List of Theorems and Formulas ( Dirichlet Series )
01 General Dirichlet Series & Power Series

Definition 1.1.1 ( General Dirichlet Series )
Let R be areal number set. Andlet o,t € Rand A4, € R , 4, < Ay41 n=1,2,3, .

When S=0o+it and &, are complex numbers, we call the following series General Dirichlet Series.

0

a e
n=1

Theorem 1.1.2

Let Dirichlet serie f(S)= Z a,e _ﬂns. And assume f(S) is convergent at S =S.= o+ ;i . Then
n=1
1. £(5) conwerges uniformly in |Arg(s-s;)| <6< % .

2. f(5) converges forany s=c+ti s.t. o>o;.

This o, is called the line of convergence. By convention, o, =00 if f(S) converges nowhere and o, =- if f(5)

converges everywhere on the complex plane.

How to calculate o,

log [as + 8+ + a|

n
1. When 2, a, is divergent, oz = limsup

k=1 n - oo /In

n . log |an+1 *tanpt aneg |
2. When E ay is convergent, Oc = thUp 1

k=1 n—oo n

Theorem 1.1.3 (Holomorphy)

AnS(

If Dirichlet serie f(8)= > a,e" s=o+ti) conwrges for o> oy,
n=1

f(s) is holomophic at & > 0. And the derivative of f(S) is given as follows.

) = (~DF X Aka, e S
n=1

Theorem 1.1.4 (Uniqueness)

Let two Dirichlet series are as follows.
f(s)= Elan eS| g@)= Zlbn g 4S
n= n=

If both are convergent in a certain domain and f(S) = g(s) holds at there, @, =b,, for n=1,2,3, .



02 Dirichlet Series & Logarithmic Power Series

Definition 2.1.1 (Ordinary Dirichlet Series)
When S,a, (n =1,2,3, - ) are complex numbers, we call the following Ordinary Dirichlet Series.

Theorem 2.1.2
When o,t are real numbers and f(S)= i an/ns (S =o+ti ) is Dirichlet series, one of the followings holds.
1. f(S) converges for arbitrary S . "
2. f(S) diverges for arbitrary S .
3. There exist a certain real number o, such that f(S) conwerges for S S.t. o> o, and f(S) diverges

for S S.t. o<ocg.

This o is called the line of convergence. By convention, o, = if f(S) converges nowhere and o, =—00 if f(S)

converges everywhere on the complex plane.

How to calculate o,

log |a, +a, + - + ay|

n
1. When Z a, is divergent, o = limsu
ok ¢ = umsup log n
n . log |an+1 tapit aneg |
2. When ), ay is convergent, O¢ = thUp
k=1 n oo log n

Example 1 p-series
1 1 1
Then,

n n
Ya=21=n
k=1 k=1

Since this is divergent,

. logIn]
o = limsup———— =1
c = mmsup logn

Example 2 Dirichlet Eta series
1 1 1
77(3):1-5 Tt
Then,
Ya= XD =10r0
k=1 k=1
Since this is divergent,
lorO 1
o = limsup 81t or O  Jogll
N logn - logn



03 Complementary Series of Dirichlet Series

Formula 3.1.1 ( Laurent Expansion of £(z))

When é’( z ) is Riemann zeta function, the following expression holds on whole complex plane.

(@ =5 S e S

_ _1\2 13
_ le -7 G-t @-D @-D

+
RGN B EEY
Where, }t is Stieltjes constant defined by the following expression.

(ogk)"  (ogn)™* ]
naw[ Z k r+1

Formula 3.1.2 ( Taylor Expansion of 7(z))

When77(z) =, (-1)"te™ 997 s Dirichlet eta series and % S$=0,1,2- are Stieltjes constants,
r=1

the following expression holds on whole complex plane.

77(2) =log2 + gl(_l)r{ |Ogr+12 ~ ril ( r )7/5(|0g2)r—3] (Z—l)r

r+1 $=0 rl
=IogZ—( I09222 _logi2 ) (21!1)l
(2 5
- ( iz %2 - 35l0g%2- 372I0g12) (z;!l)?’ T

Formula 3.1.3 ( Laurent Expansion of 1(z))

When A(z) = e™ 10927 -1 s Dirichlet lambda series and % §=0,1,2- are Stieltjes constants,
r=1

the following expression holds on whole complex plane.

1 +log2 1 g log™2 a2 -1)"
A@) = 2(z-1) + A 20g +E§1(-1)r{7/r+ %9 - (:);@(IogZ)r‘s}Q

r+1 s=0 r !

1 7 +1og 2
+

T 2(z-1) 2
%(71+ I09222 —yologlz)(zl—!l)l
+ %(72+ IO?:Z - nolog?®2 - 271I0912) (Z;—'l)z
%(73* Ioi42 - 01092 - 374 log 2 - 372I0912) (Z;—-l)g .

Formula 3.1.4 ( Taylor Expansion of #(z))

When B(z) =Y, (D' 1g 721092 i birichlet beta series, the following expression holds on the whole complex
r=1

plane.



-3 g e[ esor {3 3)) 2

r=0 r!
Where, }/,( a) is Generalized Stieltjes constant defined by the following expression.

& log"(k+a) log"™*(m+a) ]
k=0 k+a r+1

w@) = lim {

m — o

Formula 3.4.1 ( Taylor Expansion of 77(z) )

When 7(z) = Y, (-1 te™* 1998 is Dirichlet eta series, the following expression holds for a constant C
s=1

except zeros of 77( z ) .

s log"(s+1) @-c)'
@) = ; SZ( L (S+1)° rt
Where, o°=1.

Formula 3.4.1' ( Higher Derivative of 7(z) )

When 77 (Z ) is Dirichlet eta function, 77(”)(2) is the N th order derivative and % S =0,1,2- are
Stieltjes constants, the following expressions hold for Z such that Re(z ) >0.

o log"
ﬂ(n)(Z) — (_1)n 2 (_1)5—1izs n:O,112’
s=1
Where, 0° = 1.
Especially, when z =1,
I log™*2  nztfn
I s 2102 M) (og2)™ n=1,2,3,
n+l s=0 \ S
Example
1 1 1 1 2
1 2 4 2
Iog:]L _ Iog2 N Iog3 3 Iog1 I I092 - polog'2
log®1 log®2 log?3 log?4 log °2
?L _ 92 + 93 _ g4- F— = 93 - 70'09 2 - 271'09 2

Formula 3.4.2 ( Half Double Taylor Series )

When n(z) = >, (-1 r-1g72109" is Dirichlet eta series, the following expression holds for a constant C

except zeros of 77r(:21 )
@) = Z Z( 1" log®@r-s+1) (z-c)

=0 5=0 G-s+1)°  s!
Where, 0°=1.

The first few terms are as follows. As is expected, it is difficult to call this Taylor series.

01
ny = 0L O

log®2 @-¢)° log'l (z-c)*
~oc 0! T qc 11



0 RN 1 RN 2 RV
+IogS(z c)+log2(z c)+Iog1(z c)

3 0 2¢ 11 1¢ 21
log®4 @z-c¢)° log'3 @-c)' log?2 @-c)* log31 (z-c)°
o4 Ol T g 11 7 oc 21 T qc 31

When =0,z = X+i Y , both sides are illustrated as follows. The left figure is a real part and the right figure is an
imaginary part. In both figures, the left-hand side is orange and the right-hand side is blue.
Surprisingly, the opposite side of the figure in Formula 3.4.1 is drawn. That is, this foomula expresses the half plane on

the left side of the line of convergence.

I Re(nix+1y)) [0 Reinix+1iy. 0, 603 B Imingx+ 1y & Imingx+ 1y, 0. 607

Even more surprisingly, if the real and imaginary parts of both sides are drawn at C =1, it becomes as follows.

K Retyix+1y) [l Refnix+iy, 1,600 B Iminix+ 1y B Iminix+ Ty, 1, 607)

The line of convergence moved from X =0 to X =2. As the result of drawing variously, |found that the line of

conwvergence in this formula is movable and is X =2C .

Definition 3.7.0

When the function f( z ) is expressed with 2 series of functions on a domain D and the complement D respectively,
Y a @ zeD
r
f@) = _
2 b @ zeD
r

we call the series ¥ b (z) as complementary series of a series X, a,(z) -



According to the definition, we can see that Formulas 3.4.2 is example of complementary series in ordinary Dirichlet series.
In this section, complementary series in power series and general Dirichlet series are illustrated.

Example 1 Complementary Series of Binomial series

Binomial function is expanded to power series called binary series as follows.
0 a
A+zy = X z" IzZ|<1 (]z|=1is allowed at o >0) (7.1)
r=0\ I

When =42 , Z =X+Ii Y , both sides are illustrated as follows. The left figure is a real part and the right figure is an
imaginary part. In both figures, the left-hand side is orange and the right-hand side is blue. Since the convergence radius is
1, it is drawn according to the textbook.

I Retfix + i) [ Retgtx + iy, 100y K Imefex+ é vy Il Imegex + £y, 1003

On the other hand, according to Theorem 3.2.1 in " 03 Generalized Multinomial Theorem " ( SuperCalculus ),
this function is also expanded to series as follows.

Q+z2y = ( “
a-r

r=0

74" Iz]>1 7.1

When a=4/2 |, ifthe real part and the imaginary part of both sides are illustrated, it is as follows.

L Reffix+ iyy B Refglx + iy, 150n B Imgfex+ 6 yyy Bl Imegex + 6y, 1500

This time, the outside of the convergence circle |z| =1 is drawn. Then, we can see that (7.1") is complementary series
of (7.1).

Example 2 Complementary Series of Binomial Dirichlet series

According to " 01 General Dirichlet Series & Power Series ", a power series is easily converted to the general Dirichlet

series by the variable transform Z =€ s, First, if this is applied to (7.1) ,



SE_ R [ ) s -s
(1+e ) =) e |e |S1 (le®|=1is allowed at >0 ) (7.2)
r=0\ I
When aa=4/2 , S = o+it, ifthe real part and the imaginary part of both sides are illustrated, it is as follows.
In both figures, the left-hand side is orange and the right-hand side is blue. Since the convergence areais ¢ > 0

e

from 12> ‘e _Sl =e °, Itis drawn so in both figures.

I Re{ofo+1t, 2 || I Refg{o+it.¥'2 200]| W imiglo+ 16 V2| W Im{glo+ 1t 32 200])

Next, if the variable transform Z = e s applied to (7.1),
a @ a
=2 ( )e‘(”“r)S e8| >1 (7.2)

=0\ a—r

(1+e9)

When a=4/2 , S = o+it, ifthe real part and the imaginary part of both sides are illustrated, it is as follows.

In both figures, the left-hand side is orange and the right-hand side is blue. Since the convergence areais o < O

from 1< |e _S‘ =e 7, Itis drawn so in both figures. Then, we can see that (7.2") is complementary series of (7.2) .

I Refgfor+ it v 2| W Relgfu+it, v 2, 200]| W Im{glo+it v 2| W Im{glo+ itV 2, 200]]

If Example1 and Example 2 are seen, Formula 3.4.2 may not be surprising. However, these examples are very rare.
It is usual that the complementarity series of arbitrary series is not obtained easily.

Newertheless, in ordinary altemative Dirichlet series, it seems that the complementary series is easily obtained only by
expanding each temms of the series to Taylor series and reamranging it along the diagonal. This is a great surprise. Further,
the line of convergence is movable freely. The termwise calculus is easy. We can treat it almost like a Taylor series

It looks promising as a tool for various purposes.



04 Absolute Value of Dirichlet Eta Function

Definition
Dirichlet Eta Function 77( Z ) is defined in the half plane Re{7(z)} >0 as follows.
(_1)I" 1
n@) = Z

Squared Absolute Value of Dirichlet Eta

Squared absolute value of Dirichlet eta function is

g, y) = [ 7G|

This is a real-valued function with two variables. And it is shown in the figure as follows.

[al?

In the left figure, dents are observed along X =1/2 and X=1. The right figure is a view of the left figure from the bottom.
We can see that zeros of 77(2 ) are located in two lines along X=1/2 and X=1 .The zeros on the X=1/2 correspond

to the zeros of QV( z ) function and the zeros on the X=1 are 17 specific zeros. On the other hand, there is no zero on the

x=0.

Expression of Squared Absolute Value by Series

Squared absolute value of Dirichlet eta function | 77( X,Y ) | 2 is expressed as follows.

Formula 4.3.2
When 77( X ,y) is the Dirichlet Eta Function,
o )r+s

nxy)2= 3 5 <

r=1 s=1

cos(ylog%) { ==g(xy) }

Theorems at Zeros

Theorem 4.4.0
When 77(X,Y ) is Dirichlet Eta Function, if 7(a,b)=0,

ii(_l—)mcos(blog%) = ii(_;)msin(blog%) =0

r=1s=1 (rs)? r=1s=1 (rs)?
Theorem 4.4.1
When 77(X,Y ) is Dirichlet Eta Function, if 7(a,b)=0,
o (=)' r+s
Egcos(blogi) Z ( D sm(blogi) =0 forr=1,2,3,
s=1 (rs)? r s=1 (rs)? r



Corollary 4.4.1
When 7(X,Y ) is Dirichlet Eta Function, if 77(a,b)=0,

i )scos(blog ) i )ssm(blog—) 0 for r=1,2,3, -

s=1 s=1

Corollary 4.4.1"

When 77(X,Y ) is Dirichlet Eta Function, if 77(@,b) =0, the following expressions hold for arbitrary real number & .

Z G )Scos(blogs+¢9) Z GO

s? s?

sin(blogs+6) =0

Theorem 4.4.2

When 77(X y) is Dirichlet Eta Function and C(T ) is arbitrary real valued function, if 77(a b ) =0, the followings hold.

erSZl( He (C( )) cos(blog—) erSZl( Hre (C( )) sm(blog—) =

Partial Derivatives of Squared Absolute Value

Formula 4.5.1 ( First order Partial Derivatives )

When squared absolute value of Dirichlet eta function is

g(xy) = 55 >)”Scos(y.og | (=)

r=1s=1

The 1st order partial derivatives are givern as follows.

= _222( 1)”5( Ry cos(ylog—)

r=1s=1

g, = 222X1y“(3)mﬂym@—)

r=1s=1

Formula 4.5.2 ( Second order Partial Derivatives )

When squared absolute value of Dirichlet eta function is

(- D 2
55D "aos(yiogS ) (= n0ey)?)
r=1s=1 (rg)*

The 2nd order partial derivatives are givern as follows.

= 233 (-D'

g(x,y) =

logrlogs +log %

cos(ylogi)
p

r=1s=1 (rs)*
—2§§(4y“951m(ww3) ( =gy)
r=1s=1 (rs)x r >

logrlogs - log ’r

gy= 200 (-D™

S
cos|ylog—
r=1s=1 (rs)* (y 9 r )

Theorem 4.7.1 (g(x,y ) and g,(x,y))
Let real valued function with two variables g( X,y ) ) gx(x Y ) are as follows respectively.
(_ )r+s
)

r=1s=1 (rg)X

g(x,y) =Y COS(ylog ) { =In(x,y)I2}



g(xy) =22 2 1)”5 COS(ylog )
(rs)*

r=1s=1
Then, when (@,b) is a zero of Dirichlet eta function 77( X,y ) ,
(1) b is the common root of g(a,y) =0 , g.(a,y)=0.
(2) b is at least a multiple root in both g(a,y) =0, g,(a,y)=0.
(3) g(a,y) and g,(a,y) are almost symmetric with respect to the Y -axis.

g and g, on the critical line ( Red point is b)

10] — J':;"y'%"m:]

QKl::lj. V.

~20}

From the above, the following hypothesis is obtained, which is equivalent to the Riemann hypothesis.

Hypothesis 4.7.5

When 77(X y) is the Dirichlet eta function on the complex plane, the following inequality holds.

+ Og O0<x<1/2
=-2 res cos( lo )<O for
9x(xy) r21521( D s\ yea y>3

-10-



05 Split of Dirichlet Series

Definition 5.1.0 (Basic Split)

When we can create positive or negative term series Ak (k=1, 2,m ) by choosing the terms from the K th term

(k=l, 2,-m ) with (m=1) skipping in a series, We call this a basic M -split (or simply m -split ).

Formula 5.1.1
Let é( n,z ) be Hurwitz zeta function, l//n( z ) be polygamma function, and Riemann zeta series é( n ) and the m -split

series Ak are as follows respectively.

(=3~

L 1
Ac= X——— k=12, -~ 'm
r=0 (mr+k)"
Then, the following expressions hold for k=1,2, - ,m.
0 1 1 k -D" k
I S VOSSN
=0 (mr+k) m m m"(h-1D! m
L
_ D" /"0 t"le m it
m'(-D!Jo 1-¢

Formula 5.1.2
Let §( n,z ) be Hurwitz zeta function, l//n( Z ) be polygamma function, and Dirichlet lambda series /1( n )

and the m -split series Ak are as follows respectively.

e 1
AQ) = X ———
r=0 (2r+l)n
© 1
A= 2 k=1,2, - m
r=0 (2mr+2k—1)”
Then, the following expressions hold for k =1,2, -, m .
@ 1 1 2k-1 -1)" 2k-1
SRS S W= F S RN E=
=0 (2mr+2k-1) @m) m cm)'(n-D! m
2k -1
- t
1 o tn—le 2m
S / —dt
@m)"'(h-1)! Jo 1-e
Example1 Three-split of 1(3)
1 1 1 1 1 1 1 1 1
AB=1+—+—+—+— + + + + + +- = 1.0517997
< 3 5 7 9 11° 13 15% 177 193
The three-split is as follows.
_ 3
A= 1 P T S ‘//l(l) _ 182(R)+44/3 7
70 138 198 6° 21 6 6° 21
= 1.0036855

-11-



= 0.0389555

11 1 1 1 3\ 140
27 23 o3 3 T a3 31 V1 6] T a3
¥ 98 1588 21 6321 6321
— _ 3
poLt.t 1,1, .- 1(§)2182§(3) 4437
55 118 178 233 6° 21 6 6° 21

= 0.0091587

Example2 Four-spilit of £(2)
1 1 1 1 1 1 1 1

1
D =1+—+—+—+—+— +— +— +— + —— +-
‘@ 22 3 4% 52 6 77 8 9% 10?

=1.6649341

The four-split is as follows.
1 1 1 1 1 7 +84(2)
= + — 4+ — 4+ —— 4+ = — | =— =
R I 4211 Wl( 4) 4211 1.0748331
A—i+i+i+i+...— 1 (E)—L =0.3084251
2T 22 g2 102 142 21 "N\ 4) T sz ]
4 —
32 72 112 15?2 4211 4 4211
1 1 1 1 1 ( 4) 7
Ap=—F+—+— +—— 4+ = il >4 | = ———
42 g8 122 162 4211 4 6x42 11

Definition 5.5.0 (Composite Spilit)

Composing fewer m series from the basic N-split series is called composite M -split .

Example1 Composite 2-split of 1(3)
Dirichlet lambda series A(3) split into basic 3 series.

11 1 .
A1:1+_3+_3+_3+ = L
7?13 19 =0 (6r+1)>
1 1 1 1 S |
A, = — _  — _ = Z
2738 93 158 213 =0 (6r+3)°
1 1 1 1 S |
A= — + + + doo= Y —
58 113 17® 23° =0 (6r+5)°

AB) =A T At Ag
There are the following 3 combinations in composing the series Aq , Ay , Az into 2 series.
AL+ (Ax+Az) , At (Ar+Az) , Ag+(AL+AY)
These are as follows.
AL+ (A +A3)
1 1 1 1 1, 182£(3)+44/37°
7 13 19% 25 313 6° 21
1,1 1 1 1 196(()-4y37°

= 0.1588675

= 0.1028084

¥ 5 9 113 158 173 6221

-12-



1 1 1 1 1 14503
a, = — +— + + = —=>Z
33 9% 158 213 273 632!
a2 - 1 + i + i + 1 + 1 + 1 - M
5 7 112 133 17 6° 21
Ag+ (AL +A)
S SR S S B _182¢(3)-44/37°
U3 113 178 238 203 63 21
3
a_2 =1+ i + i + i + i + i - 1964(3)-'-4\/37[
¥ 7B 9 13 153 6221
Example1 Composite 2-split of Madhava—Leibniz series
Madhava—Leibniz series (1) ( = 7/4) is as follows.
1 1 1 1 1 1 1 1
+ - + —+

D=1-—+ +
e gt 5t 7t 9ot 11t

The possible composite 2-split are:as follows.

ajq = 1—i+i— L + L L +- :ﬁ( 2+1)
7t ot 15t 17t 23! 8
Split 1
a _ 1 1 + 1 1 + 1 + _ 72'( 2 1)
12 — 4 —_ - - - s -
3 5t o171t 13t 19t 21t 8
A =a;1-a
ap, = 1—%+i1— 11+ 11 11 +- —ﬁ—ﬁln( 2-1)
3t 9t 11 17 19 8 4
Split 2
a22=i—i+ t 1,1 I £+—21n( 2-1)
5t 7t 13t 15t 21t 23t 8 4

B =az +ay

-13-



06 Reflection Spilit of Dirichlet Series

Formula 6.1.2 ( Polygamma Reflection Formula )
When ,(Z) (n =1,2,3, ) is the Polygamma function, the following expressions hold.
2n-1
Yon-1 @+ wono1(U-2) = -7 17701 cot(7z)

2n-2
Van-2@= yon2(1-2) = -7~ 5 cot(72)

Definition 6.1.3' ( Restrictive )
(1) Let Dirichlet lambda series A(2n ) be
1 1 1 1 1 1
A(2n) =1+ + + + + + +
32n 52n 72n 92n 112n 132[‘1
When this series is split as follows, we call this reflection M -split of Dilichlet lambda series.

e 1 1

a = >t > k=1,2,-m
=0 [ (4mr+2k-1)="  (4mr+4m-2k+1)-"
a;ta,+ ~+a, =A(2n)
(2) Let Dirichlet beta series £(2n-1) be
1 1 1 1 1 1
ﬂ(Zn—l) =1- + - + - + e

32n—l 52n—l 72n—l 92n—l 112n—l 132n—l

When this series is split as follows, we call this reflection M -split of Dilichlet beta series.

o 1 1
a = (DY -
=0 [ (4mr+2k-1)""1  (4mr+4m-2k+1)>"?

aptat - +a, =p(2n-1)

Formula 6.1.4 ( Reflection Split of Dirichlet Series )

The sum of reflection split series 8, in Definition 6.1.3" is given by the following expression.

(1) For Dirichlet lambda series A(2n ) ,

Vs d2"-1
a = - ()P 211 22 cot( zz) - k=1,2,,m
4m
(2) For Dirichlet beta series A(2n-1) ,
ay = CD"x ¢ cot( zz) k=1,2,-,m
(4m)?Y(2n-2)1 dz?"2 okl
am

Theorem 6.1.5

The sum of reflection split series 8, in Definition 6.1.3" is the spcial value of elementary function

Example1 Reflection 2-split of 1(2n)
A(2n) =1+ N B S S S T
32n 52n 72n 92n 112n 132n

-14-
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The reflection 2-split is as follows.

1 1 1 1 P g2t
1+ 2n + 2n + 2n + 2n + = 2n( ) 2n 1C0t( ”Z)
7 9 15 17 87(2n-1)" dz°" 1/8
1 1 1 1 1 P g2t
ot + + + o = = cot( zz)
3" 520 1120 132 197" 82"(2n-1)1 dz>"*? /8
When n=2
4
+
PR ST S SO SURNY o €1 L 2D P
1 74 9* 154 17 3072
1 *(16-
N P S (16-1142) = 0.01406758545
2734 54 114 13* 197 3072
Example2 Reflection 2-spiit of S(2n—-1)
on 1) < 1 1,1 1,1 |
ﬂ( n- )_ - 32n_l 52n—l B 72n—l 92n—l - 112n—l 132[1—1 -

The reflection 2-split is as follows.

1,2 1, z il cot( zz)
_ _ —_ = T
72n—1 92n—1 152”—1 82“—1( 2n _2)! dz 2n—2 1/8
1 1 1 1 P g2
_ _ + - +—- = - COt( 7[2)
32n—1 52“-1 112n—1 132”-1 82n—1( 2n _2)! dZ 2n—2 3/8
When Nn=3
5
1 1 1 1 1 80+574/2
R - V2) _ 4 900568
75 95 185 175 23 49152
1 1 1 1 1 1 5(80-574/2
aZ:—(—E——5+ - - 5+_...>:”( “/_)=-0-0037989
¥ 55 115 135 19° 21 49152
Example3 Reflection 3-split of (2N -1)
1 1 1 1 1 1
ﬂ(2n—1)=1—21+21—21+21— o1 T -1
321 g1 721 g2n-1l qq20-1 0 qg20-
The reflection 3-split is as follows.
1 1 1 1 -2
- a oot o ot T T2 17r d2 ZCOt(”Z)
11271 132n-1  og2n-1  opg2n- 12" (2n =21 dz°"" 1/12
1 1 1 1 P 422
_ + - e = cot( zz)
32[‘]—1 92[‘]—1 152n—l 212n—l 122!’]—1( 2n _2)! dZ 2n-2 3/12
1 1 1 1 P g2
D R e A T T oz 2 ZCOt(”Z)
g2n-1  72n-1  q72n-1 1 g2n- 12" (2n-2)1 dz" 5/12
When N=3
1 1 1 1 1 5(305+1764/3
P S S S S S i V3) _ o.9999964
11°  13° 23° 25° 35° 186624
1 1 1 1 57°
(X1, _ + | = 2T = -0.0040994
3 9 158° 215 27° 33° S8/5248
1 1 1 1 1 1 5(305-1764/3
11, _ + - R V3) 0.0002608
5° 75 17° 195 295 31° 186624
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Algebraic Solvability of Reflection Split

Formula 6.4.1 ( Trigonometric Reflection Formula )
For natural number N and k=1,2,3,-,n =1, the following expressions hold.

cos% = %{(—1)%— (—1)1_%} : smﬁ = Zii{(—l)%+(—1)l n }

Corollary 6.4.1
For natural number N and k=1,2,3, ,n =1, the following expressions hold.
k k
—_ 1__
kz i{—ln——l n} kz 2i
cot— = ( )k ( ) K , CSC— = K
n 2 1-— n £ 1-—
D"+EDH T D"+EDH T

Theorem 6.4.2 ( Algebraic Solvability )

The sum of reflection split series 8 in Definition 6.1.3" is expressed with addition, multiplication and rational powers,
except circle ratio 7 .

Example Reflect 7-split of £(3)

1 1 1 1 1 1
PR =1-—+—"— - —+— -+ 4.
33 52 77 9 112 133

The reflection 7-split is as follows.

1 27

23-{_ 28, E}
1_1+l_1+1_1+_m=_27rl(1) -1

272 293 55° 573 833 283 { 1 2}3
(—l) 28 + (_1) 28

El 2
1 1.1 1 1 1 __“)z 3i{(—1)28—(—1)28}
3® 25% 31° 533 59 813 283 { 3 25 }3
(_1) 28+( 1) 28

23{ 28 28}
1 1.1 1 1 1 - _ 2 (1) D

52 23 33° 513 613 79° 283 {

( 1)28+( 1)28}

2
1 1,1 1 1 1 {(—1)28 2}

- + - 4 =
72 21 35° 493 633 773 ) 283 {

( 1)28+( 1)28}
19
2_

1 1 1 1 1 1 2273 {( 1) 28 - }

- - + - + - N —

93 19 37° 47® 65 75° 283 { 9 _9 }3
-2+

1 1.1 1.1 1+_.)_ {(1)28 (1)28}
113 17 39 45 e67° 73° 283 { 11 }3
DB+(¢D*®
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138 15 413 438 69° 713 283 { 13 _5}
D B+(-1) %

5
23{ 28 _ 2_}
1 1.1 1.1 1. _ 2 (1) 3

Reflection m2" -split of Dirichlet Series

Formula 6.5.1

When T, is Chebyshev Polynomial of the 1st kind, the following expressions hold for natural numbers m, k.

Ck-Dr ( 7[) . Ck-Dr k-1 ( . 7[)
COS———— =Ty 1| COS— ) sin——— = (-1 Tok_1| SIN—
- 2k-1 - - GCD Tk -
Formula 6.5.2
The following expressions hold for natural number N .
1
cosin = E«/2+«/2+q/ 2+~~+4/5
2
(n-1)-nests

sin% = %«/2-«/2“/ D+taf2
cos— 1 «/2+«/2+\/ 2+ + 3
sm——l«/z 1/2+q/2+ -+ 3

’ «/ 2o 2en 20wy 2213
5.2"

n -nests

Cos =
n -nests
.7 1
sin = q/ q/2+«/2+ +Al 2
52"
Theorem 6.5.3
The sum of reflection split series a k=1,2, - ,2n in Definition 6.1.3' is expressed with addition, multiplication and
the nested radical of 2, except circle ratio 7 .
Corollary 6.5.3
(1) The sum of reflection split series ay k=1,2, - ,3'2n is expressed with addition, multiplication and the nested
radical of 2 and 3, except circle ratio 7 .
(2) The sum of reflection split series 8, k=1,2, - ,5-2" is expressed with addition, multiplication and the nested

radical of 2and 5, except circle ratio 7 .

Example 1: Reflection 8-split of 1(2)
Dirichlet lambda series A(2) is
/1(2) _1+i +i +i +i +i +i +.
3 5 77 9 117 13?

The reflection 8-split is as follows.
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1 1 1 1 1 72
a;= 1 + + + + + + =

312 332 63> 65° 957 256( 2-4/ 244/ 244/2 )
1 1 1 1 1 1 2
e e e i et i
32 292 352 612 672 93 256(2-4/244/2-4/2 )
1 1 1 1 1 2
Q3= St ot o h ok~ 4o = 7
52 272 372 592 692 o1 256(2-4/2-4/2-4/2 )
1 1 1 1 1 2
= St ot St Tt T =
72 252 392 572 712 89 256( 2-4/2-4/24+/2 )
1 1 1 1 1 2
= S+t St Sttt = 7
9 23 41 55 73 87 256(2+4/2— 2+ﬁ)
1 1 1 1 1 1 2
Bg= —5t —5 t—s ot =t 4o = i
11 21 43 53 75 85 256(2+4/2— Z—ﬁ)
1 1 1 1 1 1 2
a7= —5 t— t o bk e = 7
132 192 452 512 77 83 256( 244/ 244/ 2-4/2 )
1 1 1 1 1 1 7l
ag = + + + + + 4+ =

152 172 477 49® 79 812 256( 244/ 244/ 244/2 )

A(@2) =a;+ta,taz+ - +ag

Example 2: Reflection 6-split of S(3)
Dirichlet beta series S(3) is

1 1 1 1 1 1 1
PO=1- St - St G T e e
3 5 7 9 11 13 15
The reflection 6-split is as follows.
1 1 1 1 1
a; = 1 - + - + - +—

23 253 47° 49 718

(56+394/2+324/3+234/6 ) 7°

6912
3
2 = _(_55__ 1,1 1.1 1 +_“_) _ (-4-342)x
32 218 27 45° 51® 693 6912
1 1 1 1 1 1
dz = —_— - + - + - +-
52 19 203 43® 53 673
_ (56-394/2-324/3+234/6) °
- 6912
( 1 1 1 1 1 1 )
a4=— —_— - + - + - +-
72 17° 31° 41® 55 653
_ (56+394/2-324/3-234/6) 7°
- 6912
3
2 = 11 .1 1 1 1 (-4+34/2) 7

98 158 338 398 573 633 6912
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112 13® 35 37® 598 613

_ (56-394/2+324/3-234/6 ) 7°

6912
aptat - +ag = SO
Reflection m2" -split of 1(2)
Dirichlet lambda series A(2) is as follows.
/1(2):1+i+i+i+i+i+i+
32 52 72 9% 117 13
If 2-split, 4-split, 6-split, 8-split and 10-split of this are calculated, it is as follows.
2-spilit
a;, = 1 + 1 + + 1 + 1 + 1 4+ = 7
L= IS 7
72 92 1582 172 232 16(2-4/2)
NN S SR S S SR S 7z’
Sy = 7
32 52 112 132 192 217 16(2+4/2)
4-split
1 1 1 1 1 2
a;= 1 + St St TSttt =
152 172 312 332 47 64(2-4/ 2+4/2 )
S SR S S SR S S 7’
,= — .=
32 132 192 292 352 452 64(2-4/2-4/2)
SR SR S S S S S 7’
R .=
52 112 212 272 377 432 64(2+4/2-4/2)
S S SR SN S S S z°
f= =+ = -
72 92 232 252 392 412 64(2+4/2+4/2 )
6-split
1 1 1 1 1 72
a;= 1 + + + + + i
232 252 477 492 717 144(2-4/2+4/3 )
a, = + 1 + 1 + 1 + 1 + 1 +. = 7
R .=
32 212 272 452 512 692 3216(2-4/2)
SR SR S S S S S 7
gz — .=
52 192 292 432 532 672 144(2-4/2-4/3)
SRR S S SR S SR S z°
, = .=
72 172 312 412 552 652 144(2+4/ 2-4/3 )
ac = + L + L + L + L + L +. = 7
R .=
9> 15° 332 392 572 632 3216(2+4/2)
1 1 1 1 1 1 z?
ag = + + + + + 4+ =

112 13%> 352 372 59 617 144( 244/ 2+4/3)
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Where, @y, as are 1/3times the reflection 2-split series of 1(2) .

8-split

a; =

dy =

1+1

1
+

1

1
+

1

317

1
+

33

1
+

63
1

65°
1

952
1

292
1

352
1

612
1

672 *

1

1

+
277

1
+

+
37°

1
+

592
1

692 *

1

917
1

252

1
+

39

1
+

572
1

712 *

1
+

1
+

232

1 1

417

1
+

552
1

732
1

87°
1

+
112 212

1 1

43
1

532
1

75°
1

+ -

932 "

892 *

+ -

852 ’

1

13

1 1

192

452

1

517 "

1

1

777

+
83°

1

152

172

472

49

792

81°

412

792

812

1192

43?

77

832

1172

452

752

852

1152

477

732

872

1132

497

712

892

1112

512

692

912

1092

532

672

932

1072
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2
_ T

 256(2-4/244/ 2442 )

2
_ T

) 256(2—«/2+«/2—VGE)

2
T

256(2-4/2-+/2-4/2 )

2
T

256( 2-4/2-4/ 2442 )

2
T

256(2+4/2— 2+VGE)

2
_ T

) 256( 2+4/ 2- z-vﬁi)

2
T

256( 244/ 244/ 2-4/2 )

2
T

256( 244/ 2+4/ 2+4/2 )

o R A e

400(2—4/2+4/ 2+l_T‘/E )

5216(2-4/2)

400(2-«/2:/ 2+1‘T‘/E )

400(2—4/27—[4/ 2+1+T‘/E )

400(2+4/27—T4/ 2+1+—;/E )

S pe=



1 1 1 1 1 1 2
ag = + + + + + =

T
+ - -
152 252 552 52 952 1052 5216(2+4/2)

1 1 1 1 1 1 2
ag = + + + + + +.. =
172 232 572 632 972 1032 1-4/5
400 | 2+ 2+ 2+T
1 1 1 1 1 1 2
ap = + + +

_ T
102 212 592 612 992 @ 1012 | G
400 | 244/ 244 24242

Where, @, as are 1/5°times the reflection 2-split series of 1(2) .

Remark

The denominators are not rationalized purposely. If this expression is used, the sum of each split series is determined

by the combination of + and — in the nested square roots. However, in 6-split and 10-split, it is impossible to represent

all the sums with only these combinations. Interestingly, the shortags are filled up by reflection 2-split series of /1(2) .
So, the following thorem holds.

Theorem 6.6.1

Let P be a prime number greater than 2 and reflection 2p -split series @, of A(2) are as follows.

00 1 1
a = 2 + } k=1,2,,2p
2 2
r=0 | (8pr+2k-1)- (8pr+8p-2k+1)

3.1+ a.2+ -+ azp = 2(2)

Then, following expressions hold.
2 2

T T
Ay = , Q341 =
2 p216(2-42) 2 p216(2+4/2)

Example: 14-spilit

S S SN S SRR S SRR 7?
Y772 492 632 1052 1192 1612 7216(2-4/2 )
1 1 1 1 1 1 2

ap = + + + + + =

T
+ - -
212 352 772 912 1332 1472 7216(2+4/2)
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07 Zeros of p-series

Formula 7.1.1
The following expression holds for the Riemann Zeta Function é/(Z) (Z =X+i y) .
o 1 1 1 1 1
@DQ=X—==7Z+5+ 5+ +- x>0, x=1
=1 g2 12 21 3z 4?7
Proof
1 1 1 1 1 1 1 1 2
(D=1 =| —-—+—-—+—-—+— | [| —-—= x>0 ,x#1
1- 21—2 12 22 32 42 52 @ 12 27
When this is calculated by hand,
1 1 1 1
—t ottt
- 2 3 4
1 2 1 1 1 1 1 1
——— | ==t ==t =t
- 22/ 1 2 3 4 5 &
1 2
1__ 2:
1 1 1 1 1
—t =t ="t
22 3 4 5 &
1 2
24
1 1 1 1 1 1
—t—t—=-—t—-—+--
3 4 5 & 7 5
1 2
3_' 'f;:
1 1 1 1 1 1 1
—t—————t— -
4~ 5 & 7 B & 10
1 2
4__ E::
1 1 1 1 1 1 1 1
—t - - -
5 6 7 g= 9 10 11- 1z

Convergence Acceleration of p-series

Formula 7.2.1ri ( Knopp Transformation )
When the real and imaginary parts of Riemann zeta function {(X ,y) are g’r , Cf, respectively, the following expressions

holdfor X >0 , x = 1.
K k-s K\ cos(ylog s
A m( ) e
G151 (g+1) s s

k-s ( k ) sin(ylog s)

S s*
Where, ( is an arbitrary positive number.
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The 2D figure on the critical line X=1/2 at 0 <y < 30 is drawn as follows. The left is the real part and the right is

the imaginary part. In both figures, blue is the left side and orange is the right side.

— et +17)

;
, af’..2.30) Do - __
ravE VG 20 p3 30 °

Vo _ 9 \ / \ , — mfe{1+y) v

5 10 15 20 25 07 :
_1/ . a{:.v.2.30)

The differences between the p-series and Re{ {(1/2+iy)}, Im{{(/2+iy)} arelarge where Y is small,
but the p-series approache Re{(1/2+iy )}, Im{(1/2+iy)} quickly where Y is large. And, they approach
Re{d w/2+iy)}, Im{(1/2+iy)} indefinitely as |y | increases.

Zeros of p-series
The 1-st zero point

The imaginary part on the critical line X=1/2 at 0 <y < 30 is drawn as follows. Blue is the left side and orange is
the right side.

ravr w15 20 # 30

Al ek

N 7>, v.2.20)

The 1-st zero of é’( 12+i y ) coincides with the 2-nd uphill zero (red dot) of the imaginary part. So, when the zeros on

both sides near Y =14 were calculated, the significant 4 digits were obtained. But no better approximation was obtained.

The 80-th zero point

The imaginary part on the critical line X =1/2 at 200 <y < 205 is drawn as follows. Blue is theleft side and orange
is the right side, but both sides overlap exactly and blue (left side) is not visible.

2E||1 * 2|le2 2E||3 2E||4 2E||5
1t
— el i)
Hl ﬂ{g,yj,QOO)
_3L
_4t
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The 80-th zero point of é’( 12+i y ) coincides with (perhaps) the 81-th uphill zero point (red dot) of the imaginary part.

So, when the zeros on both sides near Y= 201 were calculated, the following significant 15 digits were obtained.
1
Setprecision[FindRoot[ci[—, v, 1, 200] Ly, 201}] , 16]
2
{y—>201.2647519437039}

SetPrecision[Im[ZetaZero[80]], 16]

201.2647519437038

Conclusion

At present, we must consider Formula 7.2.1ri as an asymptotic expansion in the critical stip 0 <X <1.

However, the calculation accuracy increases as the imaginary part Iy | of the independent variable increases.
As of 2004, the first 10 trillions on the critical line are known to satisfy the Riemann hypothesis.

Since the imaginary part |yr| after the10th trillion are very large, Formula 7.2.1ri is sufficiently useful even in the critical

strip O<x <1.
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09 Power Series of Riemann Zeta etc by Real & Imaginary Parts
In the following, 00 =1.

Formula 9.1.1 ( Maclaurin series of 7(2) )
When the Dirichlet eta function is 77(2) ( Z=Xx+iy ) , the following expressions hold on the half plane Re (Z) >0

1@ = 3 3 Dog*(1+1) 2L

s=0 t=0

C WV VR t r+s (_1)SXS ( l)r 2
Re{n@)} = rgo Sgo t:20(—1) Iog2 (t+1) Sl @n!

) o o . N (_1 SyS ( )r 2r+1
Imin@} = -2 2 2 CD g () = S e T

Formula 9.2.1 ( Maclaurin series of ,B(z) )
When the Dirichlet beta function is ,B(Z) (z=x+iy ) , the following expressions hold on the half plane Re (Z) >0

p@ = % 5 -Dllog?(2t+1) DL

s=0 t=0

E QB _1)SyS r.,2r
Re{f@)} = X X tgo(—l)tlogz“s(zm) ( ?. X ((22)|

. ~1)S x5 ry,2r+l
Im{B@) = - % X X(-D'log™"(2t+1) ‘ s)' ((2r)+1)!

Formula 9.3.1 ( Laurent series of g(z) )
When the Riemann zeta function is ;’(Z) ( Z=X+iy ) and Stieltjes constansts are %, $=0,1,2, -,

the following expressions hold on the whole complex plane except Z =1.

1 9 -DE-D°
é’(z):ﬁ+27/sw

s=0 s!
_ x-1 0 D -1D° D'y
Re{{@)} = —(X—1)2+y2 + r;o SZ=072”5 X Y
o 00 — r.,2r+l
M@} = ——L—— = 3 3 joraens CD'G-1)° D'y

(X—1)2+y2 r=0 s=0 sl Cr+1)!

Formula 9.4.1 (Taylor series of (z-1)¢(2))

When the Riemann zeta functionis ¢(z) ( Zz=X+iy ) and Stieltjes constansts are % $=0,1,2, -
the following expressions hold on the whole complex plane.

(z-1)gz) =1 - élsys_l(-l)s#

D (x-1)°

® S(yv_1)\S £_1\"y2r
Re{(z-1)(2)} = 1- Bop— CD(x-1)° D'y

s! (2r)1

||Mg

5 3 (2r4) st

L NS (v _1)\S 1\ 2rtl
Im{(z-1)Az)} = X X (2r+s+1) pop4s GD (X 1) D'y

r=0 s=0 st (2!’ +l) 1
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10 Dirichlet Series & Taylor Series

Abstract

(1) Dirichlet series can be converted to Taylor series within its convergence area.

(2) If the coefficients of the Dirichlet series and the center of the Taylor expansion are limited to real numbers,
the Taylor series for each real part and imaginary part can be obtained.

(3) Hyperbolic functions are represented by finite or infinite General Dirichlet Series.

10.1 General Dirichlet Series & Taylor Series

Definition 10.1.0 (General Dirichlet Series)
When R is areal numberset, 4, € R s.t. 4, <A1 1=1,2,3, and a; are complex numbers,

we call the following series General Dirichlet Series.

f@ = ilate‘“
t=

Formula 10.1.1 ( General Dirichlet Series ---> Taylor Series )
When a function f( Z ) that is holomorphic on domain D is expanded into a general Dirichlet series,

the following expression holds for arbitrary complex numbers Z,C belonging to the convergence area.

f(Z) Zate—/hz — E Ea e—Clt ( ﬂ, )S (Z C)

s=0 t=1

Example1 cothz -1

cothz-1 = 22e-2” =Y 3 2e2e(o2r) ) (Z C)

s=0 t=1

Example2 tanhz -1

1=32(-D'e? = 3 3 2¢-D'e? (20"~

s=0 t=1

s(z C)

tanhz

Example3 cschz

cschz = ize-(z“l)z = ﬁ ﬁZe (2-1){_2p-1) ) L= (z c)
t=1

Example4 sechz

22( 1)t 1,-(2t-1) i i 2(- )t 1, -¢ 2t-1){_(2t_1)

s=0 t=1

sech z

N}
M

Formula 10.1.2 (Taylor series by real & imaginary parts )
When f(Z) Z at e‘“ (Z X+Iy ) is general Dirichlet serie, U,V are real and imaginary parts of f(Z)

and C ,d; t= l 2 3 * are arbitrary real numbers, the following expressions hold in the convergence area.

f(Z) EO i ae C/h( ) )s (Z C)
2r+s (X_C)S (_1)ry2r

Ms

uG,y) = 3 3 Yae ™ (-4)

r=0 s=0 t=1 S: ! (zr) !
R SRR ea (g y2rese1 (K- 0)® D'y**
R T R 7Y
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10.2 Finite General Dirichlet Series & Taylor Series

Formula 10.2.1 ( Finite General Dirichlet Series )
When a function f( z ) that is holomorphic on domain D is expanded into a finite general Dirichlet series,

the following expression holds for arbitrary complex numbers Z,C

f@) = E ae M? = 2 23. e~ (=4 )SL(DS

s=0 t=1 s!

Example1 coshz

_ 31 iy —c(-1 s @-¢)°
coshz= Y Se D= ZZ—ec( M- 1)}5—!

t12 s=0 t=1

=

Example2 Sinhz

2 (-D? t-1
sinhz = Y —— ™ D'z = Z Z D 1) o—oC- 1){ - l)t}s (Z C)

t=1 2 s=0 t=1

Formula 10.2.2 (Taylor series by real & imaginary parts )

When f(Z) Z ai€ Az (Z X+Iy ) is finite general Dirichlet serie, U,V are real and imaginary parts of f(z)

and C ,dt t= l 2 3 * are arbitrary real numbers, the following expressions hold.
_ $ Y s @ —c)°
f@ = Z Yae " (=A) 1
s=0 t=1 S

S r+s -c)° _1r ar
ulx,y) = ;O Eoglate-cm(_ﬁt)z (XS!C) ((22));

EERSEE SRR —CAt (_ g \2r+s+l x-c)’ (_l)ry2r+1
V(X1y) - gszzot;late ( ﬁ“t) sl (2r+1)!

10.3 Ordinary Dirichlet Series & Taylor Series

Definition 10.3.0 (Ordinary Dirichlet Series)

When Z,a, (n =1,2,3, - ) are complex numbers, we call the following Ordinary Dirichlet Series.
aa a A, as ay
+ — + +

R e T -

Formula 10.3.1 ( Ordinary Dirichlet Series ---> Taylor Series )
When a function f( z ) that is holomorphic on domain D is expanded into a ordinary Dirichlet series,

the following expression holds for arbitrary complex numbers Z,C belonging to the convergence area.

1@ =22 =5 5 % log oD

Example: Dirichlet Eta Series

n@) = » =2 D = i t( log t)S(ZS_—C)

t=1 t? s=0 t=

[y
(L]
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Formula 10.3.2 (Taylor series by real & imaginary parts )

When f(Z) = Z at/t ( z —x+|y ) is ordinary Dirichlet serie, U,V are real and imaginary parts of f(Z)

and C,a; t= l 2 3, - are arbitrary real numbers, the following expressions hold in the convergence area.

f@ = ZO gl % (-log t)s—(Z _!C)S

s=

o o i 1 r.,2r
G = 5,3, 5 T clood ™R

o o . s l r.,2r+l
vy = X3 tEl - Clogy™™ (Xs : > ((2r)+1)!

Example: Dirichlet Beta Series

§0) = 5, 5 E0foiog(ar-a)

s=0 t=1

SRS 1 —c)S ry2r
ux,y) = r;o EOFZl(( L 1) {-log(2t-1)}2™ (Xsf) ((22)!

3 3 3 r+s+ ( - )S ry2r+l
eN=2na ((2 o s (oa(2-) TR ((2r)+1)!

10.4 Finite Ordinary Dirichlet Series & Taylor Series

Formula 10.4.1 ( Finite Ordinary Dirichlet Series ---> Taylor Series )
When a function f( z ) that is holomorphic on domain D is expanded into a ordinary Dirichlet series,

the following expression holds for arbitrary complex numbers Z,C belonging to the convergence area.

(@ =% =3 5 Clog o)
= oo s!
Example a, = (-1)™ ,n=6

1)'[ 1

- w 6 £—1\1 _~)S
@ =50 — =5 5 0 gy &P

s=0 t=1
Formula 10.4.2 (Taylor series by real & imaginary parts )
n
When f(Z) = Z at/tz (Z :X+iy ) is finite ordinary Dirichlet serie, U,V are real and imaginary parts of f(z )
t=1

and C ,a; t=1,2,3, - are arbitrary real numbers, the following expressions hold.

Q=3 %(—Iogt)s—(zs_f)

s=0 t=1

v w s 1 r.,2r
oo = 33 8 S crogp™ 2,

o w e Y 2r+1
v(x,y) = r;o Eoé%(—log )2 ' (XS !C) ((Zr)+l)!
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Example a, = (-1)"™*t ,n=2

Finite ordinary Dirichlet series is

t- 1
@=52— (=55 =12
Taylor series by real & imaginary parts are
@ = zz DT ) L Clog )(zs_'c)
- V¥V 2 (_l)t_lt 2r+s (X_C)S (_1)ry2r

oY) = 2 2 2 = o Clogh st @n!

W w2 (=1 t—1 - 1D’ 2r+1
R P

2024.03.22
Kano Kono

Hiroshima, Japan

Alien's Mathematics
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