18 Power Series with the signs of the terms inverted equidistantly

In "|16 Split of Power Series|", the function representing the split series extracted equidistantly from a power series
was shown as a formula. This formula was a little less interesting on its own.

Recently, however, | have noticed that the signs of the terms of original series can be inverted equidistantly using this
formula as a tool. So, in this chapter, we present it as a new formula and show some examples.

18.1 Formula and Verification Method
First, we reprint the formula used as a tool from " 16 Split of Power Series ".

Formula 16.2.1 ( n-split ) ( reprint)
Suppose that the function f(Z) is expanded into a power series on the domain D as follows.

f@ = Yaz" =a,z%+a, 2 +a,z%+azz%+a, 2"+
r=0

And let the n-split series f(k,n,z) k=0,1,2,--,n-1 are as follows.
fO.n,z) = Zof'innozwO =agz’+a,z"+ap, 22" +ag, 2>+
r:

nr+l 1 n+l 2n+1 3n+l

f(n,2) = Y ayz =12 tapZ T tageaZ  tagZ o Tt
r=0

00
_ nr+2 _ 2 n+2 3n+2
f2n.2) = X ay22 =a,2% + app 2"+ a2+ Agnen
r=0
4n-1

Y nr+n-1 _ n-1 2n-1 3n-1
f(-1.n.2) = ¥ anrin-1 2 =@paZ Ttz gz tag?
r=0

Then, the following expressions hold for N = 2,3,4,- ,k =0,1,2,- ,n-1.
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Where, A, = {1+(1)"}/2, | x| is the floor function.

Sign inversion of power series at equal intervals
Using the above formula, we derive the following formula that equidistantly inverts the signs of the terms of power series

Formula 18.1.1
Forintegers N =2,3,4, -, k=0,1,2, -, suppose that the series f(z) and the split series f(k,n,z) are as

follows respectively.
_ _ 1 2 4
f@ = Xaz' = agz’+a, 2 +a,z°+azz>+a,zt +-

2n+k 3n+k

nr+k _
f(k,n.z) = Z Anr+k 2 = ay Z *an .k Z + Aon+k Z + Azn+k Z

Then, the series (K, N ,z) in which the signs of the terms &, ;+ 2" r=0,1,2, of fZ) are inverted

is given by the following expression.
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Where, A = {1+(—1)n}/2, | X | is the floor function.
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Proof
The desired series g(k,n,z) is given by
gk,n,z2) = f@) - 2f(k,n,2)
So, substituting f(k ,n ,Z) in for the right-hand side, we obtain the desired expression.

Example
When
1 2 3 4 5 6 7 8
_ Z Z Z Z Z Z Z Z
f(z)—1+ﬁ tortartawterTer tor tar
2 5 8 11 14
z z z z z
f(2,3,2) = j + ﬁ + ﬁ + m + m +-.
from these,
1 2 3 4 5 6 7 8
Z Z Z Z Z Z Z Z
90@3D) =1+gr ~Srtartar “er ter tar e v
1 z1 Z2 23 4 z5 6 7 8
ttm Tt tamtam Te T T
72 ;5 /8 ;11 ;14
-2 — + — J—
! 51 8! 111! 141
=f@@) - 21(2,3,2)
Verification Method

In the case of the above example, we perform the following calculation using formula manipulation software Mathematica.

Sgnr_[k_, n_] :=If[Med[r, n] ==k, -1, 1]

200 zr‘
gs [k_s n_,z_] := ngnr[k: n] —
r

r=9

e 2 as3 13273 as3 1y 258
g[(2, 3,2 ] i=s —-— ((_1)- 3 -1z (-1) 3 o (-1 z)
3

N[{gs[2, 3, 1], g[2, 3, 1]}, 18]
{1.7@1565508 , 1.701565508 + 9. x 197 1° 11}

Sgn,(k,n ) is afunction that starts from the K th order and inverts the sign at N th order intervals. Multiplying this
by each term of the series, the sign inversion series gS(k,Nn,z ) is created. g(k,n,z) is the corresponding function.
Computing the series value and the function value respectively at the appropriate value Z =1, we confirm that they are

equal.
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18.2 Sign Inversion at 3rd order Intervals

Suppose that the function f(Z) is expanded into a power series on the domain D as follows.
-\ — 0 1 2 3 4
f@ = rgoarzr =agz ta,z ta,ztazzitazt

From |Formula 18.1.1], the function g(K,3,2) with the signs of the terms a3+ 73k (k=0,1,2) inerted is

g(k,3,2) = —f(z) + —{,13(- D*f-2) } Az = {1+(D3}/2
25 2z 2 2
2'3’2'[(—1) D ren S ien )

If this is written for each kK =0, 1,2,

00032 = 31@ - 2[H{CDP2} +{ (D))
013D = 5@ - 2LEDPHEDP2) + CDPH D P2}
0232 = 31@) - 2[D™HEDP2} + DY D %2}]

Example 1 Sign inversion of exponential series at 3rd-order intervals

Original series
1+ Zl+22+23+z4+25+26+~~~ =g’
ET TR TRV T TR I
Series with inverted signs
1 2 3 4 5 6

£,z T . Z I I _ e 20 P, (D
ot Tt ate et T 3 3{ Te |
: 4 3
S cos“/_Z
3 /et 2
1 2 3 4 5 6 z
Al S A A A _e 2 o (1) 273 1) P2
R R e TR - et S (N HEDTe }
e’ 2 «/_ «/_
3 +31/_ cos —/3sin~——
eZ
1 2 3 4 5 6 z
z z z z Z Z _e 2 -4/3 ( 1?3 43 (-1
L TSt Tt ar S et T g LD + D }

z
e, 2 (cos“/gz +ﬁsin€z)

Especially when z=1,

1 1 1 1 1 1
Lt mtar e e o = 0-38216520

1 1 1 1 1 1 _
Lottt atErter tr = 0-63456111
1 1 1 1 1 1
Yo atertar e te ot = 1-70156550+

Example 2 Sign inversion of Logarithmic series at 3rd-order intervals ( |z] < 1, z =1 )

Original series



1 2 3 4 5 6 7
z z z z z z z _
B R T R S-S A -log(1-2)

Series with inverted signs

LA S AU A S AU SRS IR
1Tt 2 3t ats5 et 7t T ~3glud-n
2
+ 5 llog{1-D¥%2} +10g{1--1) ™72} ]
1 2 3 4 5 6 7
Z z y4 y4 Z y4 y4 1
STt e taoatste o7ttt T -3zled-n

+ 21D PPlog{1-¢-D%2} + -D?log{1-¢-1) 2} ]

i_ i+ _3+i_£+£+i_++... = _1|0 1-z
1 27372 57677 = ~3log-2)
2 ) B}
+ 3LED™Pog{1- D72} + D log{1- -1z} ]
When 2=1/2,
1 1 1 1 1 1 1 1. 49
++ = 3log—- = 0.60412625

+ - + + - + +- = —
12 222 328 42*% 52° 620 727 3
1 1 1 1 1 1 1 1 ( 8 A3 )
- + + - + + - ++- = | log= - 24/ 3 arctan—(—
12 222 328 42*% 52° @20 727 31997 V3 5
= -0.34055118--

1 1 1 1 1 1 1 1 ( 8 A3 )
- + + - + + -++- = | log= + 243 arctan—(—
12 222 32% 42* 52° 628 727 31997 V3 5

= 0.42957211




18.3 Sign Inversion at 4th order Intervals

Suppose that the function f(Z) is expanded into a power series on the domain D as follows.
— — 0 1 2 3 4
f@ = r;OarzIr =apz ta,z ta,z-tagzta,z +-

From [Formula 18.1.1], the function g(K,4,2) with the signs of the terms 84+ 74tk (k=0,1,2,3) inwrted is

4-2
00.42) = 5@ + 2 {WEDMED ) Aa = (14D /2

214/2)

_2sk 2s 28k _2s
-2 LD e T o) e 7))
s=1
If this is written for each k =0,1,2,3,

f@Q+i¢) D) +H{ D72

g(04,2) = 5 >
) f{ (_1)4/42} + f{ (—l)'4/4z}
2
gLazy = OTCD D (‘1)2/42};(-1)2/4f{ GO
D EDY) + D D)
2
0azy = 1QIED  CDTHEDT) + CDTHED ™)
D EDY )+ CDYH D)
2
0@a7y = 12D D (‘1)2/42};(—1)6/4f{ D)
) (_1)—12/41:{ (_1)4/42} + (—1)12/4f{ (_1)_4/42}
2

Example 1 Sign inversion of Binomial series at 4th-order intervals ( |z] < 1, z%1)

Original series

im o, 3w , 500 5 70, o9n . 1w o 13 .1
ot taut tent tgnt Ton tout tmnt T T A,

1

Series with inverted signs
1M, 30, 50 . 70 , 9m . 1m , 130
outtzu? e’ “gu’ Ton’ "ou’ funt

[ nT  ——
2\ V17 Vi) 2\ Y1-p%2 N 1-(D
YR N
g ( VI-CDY2 A 1-¢D™ )

1M , 30 , 500 5 700 , oW . 110 , 131
w2 *zut*eul *gu? oul Toul tgul Tt

e el B b ewe
12 V12 ) 2\ J1-¢D?% {1-D?%

-1 —ttt

N~



1 ( o™, »*” )
2\ V1-D" V1-D™
i o, 3m , 510 o 70, 9nm . 111 131 .
ouw? autten? teul ton? ul? tan? vt
_1 ( 1 1 ) 1( (GO (GO )
2\ W1z Vi )] 2\ J1-? J1-cn %
l( (_ l)—8/4 .\ (_ 1)8/4 )
2\ V1-D" V1-D™
i o, 3m , 510 o 70, 9n . 111 131 .
w2t aul eul tgul toul Tl qaul Tt
B 1( 1 1 ) i( (_1 -6/4 (_1)6/4 )
2\ W1z V1w | 2\ J1-?* J1-cn %
l ( (_ 1) -12/4 N (_ l) 12/4 )
2\ J1-D% J1-CcD ™
When 2=1/2,
1] 1 1 11 11 11 11
-1+ i + st + Sk - I + ou + s + s —+++- = -0.62158357
2o 224m  2%sm  2%gn  2%10nm 20121 2714m
_ 11 1.2
N2 A6 J5 5
n 3n 51 7n on 1n 131
- - + +—++- = 0.89806817
2lom  224nm  23sm  24gm 2510 2%1om  2714m
_1,1 1 2
N2 A6 J5 5
n 3n 51 7n on 1n 131
+ - + + + - + ++—+- = 1.21930055
2lom  224nm  23sm  2%gm 2510 2%1om  2714m
1 1 1 2
= -+ —+ =
VZ 8 N Y5
n 1] " 7n on 1n n
1+ + 3 - > + + + - 13 +++-- = 1.33264196
2lom  224nm  23sm  2%gmn 2510 2%1om  2714m
1 1 1 2
= —+— + _— -
N2 A6 J5 5

Example 2 Sign inversion of Logarithmic series at 4th-order intervals ( |z| < 1, z# 1)

Original series

i+ i_}. i+ i.}. £+ i_}. i+ i.}. - |0 1-z
T - T S-S S-S G

Series with inverted signs

LN S S
1 2 3 4

7 8

AN A log(1-2) +log(1+2)

7 8 2

25 ZG
3 a2'5%%6
* %[Iog{l— Dz} +log{1- (-1) 2} ]

+ = [log{1- -2} +log{1- )2} ]



log(1-iz) +log(1+iz)
2
2 77 8 log(1-2) - log(1+2)

S S S AU SN ST SN S
1 2 3 4 5 6 7 8 - 2

= arctanz +

¥ %[(‘1)_2/4 log{1- -D¥*z} +(-1D**log{1- -1z} ]

+ %[(—1)—4’4 log{1- Dz} +D**log{1- 1Dz} ]
log(1-2) +log(1+2)

= —arctanz - >
1 2 3 4 5 6 7 8
z z z z z z z z _ log(1-2) +log(1+2)
1 23T atsE et TtgtttTY - 2
1 ) _
+ S [ED™og{1- D2} + D™ log{1- D)2} ]
1 ) }
+ LD 0g{1- D™ 2} + D log{1- D)2} ]
log(1-iz2) +log(1+iz
= arctanz - 9¢ )2 9¢ )
1 2 3 4 5 6 7 8
z z z z z z z z _ log(1-2) -log(1+2)
12 3" atste TrtgtTtrT o 2
1 ) B}
+ S [ED™og{1- D2} + ¥ log{1- -1 2} ]
1 _ B}
+ S [ED™log{1- DY 2} + D™ og{1- D)2} ]
log(1-2) + log(1+z
= arctanz - 9¢ )2 9(1+2)
When 2=1/2,
t, - tig - 066087792
12 222 323 42* 52° 62° 727 828 2972 )
4+, 0100111 11 bt = arceot2 +log2 log3
12 222 323 42* 52° 62° 72" 828 2

= -0.31980657 -~

1 1 + 1 + 1 + 1 1 + 1 + = +-tto =ilog£=0.43773436---
12 222 323 42% 525 620 727 828 2 S

1,1 1 1 1 1 1 1 o+t = arcoot2 +log2 - log3
12 222 323 42% 525 2% 727 828 2

= 0.60748864 -

Example 3 Sign inversion of exponential series at 4th-order intervals

Original series
1+Zl+22+23+z4+25+26+27+28+ =g’
U T TR TR I R T TR

Series with inverted signs

Here, we do not use the above formula, but use the 2-split series of cosh z , sinh z , which are obtained in the
previous chapter|16.3.2|. They were as follows.
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1+l 2,2 z z _coshz +cosz
! ' 121 16! 20! B 2
Z_2+z_6Jr zlo+z14 z18 _ coshz - cosz
! 17101 ' 147 181" 2
Z_1+z_5+z_+ zl‘°’+z”+ _ sinhz +sinz
1Y 51 o9or 131 171 B 2
2° 2" 2™ 2 ¥ sinhz -sinz
31 71 111 150 19! B 2

These are 4-split series of exponential series.

So, substituting these for g(k,4,2) = f(z)-2f(k,4,z) k=0,1,2,3,

A A A A A

T I TR T R )

R LA S A A

Fototatar s ter”

2t 2% 2%t P ®

ET R T I TRV TR =T}

z z 23 Z4 25 26

"3 T TE e
Especially when =1,
1 1 1 1 1 1
T ar s T er
1,1 1.1 1 1
Tt ortarta m e
1 1.1.1 1 1
Yo otmtater et
1 1 1 1 1 1

ot et ateter

-1+

Z7 28
+7_§+++_
7 8
7181
7 8
+Z—+Z—+—++--~
71 81
7 8
71 8!
1
M7 TI
i.}.i +4++4--
71 8l
i+—+—++
71 81
i+—++ +
71 81

=e’-coshz - cosz
=e’-sinhz -sinz
=e’-coshz +cosz

=e’-sinhz +sinz

= 0.63489888"-

= 0.70160965 -

~ =1.71550350--

~ = 2.38455162 -



18.4 Sign Inversion at 5th order Intervals

Suppose that the function f(Z) is expanded into a power series on the domain D as follows.
— — 0 1 2 3 4
f@ = r;OarzIr =apz ta,z ta,z-tagzta,z +-

From | Formula 18.1.1|, the function g(K,5,2) with the signs of the terms &g+ 7ok (k=0,1,-,4) inverted is

5-2
g(k,5,2) = —&—f@) + %{25(—1)"f(—z)} As = {1+(-D°}/2

2sk 2s 2sk 2s
2 LSéZJ
-5

) [ (-1)‘?1‘{ D5 z} +(—1)?f{ -1 ° z} ]
If this is written for each kK =0,1, - ,4,

00052 = 21 - e[ D%} +{ (D))
—%[f{ DY)+ H{ D™z} ]

g(1,5,2) = gf(z) - %[(-1)'2’5f{ D72} + CDPPH D02}

- %[(—1)‘4’5f{ Dz} + CDPHED ™) ]
0@52) = 21O - ELED I ED?2) + DI D))

- %[(-1)‘8’%{ D2} + CDPH D2}
9(35,2) = %f(z) = %[(—1)‘6’5f{ D72} + CDPH D2}

- %[(-1)‘12’5f{ DYz} + CDPPH D2} ]
045.2) = 1@ - 2D AHD®2} + D®H D2}

- SLED DY) + D D)2}

Example 1 Sign inversion of exponential series at 5th-order intervals
Original series

ntatImT At ter T ter tor T 101

Series with inverted signs

/el SR L S LR LA LR AL 3

otatata s te e o 1o T T 58
2 —182/5 125 2 _18\A/5 1N-4/5
—g{e(l) N R —g{e(l) N CO R
PN SO SO AR S AL LR AL SR SO Y
W 20 3 A TB el 7T gr or 100 -5

2 _132/5 _AN-2/5
- g{(_1)-2/56( iy Z+(_1)2/5 e( y) Z}

2 - 1\4/5 —1\-4/5
- g{(_:l_)—“/:;e( iy Z+(_1)4/5 e( D Z}



PRI S AL AR S AT LR AL SR SO Y
10 21 31 41 51 61 71 81 of 101 ~ 5
2 _132/5 125
- g{(_l)_%e( 1) Z+(_1)4/5 e( 1) Z}
2 _1y2/5 _1)"45
B g{(_l)_%e( 1) Z+(_1)8/5 e( D) Z}
RSN S SR ST SN SN S SN S U I
1021 31 41 B e 718l 9l 10¢ - 5°
2/5 -2/5
2 4/5 -4,
_ g{(—l)_l%e(_l) Z+(_l)12/5 e(_l)
(TSN S S A UL S SR SN ML PR T
10 21 31 41 51 6l 71 8l Of 101 ~ 5
2/5 -2/5
_g{(—l)-%e(—l) Z+(_1)8/5e(—1) Z}
2 Y 1y 4
_ g{(_1)—1656( D74 )16 gD
Especially when z=1,
1 1 1 1 1 l 1 1 1
Wrtortartar s e T T eror dor Tt = 0.70161461-
1 1 1 1 1 1 1 1 1 1
Lot ar At ey et e oy Faor T = 0-71550400-
1 1 1 1 1 1 1 1 1 1
Yy ortartarter e 7t er Tor taor T = 171788499
1 1 1 1 1 1 1 1 1 1
Yottt terter T B or T aor T T 238489889
1 1 1 1 1 1 1 1 1 1
Lyt ortar e et e or Ton Tt = 2-63494208-

Example 2 Sign inversion of Logarithmic series at 5th-order intervals ( |z < 1, z#1 )

Original series

zl+zz+z3Jr
1 2 3

4

z
—+

4

Series with inverted signs

zl_|_22_|_z3+
1 2 3

Z4

4

Z
5

Z5

5

Z5

z
+ 2D log{1- (P

+

z
6

z
6

Z6

6

z
7

z
7

Z?

7

+

+

+—+ —+

10

z 2% 2
B gt T Tled D)
9 10
z z z 3
?4‘ ?—E++++ - —glog(l_Z)

+ 2 [log{1- (-1)*2} +log{1- (-1)°

Z8 Z9 10

8 9 10

-10-

3
—t+t+ = - glog(l—z)

7231

+ 2 [log{1- <™} +log{1- -2} ]

2} + D log{1- 1)z} ]

")

")



+ %[(—1)'4’5109{1— DYz} + D log{1- D)™z} ]

RS S S S A SN SN SN S DU SRR
1 23" 25 s 78t 9 0 = ~glog-2)

+ 2D log{1- (D7) + D log{1- (-1 2} ]

+ 2D ™l0g{1- D2} + D™ log{1- (-1 7} ]

RS ST S S S AU S SUNE SN SN
1t 3*t*7 5 et 7T 89 0 = - glog(1-2)

+ 2L Pl0g{1- (-1P2}+ DPlog{1- (-1) P2}

+ 2 [ D log{1- (-D¥ 2} +(-1)log{1- -1 2}]

i+ i+ i_i.F £+ £+ i+ £_£+ £+++_+... = El 1-z
1" 2" 3 25" 7" 8 9 = -~ 5ledD

+ 21D l0g{1- (P2} + DPlog{1- (-1) 2} ]

+ 2L D™ l0g{1- (%2} + 1) 'Plogf1- 1) 2}

When z2=1/2,
1 1 1 1 1 1 1 1 1

+ + + - + + + + -
12 222 323 42*% 525 626 727 828 92° 1020

2
e P glog 3l-log2

= 0.68044770-
o+, 001 01 11 1 11
12 222 323 42% 52° 620 727 828 92° 102%
1 1,1 1.1 1 1 1 1.
12 222 323 42% 525 620 727 828 92° 102%
1,1 1 1.1 1 1 1. 1 1
12 222 323 42% 52° 620 727 828 92° 102°
1,1 1 1 1 1 1 1 1.
12 222 323 42% 52° 620 727 828 92° 102¥

—++++ = -0.31215188

+—+++- = 044087342

++-++- = 0.60881807

+++—+- = 0.66145422

Note

It is possible to represent (—l)m/n (m,n =1,2,3,~) in the formula with elementary transcendental functions
and radicals. However, in the case of the 5th order or higher, it becomes very complicated.

2021.03.23

Kano Kono
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