List of Theorems and Formulas ( Infinite-degree Equation )

01 Power of Infinite Series

1.1 Multiple Cauchy Product

Formula 1.1.1 ( Multiple Cauchy product of infinite series )
The following expressions hold for two or more convergent infinite series.
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Formula 1.2.1 ( Multiple Cauchy product of power series )
The following expressions hold for two or more convergent power series.
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1.2 Power of Infinite Series (Part1)

Formula 1.2.1 ( Power of infinite series )
The following expressions hold for convergent infinite series.
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Formula 1.2.2 ( Power of power series )
The following expressions hold for convergent power series.
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1.3 Power of Infinite Series (Part2)
The following two formulas are important for simplifying the expressions in the below sections.

Formula 1.3.1 ( Power of infinite series )
The following expressions hold for convergent infinite series.
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Formula 1.3.2 ( Power of power series )
The following expressions hold for convergent power series.
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02 Infinite-degree Equation with Integers as Roots

Symbols used in this chapter
In this chapter, l//r(Z) is the polygamma function, Br,k(fl , f2 ) e ) are Bell polynomials, ¥ is Euler-Mascheroni

constant and &, , b, are the following constants.
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2.1 Infinite-degree Equation with Integers as Roots (Part1)

Formula 2.1.1
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2.2 Infinite-degree Equation with Integers as Roots (Part2)
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2.3 Infinite-degree Equation with Imaginary Integers as Roots (Part1)

Formula 2.3.1
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2.4 Infinite-degree Equation with Imaginary Integers as Roots (Part2)

Formula 2.4.1
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2.5 Infinite-degree Equation with Square Roots of Integers

Formula 2.5.1 ( Infinite-degree Equation with Square Roots of Positive Integers )
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Formula 2.5.2 ( Infinite-degree Equation with Square Roots of Negative Integers )
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2.6 Infinite-degree Equation with Square Numbers as Roots

Formula 2.6.1 ( Infinite-degree Equation with Square Numbers as Roots )
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Formula 2.6.2 ( Infinite-degree Equation with Negative Square Numbers as Roots )
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03 Vieta's Formulas in Infinite-degree Equation

3.1 Properties of Infinite-degree Equation
(1) Fundamental theorem of algebra does not hold generally.
(2) Vieta's Formulas does not hold generally.

(3) Roots of an infinite-degree equation with rational coefficients are not algebraic numbers generally

3.2 Vieta's Formulas (Part1)

Formula 3.2.1 (Vieta's Formulas)

Assume that a function f(Z ) on the complex plane has zeros Z7,Z5,23,24, " andis completely factored as follows.
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Then, f(Z ) is expanded to a power series as follows.
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3.3 Vieta's Formulas (Part2)

Formula 3.3.1

Assume that a function f(Z ) on the complex plane has zeros 71 ,Z2,23,Z4, and is incompletely factored as follows.
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Then, (2 ) is expanded to a power series as follows.
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Formula 3.3.2
Let g“(z ) be the Riemann zeta function, l//r(Z ) be the polygamma function, Br,k(fl ) f2 ) e ) are Bell polynomials,

¥ be Euler-Mascheroni constant and «, ,a, are the following constants.
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Formula 3.3.3
Let A(z) be the Dirichlet lamda function, 1/ (Z ) be the polygamma function, Br‘k(fl i P ) are Bell polynomials,

¥ be Euler-Mascheroni constant and /3 , @, are the following constants.
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3.4 Infinite-degree Equation with Real C oefficients

Definition
When the function f(Z) defined in the domain D satisfies

f(z) =f@ zeD

we say that the f(Z) has complex conjugate property. (Z denotes the conjugate complex number of Z )

Theorem 3.4.1
If ay (k=0,1,2, ) are real numbers in function f(z) = D ay Zk, then f(Z) =f(z).
k=0
Corollary 3.4.1

When ay (k =0,1,2, - ) are real numbers in the infinite-degree equation 2 ay Zk = O,
k=0

if Zg is theroot, Zg is also the root.

3.5 Vieta's Formulas (Part3)

Formula 3.5.1 ( Infinite-degree Equation with Conjugate Complex Roots )
Assume that the function f(z ) on the complex plane has zeros z; = X, tiY, , Yk =0 (k=1,2,3,) andis



completely factored as follows.

o Z 0 2X, 7 22
k=1 Zk r=1 Xp+Ye X tyr

Then, f(z ) is expanded to a power series as follows.

f@) = 1+azt +a,z2 +agz> +azt +--
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Corollary 3.5.1 ( Infinite-degree Equation with Conjugate Imaginary Roots )

When an infinite-degree equation
1+a_1zl +a222 +a3Z3 +a4z4 + =0

has the roots Z, = iy, , Yy #0 (k=1,2,3,~ ) andis completely factored by these roots,
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3.6 Vieta's Formulas (Part4)

Formula 3.6.1 ( Infinite-degree Equation with Conjugate Complex Roots )
Assume that the function f(z ) on the complex plane has zeros z; =X, iy, ,Yx# 0 (k=1,2,3,)

and is incompletely factored as follows.
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Then, f(Z ) is expanded to a power series as follows.
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Especially, C; ~ C4 are represented by a faster formula as follows.
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Corollary 3.6.1 ( Infinite-degree Equation with roots whose real part is 1/2)

Assume that the function f(z ) on the complex plane has zeros z =1/2+iy, ,y#0 (k =123, )
and is incompletely factored as follows.
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Then, f(Z ) is expanded to a power series as follows.
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f@) = L+cyzt +cz2 +cgz° +c2t +-
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Especially, C1 ~ C4 are represented by a faster formula as follows.
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1 = o 1 2 1 2
t VDY > >
r=lr=r+1\ 1/4+y., /4+yy,
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1
1/4+y}

2
e 1
T
ri=1 1/4+yr1

1

(1/4+yr21> ( 1/4+yr22)



04 Sum of series equivalent to the Riemann hypothesis
4.1 Factorization of -z2£'(1-2)

Formula 4.4.1 ( Factorization around 0)

When y is Euler-Mascheroni constant, é( Z) is Riemann zeta function and the non-trivial zeros are

Xptiy, Nn=1,2,3,, the following expression holds.

y 2 2 2XnZ
[ (Iog2—1——)z w0 Xn Z Z 2, .2
_Zé/(l_z): 5 3 5 e 2 1- 2n 2+ . . eXn+Yn
I{@-z)2} n=1 Xntyn  Xatyn
4.2 Maclaurin Expansion by Stielties Constants
Formula 4.2.1
When 5( VA ) is Riemann zeta function, the following expression holds on whole complex plane.
o S)-1
-z¢@-2) =1- X o1 z° 2.1)
s=1 -

Where, )5 is Stieltjes constant defined by the following expression.

" (logk)® (Iogn)“l]
{k;l k - s+1

% = lim

n —oco

4.3 Maclaurin Expansion by Hadamard Product
Let 1,(Z ) be the polygamma function and @, , by, C, N=1, 2,3 are as follow respectively,

}

1 3 1 .3 3
Q=S Wl 5] o+ 2T gy | Yol )l S

, af%{wg’(g)ﬁwz
|

1 y\1 _ 1 7 \? — 7 \3
=gy [fo02-1-5 |, bo= 5y lo02-1- 2 |7 by= 5y 10g2-1-7 |
1 2X1 ? @ 0
=0, =-52|—5— +22—’
2 rn=1 )('_21+yr21 rn=1 Xr21+yl’21
l © 2X1 3 0 2)(1 0 20 0 0 21()( 1+X 2)
C3:_§2 2_r2 t2 2Ir2'2 2, 2 2 X T 2Ir 2r 2
= X tyn =X+ Y T X Y r1:1r2:r1+1(Xrl-'-yrl)(Xr2+yr2)

Then,
~26(@-2) =1 +z%(a;+b,)
+72%(aythytcytaghy )

+ 23( ast b3+C3+a.2b1+ b2a1+02a1+C2b1) (3.0
+

Coefficients of the 1st, 2nd, 3rd degree
Comparing Formula 4.2.1 and (3.0), we obtain the following formula.
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Formula 4.3.1
When ¥ is Euler-Mascheroni constant, }5 is Stieltjes constant, l//n( Z ) is the polygamma function and non-trivial zeros

of Riemann zeta function are X,+iy, N=1,2,3, ", the following expressions hold.

_ 1 3 Y
-7 = E%( E) +log2-1-3

2 2 0
w1 (3) 1 [ 2X, =2
-n=5 -l 5|52l 5|t S
172 an 71 2 2 1 x2+y2

o [ 2Xp, o 2K, o 0 © o 21 (X, * X,

— 2 - 2 - = 2 2 2 2
ri=1 Xr1 + Yri ri=1 Xr1 + Yri ri=lr=r;+1 ( Xr1 + Yri )( Xr2 + Yr2 )

4.4 Proposition equivalent to the Riemann Hypothesis

Proposition 4.4.1

When J; is Stieltjes constant, l//n( Z ) is the polygamma function and non-trivial zeros of Riemann zeta function are

1/2+iy, r=1,2,3, -, the following expressions hold.

=1 1 1 3

X———  =p-Slogrt Sl 5 (4.14)
r=1 :]_/4+yr 2 2

oo 1 2 3) 1 3

2 S| = 7§+27o+271-|097r+t//o(—)-—l/fl(—) (4.15)
r=1 1/4_.{.yr 2 4 2

00 1 3 3
2 ( 2 ) = 15 +376 +630+651+3pn+ — 12 -3logz
1/ 2

+ 3 E _ E ( E ) +i E 4.1
Yo > 4 V1 2 16 Y2 > (4.13)
Numerical Calculation

When we take 20,000 zero points Y, on the critical line and calculate (4.1,) ~ (4.13) using the formula manipulation

software Mathematica, the results are as follows respectively.

¥s_ i=StieltjesGamma[s]; ¥, [p_] := PolyGamma[k, p]; V¥, := Im[ZetaZero[n]]

1st degree : L 1 1 3

f1m_] 1= Y ———— 8L i= yo- = Log[n] + = ¥ | ]
r=1 1/4+yr2 2 2 2

N[f1[26060]] N[gl]

9.0230167 9.0230957

Both sides match up to 3 significant digits.

2nd degree
m 1 Z 2 3 1 3
f2[n_] 1= > —] B2 i= %o  + 2% + 21 - Log[n] +¥a[ =] - = ¥a[=]
“1/484y2 27 4 "2
SetPrecision[f2[2060606], 10] SetPrecision[g2, 15]

0.0000371006364 0.0000371006364
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Both sides match up to 9 significant digits.

3rd degree . 1 5
s 32
r=1 1 / 4 + yr'

3 2 3 3 3 3 1 3

B3 =% +3%  +6% + 6% +3 %o vs+ =¥ -3Log(n] + 3% [=| - =i [ =] + —u [ =]
2 2 4 2 le 2

SetPrecision[f3[208808], 16] SetPrecision[g3, 24]
1.436778602886916 x 1877 1.436778692886918 x 1077

Both sides match up to 15 significant digits. The reason that this number of digits does not reach 27 is probably due to

the low calculation accuracy on the right side.

2024.03.24
Kano Kono

Hiroshima, Japan

Alien's Mathematics
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