® z
f(z) =1-% + - =
2 12 720 30240 1209600

( Series to be splited )

f(02z)—1+22 AR .1
a 127720 30240 1209600 2
1
2

Z -2 z z
+ = —coth—
( e’-1 e'z—l) 2 2

f(12,2) = -ZE

Example 1 Alternating two-split of Exponential Series

1 2 3 4 5 6

Z Z Z YA YA Z
f@) = 1+ 1!""—2! +_3! +_4! +—5! +_6! + = gt ( Series to be splited )
2 4 6 8 10 iz -iz
z z z z z e"te
=1- - T 4. = =
f02.2) = 1- S+~ t a1 101 2 €05z
1 3 5 7 9 11 iz -iz
_ z° 727 1" 17 1 e -
22 = W et s e 2i N

Example 2 Alternating two-split of Exponential Generating Series

2 4 6 8
YA YA z z z z
f(z) =1l-—+—- + +- = ( Series to be splited )
2 12 720 30240 1209600 el-1
2 4 6 8 . .
1 1z -1z
1(02,2) = 1- Z Z z S e — = LeotZ
12 720 30240 1209600 2\ g'721 71 2 2
z 1 iz -iz z
f(1,2 =-— = — . - — =-—
f(1,2,2) > 2i ( elz_1 e—lz_l) 2

16.3.3 Two-split of Even and Odd Functions

When f(Z) is an even function or an odd function, it cannot be splited into two by 16.3.1 .
In such a case, it can be splited into two by the following formula.

(1) When f(z) is an even function,

1(02.2) = f(z);f(z)  H122) = f@) 21‘(|z)
(2) When f(z) is an odd function,
f(020) = 1O (15, - 1O



Example 1 f(z) =coshz

2 4 6 8 10
Z z

z z
I+—+—+—+—

TR TRETREY + T + = coshz ( Series to be splited )
428 12 e g cosh z + cos z
1+—+—+ + + + = —
41 81 121 16! 20! 2
22 28 10 g1 18 cosh z - cos z
—+—+ + + + = —
21 6! 10! 14! 18! 2
Especially when Z=1,
1 1 1 1 1 coshl +cosl
1+—+—+ + + + = ———— =1.04169147 -
41 81 12! 16! 20! 2
1 1 1 1 1 coshl -cosl
—+—+ + + +- = ———— =0.50138916"
21 6! 10! 14! 18! 2
Example 2 f(z) =sinhz
Z—1+Z3+25+27+29+211+ =sinh i i
1 ; ; W a E =+ =8Inn z ( Series to be splited )
b5 0 B Y sinhz +sinz
—t——t—t—t— - = —
1r 51 9r 13v 171 2
A LA L SR S sinhz -sinz
—+—+ + + + = —
31 7r 11v 151 19! 2
Especially when Z=1,
1 1 1 1 1 sinh1l +sinl
—t—t—t—t—+ =— =1.00833608--
1r 51 9r 13v 17! 2
1 1 1 1 1 sinh1l -sinl
—+—+ + + +- =— =0.16686510--
3r 7rvr 11v 151 19! 2
16.4 Three-split of Power Series
Example 1 Three-split of Exponential Series
1+Z_1+Z_2+Z_3+Z_4+Z_5+Z_6+... = z 1 i
TR TR TR = € ( Series to be splited )
2/3 -2/3,
;3 4,6 ,9 12 15 €’ eCD77Z 4 oD ez ﬁz
1+—+—F—+—+—+- = —+ COS
31 61 9 121 15! 3 3 3 /
2/3
4,4 ;7,100 13 16 _ e? (_1)—268(—1) Z+(_1)2/3 e(-l)
—t—+—+ + + +.. = —+
1r 4 71 10' 131 16! 3 3
_ef ﬁz 1 sin A3z
3 34 3e? 2
-2/3
22 ;5 48 11 14 a7 ¢! (_1)—4/3e(-1) Z+(_1)4/3e(-1) z
—t—t+—+ + + +o = —+
21 51 g1 111 14v 171 3 3

eZ ﬁz 1 43z

SIn
34 3?2
Especially when z=1,

1 1 1 1 1 2 A/372
I+—+—+—+——+——+- =& COS( ) = 1.16805831
31 e o 121 151 3 34/e
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1 1 1 1 1 ' e_cos(ﬁ/2)+sin(ﬁ/2)

— 44 = = 1.04186535
41 71 100 131 16! 3 34/e 34/e
1 .
1,011 1 1 1 - _e._ cos(4/3/2) sin(4/37/2) — 0.50835816.-
21 51 81 111 141 17! 3 34e 34e
Example 2 Three-split of Logarithmic Series ( [z| < 1, z%1))
1 2 3 4 5 6
LR -log(1-z) ( Series to be splited )
1 2 3 4 5 6 P
23 2% 2% B B B _ log(1-2)
—t—F—F—F—F—t = -
3 6 9 12 15 18 3
log{1-(-D %%} +log{1-(-1) %%}
3
i R LA S S A log(1-z)
-t -t —  — — e = =7
1 4 7 10 13 16 3
D *log{1-¢D %2} + D PPlog{1-(-1) %}
3
22 72° 8 M M v log(1-z)
—t—t—+—F—F—F = - — L
2 5 8 11 14 17 3
D Plog{1- D%z} + (D) “log{1-(-1) 2}
3
When z =1/3,
1 + 1 + 1 + 1 + 1 + = +-~-—1Iog§ 1IogE—OOZI.258010~-
33® 63° 93° 1232 153® 1838 3 "2 3 "9 )
1 + l + 1 + 1 + 1 + 1 +-- —ilog§+ilog£+iarctan£
13 43* 737 1030 1338 163% 372 6 79 3 7
= 0.33648681 -
1 1 1 1 1 1 1. 3 1. 13 1 NE)
+ + + + + ++ = —log—-+—log—- arctan
232 535 838 11390 143% 173V 372 6 79 3 7
= 0.05639818
Example 1 Alternating three-spilit of Exponential Series
1+Z_1+Z_2+Z_3+Z_4+Z_5+Z_6+... = z 0 i
TR TR TR TR = € ( Series to be splited )
1/3 -1/3
20,20 2 2 2 (D% D e
31 61 91 121 151 3 3
1. 24/ e? cos A3z
 3e? 3 2
1 .4 7 10 13 16 1, -2 w3 (-2 w3 D%
.z 7 1 2N S (-D-e N D e +(-D e
1r 41 71 10! 13" 16! 3 3
1 el J3z /et . 43z
= - + cos + —sin——
3z 3 2 3 2
2 11/3 1—1/3
Z__Z_5+Z_8_ ;11 . ;14 i ,17 o (_1)2e—z+ (_1)—2/3e(— )) Z+(_1)2/Se(— )z
21 51 g1 111 14v 17! 3 3
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-1 ﬁ cosﬁzh\/ e—zsin—“/§Z
T 302 3 2 3 2

Especially when Z=1,

1 1 1 1 1 1 2 NE)
e i e s e ——_ R = —4— —_— = N
1 31 61 9t 121 151 3e 3£COS 2 083471946
1 1 1 1 1 1 1 1 A3 e . /3
— -+ = + - +- = —+—4/e COS—+, / — sin—
-4 T 71 101 131 161 56 "3 Ve 05 3 975
= 0.95853147 -
1 1 1 1 1 1 1 1 3 3
_ + - F—e = ___,Je_cosi.l. E S|n£
21 51 g1 111 141 17t 3e 3 2 3 2
= 0.49169144 -
Example 2 Alternating three-spilit of Logarithmic Series ( |Z| <1
i+ i+ i+ i+ i+ £+ = -log(1-z) ( Series to be splited )
1 2 3 4 5 6
23 2% % B B 8 log(1+z)
-_t V— - ¥ —t — - — _—t =
3 6 9 1 15 18 3
log{1-(-D % } +log{1-(-1) " }
3
2t 2t 2" 2P 2B 2% (-Dllog(1+2)
1 4 7 10 13 16 B 3
D Plog{1-¢D*2 } + (D *Plog{1-(-1) %}
3
L5 SN S SR S S Gl 1| € 5.0
2 5 8 11 14 17 B 3
D *log{1-¢-1)*% } +(-1) *Plog{1-(-1) % }
3
Especially when Z=1,
1 1 1 1 1 1 log 2
-—— t - -—t -t -+ == = -0.23104906--
3 6 9 12 15 18 3
1 1 1 1 1 1 1 T
S 4+ S - 4+~ - 4-m == —=+log2| = 0.83564884
172477710 13 16 3(ﬁ°g)
1 1 1 1 1 1 1 T
S e et — - == —=-log2| = 0.37355072-
2 578 11 14 17 3( J3 s )
16.5 Four-split of Power Series
Example 1 Alternating four-spilit of Logarithmic Series ( |Z|S 1)
i+ i+ i+ i+ £+ —6+--- = -log(1-2) ( Series to be splited )
1 2 3 4 5 6
Dividing this into four and substituting Z=1 for each,
1 1 1 1 1 1 log 2
R i e s S =-0.17328679-
4 8 12 16 20 24 4
1 1 1 1 1 1 + 2 tha/ 2
11,1 11 1, _mroanwoy2 g ogeeeiag
1 5 9 13 17 21 a./2
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11 1 1 1 1 w
——_——t— - — + — - — = = =

2 6 10 14 18 22 8

i 1,11 1 1. 7-2arcohy2
3 7 11 15 19 23 - 4,2

0.39269908 -

= 0.24374774-

z z z Z z 7 _ | |
1+F+§+§+I+§+a+'" = € ( Series to be splited )
1 Z_4+z_8 ;12 . ;16,20 . _ e(_l)l z +e( 1)—1/4 . e(‘l) 4, +e( 1)-3/4
41 81 121 16! 20! 4 1
—coshJ_ COSJ_
;1,5 ;9 180 17 21 . _ (_1)—1/4e(—1) Z+(_1)1/4e(_1)—1/4z
1r 51 or 13t 17v 211 4
N (_1) —3/4e(—l)3/4z +(_1) 3/4e(_1)—3/4z
5
z/\/_ 7 —Z/ﬁ , )
= cos +sin oS _ sin
“/_ W/_ «/_) Zﬁ ( 2 2
-1/4
2_2_2_6 2% _ 2 . ' _ 7% o _ 1 ‘2/4e(-1) Z+(_1)2/4e(—1)
21 6! 10' 141 181 22! 4
N (_1 —6/4e(_1)3/4z +(_1)6/4e(_1)—3/4z
4
_Slth— S|nJ_
-1/4
LA AN Sl S S S (-1 3D ()3T
31 7r 11t 151 19 23! 4
+ (_ 1) —9/4e (_1)3/42 +(_1) 9/4 e(_l)—3/4z
4
e”ﬁ —z/ﬁ
= - cos -sin cos +sin
22 ( «/_ «/_ ) 2.2 ( [ [)

Especially when Z=1,
1 1 1 1 1
+ +

1 1
Lt e T e 2o T TS N
L+ 1,0, 2, 0 -1 (sin 1 sinh
1051 o1 131 171 211 2.2\ V2 J2
i_i+ 1 - 1 + L - L +- —sinisinhi
21 61 101 141 181 228 J2 2
1 1 1 1 1 1 14 14 1+
E-ﬁ E_E 1—9-5 - 2«/E(sm«/g—smh«/E

16.6 Five-split of Power Series

Example 2 Five-split of Logarithmic Series (|z| < 1, z#1)

-58 -

= 0.95835813-

1+i
) =0.99166942--
= 0.49861138--

) =0.16646827 -



i+ i+ i+ i+ £+ £+--- = -log(1-z) ( Series to be splited )
1 27372756 g P

Substituting z =1/2 for this,
1 1 1 1 1 1 1
+ + + + + +
12 222 32° 42* 52° 62° 727
Dividing this into 5,

4o =log2 = 0.69314718--

1 1 1 1 1 1 log 31
bbb+t =l0g2- — L = 0.00634973-
52° 102 152® 202%® 252%® 302
1 1 1 1 1 1
+ + + + + +- = 0.50264953-
12 62° 112% 162% 2127 26-2%
1 1 1 1 1 1
S+ + S+ + 5+ -+~ =0.12613687 -
222 72" 122¥ a172Y 22272 27.2%
1 1 1 1 1 1
3 o8 B B 5 2t = 0-04216455-
323 828 1328 182¥8 2322 282
1 1 1 1 1 1
+ + + + + +-- = 0.01584647 -
424 92° 142% 1929 24.2% 292%®
Example 2 Alternating five-split of Logarithmic Series ( |Z| <1
;1,2 ;3 4 5 6 . .
—+ —+ —+—+—+—+- = -log(1-2) ( Series to be splited )

1 2 3 4 5 6
Dividing alternately this into 5 parts and substituting Z=21 for each,

2 + I + 1 i+ 1 +- = -0.13862943 = log2
5 10 15 20 25 30 T B 5
1 1 1 1 1 1
—_— - — _ e — —_ = .
1 6 11 16 21 26 0.88831357
1 1 1 1 1 1
—_—_ Y (- — 4+ — - — -_— = - .er
2 7 12 17 22 27 0.40690163
3 8 13 18 23 28 T
1 1 1 1 1 1
_ - — 4 — - — 4 — o — 4= = -
4 9 14 19 24 29 0.18064575

Note

It is possible to represent (—l) m/n (m ,n=123, ) in the formula with elementary transcendental functions

or radicals. However, in the case of 5 divisions or more, it becomes very complicated.
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17 Expression of Polynomial with Real Coefficients by Real & Imaginary parts.

Formula 17.1.1
Let @ be a real number and fn(Z) (Z =X+i y) be a polynomial with real coefficients as follows.
(r)(
a) .
h@ = Z @-2)

Then, the following expressions hold for the real and imaginary parts un( X,y ) ,Vn( X,y )

f(r)(a) (

5| r
) = 5 ot 1) Gy

O(a) L Z]
Wy = s

r
2s+1

) (X _a)r—ZS—l y25+1

Where, 00: 1 , |—X—| is the ceiling function , LXJ is the floor function.

Formula 17.1.2

Let & be areal number and fn(Z) (Z =X+i y) be a polynomial with real coefficients as follows.
s
n Z—a
L@ = 3@ L2
s=0 S !
Then, the following expressions hold for the real and imaginary parts un( X,y ) ,Vn( X,y )

x-a)° Dy*
s! @n!

|5 )21 s (x-a)° (-D'y**?t
Wy = B RTP@ T ((2r)+l)!

Where, 00: 1 , |—X—| is the ceiling function , LXJ is the floor function.

i
up(x,y) = Z Zfz”s()

Formula 17.1.2 ' ( Odd Polynomial )
Let f2n+1( z ) (Z =X+i y) be a polynomial with real coefficients as follows.
25+1

n
f 7) = f(25+1 0
2n+1( ) sgo 2n+1 ( ) (25+1)|
Then, the following expressions hold for the real and imaginary parts u2n+1(x y) ,v2n+l(x ,y) ( Where, O0 =1)

XZS+1 ( )r 2r
@s+D! @2r)!

n n-r (2r+25+1) XZS ( )r 2r+1
—_ r+2s+
V2n+1(X1Y) - rgo sgof (0) (23) 1 (2r+l)!

Uz &) = X gof@”%ﬂ%o)

Formula 17.1.2 " ( Even Polynomial )
Let f5(z) (z=x+iy) be a polynomial with real coefficients as follows.

n 2s
2@ = LHYO 50

Then, the following expressions hold for the real and imaginary parts Uzn(X ,y) ,Vzn(X ,y) . (Where, 0°=1 )
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25 r,2r
U2n(X y) Z Zf 2r+25)(0) ( )

@) @n!
2s+1 r,2r+l
S (2r+2s+2) X ( 1)
G = 5L (O @s+D1 "@rn!
Example1: Cyclotomic Equation
n 75
Cn(Z):ZS!F (:1+z+22+---+z”)
s=0 -
[ Tn-ar . X Dy
= +
Gy = & 2 CrHY T T H
L”—lJ
X ( l)r 2r+1
va(X,y) = 2r+s +1H)1—
When N=5, these are expanded as follows.
51"
5-2r x* (-D'y* 2r
X = 2r+s)1—
o) = 58 (2o 20 R
0 1 2 3 4 5 0
= (O!X— T RN T R Y R R R )y_
0! 11 21 31! 41 51 /0!
0 1 2 3 2 0 1 4
X X X X~ |y X X~ |y
2= +31— + 41— + 51— |2+ | 41— + 51— |-
(20! 31! 42! 53!)2! (40 51!)4!
=l+x+xz+);3+){4+x5—}'2—3xy2—Exzyz—le3j,v‘2+y4+,'_:,.x§,r'1
El 21
2 15-2r-1 S (- 1)f
vs(x,y) = Z Z (2r+s+1)1 _'W
0 1 2 3 4 1
X X X X oisiX | Y
(1'0_ +2'1| +3'2| +4'3| + 5! 41 | 11
0 1 2
X X X
—(3!a+4!ﬁ+5!z) ( )

=y+2xy+3x2y+ 4x3y+5x }r—y —4xy —1ﬂx2y3+}"5

Example2: Bernoulli Polynomial

Bn-s n [N s
R o Tk I AT

(;;h_zf Brars  x° (-1)'y?
r=0 s=0 (n _2r_3)! S! (Zr)!
LHT_lJ -2r-1 Bplor_s-1 x> D' 2r+l
n-2r —2r=5— = y
=nl —
nEN = L L Gz st @D

When N=6, these are expanded as follows.

( ]6 2r  Bg_ors S (-D"y 2r
Ugx,y) = 6! rzo SZO (6-2r-s)! sl (2r)1

u,(x,y) =nl!
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( Bs x° Bs x! B4 x? Bz x3
=@l ——— = — =y == 4 -~ 4~ |
6! O 5r1r 41 2r 3131 2141 1151 Q! 6! /0!
( B, x° Bz x' B x* By x® Bgx* ) y?
-6 —— == =2 4 = 4 — = |1
41 01 3r1r 21 2r 1131 Q! 41
0

B, x* Bi x> By x° )yo

B XO B Xl B X2 4 B X 6
+ 6| ( _2_+_l_+_0_ y_ — 6! _0_ y_

21 01 11 1rv Ot 21 ) 41 0 0 /6!

1 x? x? x7 xB
=720 - + - -

30240 1440 288 240 720
YZ x2 YE x3 Y2 x_v! }'2 },4 x Yil x2 Y& Yﬁ

+ - + - + - + -
1440 48 24 48 288 48 48 T20

* Dy

{G;;Js_zr_l BG—Zr—s—l A

6! rgo sgo (6-2r-s-1)1 st (2r+1)!

>

Ve(X.y)

B Bt B

51 0r 41 11 31 21 21 3!+1! 4!+O! 5!

B 0 B 1 B 2 B 3 3 B 0 B 1 5
6!(_3X_+_2X_+_1X_ Box® ) y® o[ Brx®, Boxt|y®
31or 2r1r 1v 2r Qrn 31/ 31 11 Oor O 11/ 51
Xy XSY x4 v X5 v XYS xE YS x3 YS Y5 X}"E
=720 |- + - + - + - - +
720 72 48 120 T2 24 36 240 120
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18 Power Series with the signs of the terms inverted equidistantly

Formula 18.1.1
Forintegers N =2,3,4, -, k=0,1,2, -, suppose that the series f(z) and the split series f(k,Nn,z) areas

follows respectively.
@ = Xaz' =agz’+ayzi+az°+agzi+a 2t +-

f(k,n,z) = Ya, 2" =a,zf+ an+kzn+k+ a‘2n+k22n+k+ agn+k23n+k+---
r=0

Then, the series g( k,n,z ) in which the signs of the terms &, (4 an+k r=0,1,2, of f(Z ) are inverted is

o(kn.2) = - 2 (A (-2))
2sk 2s 2sk 2s
- %L"éfj[(—l) e vy ilen o))
Where, An = {14‘(—1)“}/2, | X | is the floor function.

18.2 Sign Inversion at 3rd order Intervals

Example 1 Sign inversion of exponential series at 3rd-order intervals
Original series

+—t—t—t—+—
1T 21t 31 41 51 @}

Series with inverted signs

1 2 3 4 5 6 o/
_1+Z_+Z__Z_+Z_+Z__Z_++_... e_ E{ e( 1) Z+ e(_l) Z}
1r 21 31 41 51 @} 3 3
g ﬁz

e
? 3«/—COS

-2/3
1_Z_+Z_+Z__Z_+Z_+Z__++... € %{( 1 =23 e( 1) Z+(_l)2/3 e(‘l) Z}

3"
z
% 2 (cos @Z —ﬁsin@)

N

=
N
w
I
o
o

N

==+
3y e’
1 2 3 4 5 _6 2
z- 2" 727 17 1 1 e- 2 a3 (-2 a3 o (-1) 32
TR BN S S LA + (-
1 1r 21 31 41 51 @} 3 3 {( D € be }
g 2 3 3
S (cos J_Z +4/3sin “/_Z )
3 34/ 2 2 2

Especially when Z2=1,

4cos(4/372)

1 1 1 1 1 1 e _
_1+F+E_E+Z+ﬁ_ﬁ++” =3 31/_ = 0.38216520--
R SO SO S SO S SR 2c0s(4/3/2)  2sin(+/3/2)

1T 21 31 41 51 6! 3 3[ @
= 0.63455111
PR S SR SO S S S - 2cos(4/372) . 2sin(4/372)
1T 21 31 41 51 @} 3 3J_ @
=1.70156550--
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Example 2 Sign inversion of Logarithmic series at 3rd-order intervals ( |z| < 1, z= 1)

Original series
i+ i+ _3+_4+ _5+£+i+... — _|o (1_2)
1 2 3 4 5 6 7 g

Series with inverted signs
1 2 3 4 5 6 7 1
_—t — - — 4+ —+ — - —+ —+-+- = - —log(1-z
172 37475 6 7 3109(1-2)

" %[log{l-(—l)mz }+log{1-(¢-1) 2%} ]

_i+ i+ i_i.{. i+ i_i++_... = _1'0 (1_2)
1 273 27576 7 309
2 ~ _
+ LD 0g{1-D %2} + (D logl1-(-1) 2} ]
i_ i.}. i+i_i+£+i_++... = _i'o (1_2)
1 2734 5767 309

* %[(_1)_4/3|°9{1‘(—1)2/32}+(—1)4/3Iog{1—(—1 23} ]

When z=1/2,
1 1 1 1 1 1 1 1. 49
et ——+—— 4t = Zlog— = 0.60412625--
12 222 323 42% 52° 625 72 3 8
1 1 1 1 1 1 1 1 8 3
- St sttt e Tt :—(Iog— —Zﬁarctani)
12 222 328 42* 52° @28 72 3 7 S
= -0.34055118-
1 1 1 1 1 1 1 1 8 3
St TSt T T et et =—(Iog— +2J§arctan£)
12 222 323 42 525 626 72 3 7 S

= 0.42957211-

18.3 Sign Inversion at 4th order Intervals

Example 1 Sign inversion of Binomial series at 4th-order intervals ( |z| < 1, z#1)

Original series

1
1t a3
2n 4

"+ Z+ Z + z +

mo, 50 , 7w, on . 1
n" en” Tgn’ onm° 12

11 1
- 6+ 31 7+... - ;
n 14n 1-z

Series with inverted signs

im , 31 , 51

7+ 7+
21" " 4n° el
1
2

-1+

Srewa =y
JD%7 1D

1 1
(«/1—(1)“’4 NERE )

1 n
=~ 75+ 1sit AL T
n 14n

(_ l) -2/4 .\ (_ l) /4 )
VI-CD%2 A 1-¢D %

P TR YT T YT

N
+
Mlw

Nk

1
2
1
2
, B . 7w, on . 1
12
1
2

—_—

1 1 1
Sl
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1 D™ DY
E( J-D™ A 1-D )
Bon e en g on
:i( ! ) 1( D™ ¥ )
2 m Jivz | 2 x/l—(—1)2’4z «/1—(—1)‘2’42
i (-1 -84 - 1)8/4
2(«/1(1)4’4 NEEN )
i 7 e
2\ V1 ) 2 ien? Vi
_1( D )
VI-CD%7 1
When 2=1/2,
g LMo 3m o sm 7w om ommo oW

221 224u 236m  2%gmn  2%10m 2%12m  2714m

n 31 5N 7n on 110 131
+ + + - + +
2lom  224m 2%sm  2%gn  2%510m 2%120m 2714n

1n 3N 51 71 on 110 131
- + + + - +
2lam  224n 2%sm  2%gn  2510m 2120m  2714n

1 1 1 2

_ﬁ_%-k E+§

Lo LM 3m 5w 7w oom omm 1M oo
2lanm 222m 2%sm 2%gm 2%10m 2%12m 2714nm

/12

2 e TN s

Example 2 Sign inversion of Logarithmic series at 4th-order intervals ( |z| < 1, z =1 )

Original series

1,2 .3 4 5 6 7 8
—+ —+ —+—+—+—+—+—+- = -log(1l-2)
1 2 3 4 5 6 7 8

Series with inverted signs

i LR S A S L LA A B log(1-iz)+log(1+iz)
— 4 —+ —-—+ —+—+-—- —+++- = arctanz +

1 2 3 4 5 6 7 8 2

1 2 3 4 6 .7 .8

z z z z z z z z log(1-z) +log(1+z)
et 4+ 444 = -arctanz -

1 2 3 4 5 6 7 8 2
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i N S A S 28 log(1-iz)+log(1+iz)
_ —F —+ —+ — - —+ —+ —+-++- = arctanz -
1 2 3 4 5 6 8 2
1 2 3 4 5 6 8
z z z z z z Z log(1-z) +log(1+z)
—_—t — - — 4+ —+ —+— - —+4 —++—+- = arctan z -
1 2 3 4 5 6 8 2
When z2=1/2,
1 1 1 1 1 1 1 1 1 15
ottt et et T T gttt = 5 log—- = 0.66087792
12 222 32° 42* 52° 62° 727 82 2 4
1 1 1 1 1 1 1 1 log3
- + + + - + + + —+++- = —arccot2 +log2 -
12 222 323 42% 52° 2% 727 828 2
= -0.31980657
1 1 1 1 1 1 1 1 1 12
ottt T s ettt = 5 log—— = 0.43773436
12 222 32° 42* 52° 62° 727 82 2 S
1 1 1 1 1 1 1 1 log3
to gttt et gttt = arccot2 +log2 -
12 22¢ 32° 42° 52° 62° 72" 82
= 0.60748864 -

Example 3 Sign inversion of exponential series at 4th-order intervals

Original series

A S z4_|_z5 A LA A

1+—+—+—+—+—+—+—+—+- =g
11 21 31 41 51 @1 71 81
Series with inverted signs
PR SN S SN SUNE S AU AR
Tt s T e e g T T e coshz —cosz
l_z_1+z_2+z_3+z_4_z_5+z_6+z_7+z_8_+++... =l 1 h 1
10 21 3 B el 78 - & -sinhz -sinz
1+Z_1_Z_2+Z_3+Z_4+Z_5_Z_6+Z_7+Z_8+_++..— zZ_ h +
10 21 31 a1 51 61 71 8t - & -coshz+cosz
1+Z_1+Z_2 Z_3+Z_4+Z_5+Z_6 2_7 Z_8++ +... = Z_ai h + 1
W21 31 a5 el v gy T e sz Asng
When z2=1,
ettt 1t 1 e —ecoshl 1= 0.63489888
T T I  aTm Ter T g T T ocoshi-cos1=0.
ottt L = —sinhl —sini = 0.70160965
T m e T g T TE sl =sint =0.
1+i i+i+i+i i+i+i+ ++ - — h1+ 1—1 71550350
W 21 3 e e g gy TP TETcoshLAeosL =L
1 1 1 1 1 1 1 B . L
l+F+E—§+Z+E+E—W+E++—+"' =e -sinhl +sinl = 2.38455162-
18.4 Sign Inversion at 5th order Intervals
Original series
Z1 22 23 Z4 Z5 26 Z7 Z8 Z9 ZJD 7
I+—+—+—+—F+—+—+—+—+—+——+- =g
11 21 31 41 51 @1 71 81 o1 101
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Series with inverted signs (x=1/2 )
1 1 1 1 1 1
+ + + +

1

1

1

- + + + -
12 222 32% 42* 52° 620 727 828 92° 102¥

1 1 1 1 1 1
+ + +

1

1

1

2
+tt— = glog 31 -log2
= 0.68044770-

- + - + + + +
12 222 32% 42% 525 626 727 828 92° 102°

1 1 1 1 1 1
+

1

1

1

—++++-- = -0.31215188

- + + + - + + +
12 222 323 42*% 52° 62° 727 828 929 102¥

1 1 1 1 1 1

1

1

1

+—+++- = 0.44087342

+ - + + + + - + +
12 222 323 42*% 52° 62° 727 828 929 102¥

1 1 1 1 1 1

1

1

1

++—++- = 0.60881807

1

+ + - + + + + - + F+
12 222 32% 42% 525 6285 727 828 92° 102¥

Note

It is possible to represent (1) m/n

F+—+-- = 0.66145422 -

(m ,n=123," ) in the formula with elementary transcendental functions

and radicals. However, in the case of the 5th order or higher, it becomes very complicated.
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19 Composition of Trigonometric Functions

19.1 Basic Formula and its Application

Inverse tangent function with two variables

The arctangent function with two variables is defined as follows.

tan'lB if a>0
a
tan‘lgﬂr if a<0 and b>0
b
_1__ -
ArcTan[a,b] = tan 3" if a<0 and b<O
+§ if a=0 and b>0
—g if a=0 and b<O

undefined if a=0 and b=0

Using an arctangent function with two variables, the composition formula for trigonometric functions can be simply written
as follows.

Formula 19.1.1
(1) Cosine representation

a cosd + b sind = 4/ a2+ b2cos(9-@)
(2) Sine representation

asind + b cosd = A/ a®+b?sin(9+@)
where, @ = ArcTan|a,b]

Special Values

cos@isinezﬁcos(6?+ ) : sin@icos@zﬁsin(ei%)

z
4

Formula 19.1.2

(1) Cosine representation

o
o
w
o
+

cos(A+B) +sin(A-B) = 2 cos( A-

cos(A+B) -sin(A-B) = 2 cos(A+

SN ESEN YRS N IS

\g/\;/v
o (@]
wn w
o
|

S NS ESRN YRS N N

ENJPN
(@)
o
w
- ~ o
o
+
ENJIN

sin(A+B) + cos(A-B) = 2 cos(A—
sin(A+B) - cos(A-B) = -2 cos(A+
(2) Sine representation

cos(A+B) +sin(A-B) = —23in(A+£ )sin(B—%)
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cos(A+B) - sin(A-B) = —23in(A—£ )sin(B+%)

sin(A+B) + cos(A-B) = Zsin(A+§ )sin(8+§ )

sin(A+B) - cos(A-B) = —25in(A—% )sin(B—%)

19.2 Recurrence Formula

Formula 19.2.2
a1 cos( O+¢y) +aycos( O+dy) = Aycos{(O+¢p,)+D,}
a;sin( 0+¢1) +aysin( 0+¢g,) = Aysin{( O+gy)+D,}
Where,
A, = «/azz +a? +2a,a,; cos( ¢1—p>)
@, = ArcTan[a,+ a; cos( ¢1—¢2) , assin( ¢1—¢2) |

Formula 19.2.3

a1 cos( O+¢y)+a,cos( O+¢,)+azcos( O+¢@s) = Agcos{( O+¢3)+ D3}

aysin( @+¢1)+a,sin( O+g,)+agsin( O+¢3) = Agsin{( O+¢3)+ D3}
Where,

Ap =a;

@ =0

Az = «/332 +AZ +2a3A,; cos( pr—g3 +Ds)

@3 = ArcTan[az+A,cos( go—pp3+D2) , Aysin( do—pp3+ D) |

Formula 19.2.n

%arcos(9+¢r) = A, cos{ (0+¢n)+D,}

%arsin(eﬂér) = Aysin{ (0+¢,)+@,}

Where,
AL =ag
@, =0

An = 4/3'n2 +Ar12—1+ 2an An_1COS( fn-1—Pn+Pn_1)
@, = ArcTan[an+A,_1C0S( #n-1—0n +Pn-1) , An_1SIN( Pr-1—Pn+Dn_1) |

Example: =0, a(x)=CD"r™, ¢(y)=ylogr (r=21,2~,6)

ZG D" *r¥cos(ylog r) = Ag(xy)cos(ylog6+Ps(xy))

X D rsin@log ) = AsGxysin(ylog 6+ P (xy))
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| show the source code and the result of formula manipulation software Mathematica for drawing 3D figures of both sides
of (6¢c). The left and right overlap exactly and look like spots.

a. & ¢y
ap [x_]:= (-1 ¢r_[¥_] :=yLog[r]

u & v (Left hand side)

n n
W[X_, ¥_, n_] t= > ac[x] Cos[ée[y]]  VIx_, ¥_, n_]:= ) a[x] Sin[dn[y]]
ral r=1

A, & ®, (Recurrence formula)

An [x_,¥y_1:=

If[n =1, ar (X1, Yan[x1? +Ans[x, Y17 + 230 [X] Ant [%, Y] COS[ns[y] - $aly] +Fos (X, ¥11 |

By [%_sy¥_1:= If[n=1, 8, ArcTan[an [X] + An.a [X, ¥] COS [dna [V] - én[¥] +Ena[%, ¥11,
Anea [%, Y1 Sin[@n.a [¥] - dn [¥] + Enoa [%, ¥1111]

tup & vy (Right hand side}

ull[x_: ¥_o I'I_] i= A, [xs Y] EOS[ﬁn [y'] + ﬁn[x, }']]
velx_, ¥_, n_] 1= A,[x, v] Sin[¢,[¥] + Zs[x, ¥11]

n=6 (drawing)
durmmy [x_, y_] := - 18

Plot3D [ {dummy[x, y], ulx, y, 6], up[x, ¥, 61}, {x, 8, 1}, {y, @, 27.3},
AxeslLabel -+ Autcmatic, PlotLegends - "Expressions”, ClippingStyle —+ None,
Plotstyle - {, , ColorData[96, 4]}, PlotRange -+ {-1.5, 4}]

19.3 Explicit Formula
Formula 19.3.2 (Trigonometric Polynomials )
n
c(0) = X arcos(O+¢) =Acos(0+@)
r=1

s(8)

Where,

glarsm( 9+¢r) =Asin(6+®)
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A= 4/ ( réarcosqzﬁ.r

@ = ArcTan[ 2. a,Ccosdy , 2 asin ¢r}
r=1 r=1

2 n 2
+ ( glarsinqbr) ( = A/ cA0)+s%(0) )

( =ArcTan[c(0),s(0) ] )

Formula 19.3.3 (Trigonometric Series )

c(0) = ilarcos(6’+¢r) =Acos(0+@)

s(0) = ﬁlarsin(9+¢r) =Asin(0+®)

2
1a,rsin ¢r) ( = A/ cX0)+s%0) )

( =ArcTan[c(0),s(0) ] )

Where,

A= 4/ ( réarcosqﬁr)2+

@ = ArcTan[ i arcos ¢y , 2. a,sin ¢r]
r=1

r=1

8

r

8 1

Example: a,(x) = (- *, 4(y) =ylogr , r=l~o

o (_13-1
c(6,x,y) :Zl%cos(éHylogr) =A(x,y)cos{@+d(x,y)} {=cr(0,x,y)}
r= r

o _ r-1
s(4,x,y) =Zl ( 12 sin(@+ylogr) =A(x,y)sin{@+d(x,y)} {=sr(0,x,y)}
r= r

Where,
AG,Y) = {e,x, 1))+ {5, x,)}?
o(x,y) = ArcTan[c(0 ,x,y) ,s(, x,y)]

When X =1/2, ¢(6,x,y), Ccr(@,x,y) are drawn in the 3D figure as follows. Orange is the left side and

blue is the right side. The mottled pattern indicates that both sides overlap.

BWcig 12 v) B crig.1/2,¥)




20 Series Expansion by Real & Imaginary Parts of Gamma Function
20.1 Taylor Expansion by Real & Imaginary Parts of Gamma Function & the Reciprocal

Formula 20.1.1 (Taylor Expansion of 7{z) )
When 712 is gamma function (Z =X+iy ), w,(2) is polygamma function, Bn,k(fl N PR ) is Bell polynomials

and u(x,y ),v(x ,y) are real and imaginary parts of /{Z ) , the followings hold for & = 0,-1,-2,-3, .

(Z a)s The radius of convergence is the distance
+
F(Z) F(a) Z CS(a) from a to the nearest singular point. )

o © r,2r
ugx,y) = 7@+ ch(a) (X a) * 2 2 Cond@) (XS ?) ((2)!

© r,,2r+l
V(le) = Z ZC2r+s+1(a) (X a) ( )

e st @r+D!

where,
n(@) = 7@ X B (V@) . Vi@ 1o poi@)  n=12,3,
0°=1

Formula 20.1.2 (Taylor Expansion of 1/7(z) )

When 712 is gamma function (Z =X+iy ), w,(2) is polygamma function, Bn,k(fl . P ) is Bell polynomials

and u(x,y ),v(x ,y) are real and imaginary parts of 1//(Z) , the followings hold for a # 0,-1,-2,-3, -~
1 1

8 (z— )
F(Z) ]—v(a) g S( ) IZ—aI < (1.2)
1 s o _a\$ r.,2r

1Y) = @y * Lo (Xs > & 40k (Xs ?) ((22)!

o 1) y2r+l
V(le) = ;0 ;OC2r+s+1(a) (XS !a) ((23+1)!

where,

@)=~ r( y ; E( D By (vd@) , ¥1@) ., ¥n1(@))
0°=1.

20.2 Laurent Expansion by Real & Imaginary Parts of Gamma Function & the Reciprocal

Formula 20.2.1 ( Laurent expansion of /{z) )
When /12)is gamma function (Z =X+i y ) l//n(Z) is polygamma function, Bn,k(fl , f2 ) e ) is Bell polynomials
and U(X,Yy ),V(X,y) are real and imaginary parts of /7{Z) , the followings hold for @ # 0,-1,-2,-3, -

1 o C s
=5 Sogs k<t

s=0 S*+1 s!

X o & Corps+1  X° ( )r 2r
- +

ux,y) X2+y2 EO; 2r+s+1 sl @n)!

Corest2 X5 (- 1)r 2t

2r+s+2 s1 QRr+1!

e = RS

where,

-72-



n

C = 2B oD v o, vna(D) n=1,2,3,
0°=1.

Formula 20.2.2 ( Laurent expansion of 1/71z) )

When /12)is gamma function (Z =X+i y ) l//n(Z) is polygamma function, Bn,k(fl , f2 ) e ) is Bell polynomials
and U(X,Yy ),V(X,y) are real and imaginary parts of 1//7Z) , the followings hold for @ # 0,-1,-2,-3, -

1 78

F( ) Z SCS l IZI < o
I © CDY
uy) =x+ 2 52:0(2r+s) Coris-15T ™~ @2r) 8
o o s ( l)r 2r+1
V(X y) =y + ;O go(2r+s+1) Corvs—¢ S! (2r+l)l
where,

= 2 ED Byl vaD o yna@®) n=12,3,

0°=1

Formula 20.3.1 ( Maclaurin Expansion of 7{1+z) )

When /12)is gamma function (Z =X+i y ) l//n(Z) is polygamma function, Bn,k(fl , f2 ) e ) is Bell polynomials
and U(X,y),V(X,y) are real and imaginary parts of /7{1+Z ), the followings hold for @ # 0,-1,-2,-3, -

. S
I+ =1+ ZCS% Ilz] <1
s=1 L
3 o XS o o X ( 1)!’ 2r
uGey) =1+ sglcs s! ; ;Cz”s st @2nN!
oA xS (_1)ry2r+1
V(X,y) - r;O S;()(:2r+s+1 S! (2]""1)!
where,
Cn = k;an’k( W((l) ’ Wl(l) LR} ‘//n—l(l)) n:1|2131
0°=1

Formula 20.3.2 ( Maclaurin Expansion of 1/7(1+z) )
When 712 ) is gamma function (Z =X+iy ), w,(Z) is polygamma function, Bn’k(fl . - ) is Bell polynomials

and U(X,Y),V(X,Y) are real and imaginary parts of 1/7{1+2) , the followings hold for & # 0,-1,-2,-3, .
1 @ 78

A - 1+ Elcsﬁ Iz] <
_ o xS o xS (_1)ry2r
) =1+ sglcs st " rglsgcz”s st (20!

V(X:y) = Z 202r+s+1

i

o

f

o

w
N
=

+
\>
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where,
Cn = él (_1)k Bn,k( l//({l) ' l//l(l) [IRIEN l//n—l(l)) n :11 2’ 3’
0°=1

Example: ( numeric calculation )

According the formula, 1/771+2) is expanded to Maclaurin series. The polynomial Bn,k(fl P ) is generated
using the function BellY [] of formula manipulation software Mathematica. The real and imaginary parts at 0.4+ 0_3i
are calculated, and the function value and the series value are compared respectivery. the series are calculated up to 10
terms. The results are as follows.

Unprotect [Power]; Power[6, 8] =1;

Tbly[n_, z ] := Table[PolyGamma [k, z], {k, &, n-1}]
cin_] := Z (-1)* BellY [n, k, Tbly¥[n, 1]]

k=1
s

m z
zZ.,m =1 c[s] —
glz_,m_] +§[]S!

m XS m m XS -1 rL.2r
ulx ,y ,m.] := 1+Zc[s] —+ZZC[2r'+s] —¢
5z=1 5! r=1s5=8 s! (2r')1
m m xs _1r' 2r+l
V[X ,¥y ,m] :=ZZC[2I“+S+1] —_— Ly
PR s! (2r+1)1!

1

N[{Re[eamma[1+a.4+a.3 1] ]’ u[e.4, -3, 19]}]
(1.17946, 1.17946)

! , v[0.4, 0.3, 19]}]

N[{Im[ ]
Gamma[l+6.4+6.31]
{©.0165836, ©.0165836}

The function value and the series value are exactly the same.
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21 Taylor Expansion by Real & Imaginary Parts around a Complex Number

21.1 Taylor Expansion by Real & Imaginary Parts around a Complex Number

Theorem 21.1.1 ( Taylor Expansion around a Complex Number )
Let f(Z) (Z =X+i y) be a complex function, u(x ,y) ) V(X ,y) are the real and imaginary parts. Further, let

Re , Im are symbols representing the real & imaginary parts. Then, if f(Z) is holomorphic in the whole domain D ,
the following expressions hold for arbitrary point (a b ) eD.

f(z) = if(s)(aﬂb)%tib)}s
U(X y) rzoooszo - ) [ [f(2r+s)(a+ib)] (_1)(r2(ry)—!b)2r

restly, - L. (—1)f(y—b>2“1}
—Im[ £ l(a“b)J (2r+1)1

r _h)Z2r
vy = rZOsZo(X a) [ [f(2r+s)(a+ibﬂ (_l)(Z(ry) !b)

r 2r+1
+Re[ f€D(a+ib) | (_1?2&:;))-) }

Where, 0°=1.

Theorem 21.1.2 ( Taylor Expansion on the Vertical Line )

Let f(Z) (Z =X+i y) be a complex function, u(x ,y) ) V( X ,y) are the real & imaginary parts. Further,
let Re, Im are symbols representing the real & imaginary parts. Then, if f(Z) is holomorphic in the whole
domain D , the following expressions hold for arbitrary point (a b ) eD.

GY 44
fariy) = £ 00 (o g iyb)):

- ) - r+1) .
® @n ; (2r+1) .
Where, 0°=1.
21.2 Example 1: sinz
Expansion around a+bi
sinz = Zsm a+|b+—) z (a+|b)}5
S (x-a)°* & (y-p)* . (y-b)*
u(x,y) =SZ:OS|n(a ) <1 er[COShbﬁ +smhbﬁ]

; . . _h2r _h)2r+l
v(x,y) :Sgocos(a+s7) (x - ;'J‘) rgo{sinhb _(2/2:)))! - +coshb .((yzrt:_)l)! }

Where, 0°=1.
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Expansion around b on the vertical line X =a

(a+|b+7) {(a-a) +i(y-h)}°

sin(a+iy) = Zsm

s=0 St
u@,y) :sinago[coshb % +sinhb (()/2%)12)”:}
v@,y) =cosa§o{sinhb % + coshb %}

Where, 0°=1.

21.4 Example 3: Dirichlet Eta Function
In this section, we take up Dirichlet Eta Function 77( Z ) , Which is defined by the following series.

S 1 1 1 1
— s-1_-zlogs —
@D =XCED e s — - = —
s=1 1 2 3 4
This function can be expanded to the Taylor series around any point on the complex plane. But of particular interest is

the expansion on the critical line X=1/2 and on the boundary X =1 of the critical strip .

Expansion around a +hi

n(z) = gon(S)(a-Hb)w

r _h)Z2r

N\ (v_ph)2r+l
- im[ @D (a+ib) ]£ 1?2511?!) ]

00

r _h)Z2r
vix,y) = ;OSZO(X ?) [Im[n(2r+s)(a+ib)] (—1)(2(ry) !b)

r+s+ . (_1)r (y_b )2r+1
+ Re[ 7™ (a+ib) ] (Zr+i)1 }

]

Where, 77(5)(2) =

s (- )”( )logst 0_
](1 )+(1) kzz;z pornl BN vl 0%=1.

Expansion around b on the vertical line X =a

€ +
n(a+ly)‘ZOM{(a a) +i(y-b))*

sl
o r) : Cr+d) :
o r) . 2r+1) .
V(a’y)zgo('l)r['m{ : (2(ra)+!lb) }(y'b)zrme{ ’ (2r+(i)+!lb) }(y‘b)m}

Where, 0°=1.

Expansion around 10000 on the critical line x =1/2
Array[cap, 101];
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Clear[a, b]; a=1/2; b=100608;
N[Series [DirichletEta[z], {z, a+1 b, 188}]];

Table[cyy [n] = SeriesCoefficient[%, n], {n, 8, 166}];

ufa_, y_, m_] := ) (-1)" (Re[cop[2r]] (y-b)?" -Im[cyp[2r +1]] (y-b)*")
r=@

V[a_, y_, M_] t= 3" (-1)" (In[cap[2F]] (y-b)*"+Re[cap[2F+1]] (y-b)?"7)

Plot[{u[a, ¥, 38], v[a, y, 38]}, {y, 9998, 18662},
AxesLabel - Automatic, FlotLegends - "Expressions”, ClippingStyle -+ None,
PlotRange -+ {-3.8, 3.8}, Plot5tyle » {ColorData[97, 2], ColorData[97, 1]}]

sat - ufa. y. 30)
— w(a, y, 30)
29L
) /\
10§ o NG 0002

-08F

_1 B L
_28 L

Five non-trivial zeros are observed in this interval, but the zero point near Y =10000 are as follows.

SetPrecision [FindRoot[u[a, ¥, 5], {y, 188808.1}], 15]
{y +10900.2653454145}

SetPrecision [FindRoot[v[a, v, 5], {y¥, 188868.1}], 15)]
{y = 19998.9653454145}

SetPrecision[Im[ZetaZero[18143]], 14]
19208.8653454145

The 10143 th non-trivial zero point is obtained by calculation of only 5 terms.

2024.03.18

Kano Kono

Hiroshima, Japan

Alien's Mathematics
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