
05 Split of Dirichlet Series

5.1 Basic Split of Dirichlet Series
  In this section, we will consider ways to split the Dirichlet series into two or more series.

Explicit series

  As first, the series has to be explicitly expressed using .  Here, explicit means that the value of each term

of the series is represented by a polynomial of the term number.

For examples,
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On the contrary, the following series is not explicit series.
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Infinity of Split
   When the series is absolute convergence, there are countless ways to split the series, even if it is only two-

splits.  For example,
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  Although each of these split series is converged, most formulas of the sum are not known. So, we present a

split method  that the sum of each split series can be obtained as a formula.

Definition 5.1.0 (Basic Split) 

  When we can create positive or negative term series Ak ( )k =1,2,m  by choosing the terms from  the

k th term( )k =1,2,m  with( )m-1 skipping  in a series,  We call this a basic m -split (or simply m -split ).
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Series in which basic split is impossible
  According to Definition 5.1.0 ,  in a series where the change in the sign of the terms is not cyclic, the basic

split is impossible.  For example, in the following series S , the basic split is impossible.
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Series in which basic split is possible
  According to Definition 5.1.0 ,

(1) In a positive or negative term series, two or more basic splits are uniquely possible.

(2) In a series where the change in the sign of the terms is cyclic, the basic split is possible. However,

split with any number is impossible . For example, Dirichlet Eta series
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is uniquely split respectively as follows.
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  If Dirichlet series is split in this way,  the sums of each split series are obtained as formula.

Below,  we show that.

Formula 5.1.1 

Let ( )n ,z be Hurwitz zeta function, n( )z be polygamma function, and Riemann zeta series ( )n and

the m -split series Ak  are as follows respectively.
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There is the following relation between Hurwitz zeta function ( )n ,z and polygamma functionn( )z .

 n( )z  = ( )-1 n+1n !( )n+1 , z
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Substituting this for  (1.1) ,

Σ
r=0



( )mr+k n

1
 = 

m n( )n -1 !

( )-1 n

n-1 m
k

  From  Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables
( Milton Abramowitz and Irene A. Stegun )
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Substituting this for  (1.1') ,  weobtain (1.1") .

Formula 5.1.2

  Let ( )n ,z be Hurwitz zeta function, n( )z be polygamma function, and  Dirichlet lambda series ( )n

and the m -split series Ak  are as follows respectively.
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Then, the following expressions hold for k =1,2,  , m .
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Proof
  By the similar way to the previous proof.

Note
  The advantage of  Definition 5.1.0  is that the sum of each split series is expressed by the Hurwitz zeta

function. This is because the definition of the basic split is consistent with the definition of the Hurwitz zeta.
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5.2 Two-split of Dirichlet Series

5.2.1 Two-split of ( )4

  Riemann zeta series ( )4 is
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The calculation result by the formula manipulation software Mathematica  is as follows. 

 

Expression  by Hurwitz Zeta function

According  to Formula 5.1.1 (1.1) ,  the sums of the series A1 , A2  are given by the following expressions

respectively.
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The calculation result by the formula manipulation software Mathematica  is as follows. 

 

Expression  by ( )4

  There is the following relation between Hurwitz zeta function ( )n ,z and Riemann zeta function ( )z .

 4 , 2
1

 =  24-1 ( )4 ,  4 , 2
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Then,
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5.2.2 Two-split of ( )4

  Dirichlet Lambda series ( )4 is
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( )4  = A1 + A2

The calculation result by the formula manipulation software Mathematica  is as follows. 

 

Expression  by polygamma function

  According  to Formula 5.1.2 (1.2') ,  the sums of the series A1 , A2  are given by the following expressions

respectively.
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The calculation result by the formula manipulation software Mathematica  is as follows. 
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Expression  by   and ( )4
  According to MathWorld ( http://mathworld.wolfram.com/PolygammaFunction.html ) ,
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Two-split of this is
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A1 , A2  are the same as  5.2.2 .  Then,
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5.3 Three-split of Dirichlet Series

5.3.1 Three-split of ( )3

  Riemann zeta series ( )3 is
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The calculation result by the formula manipulation software Mathematica  is as follows. 

  

 

Expression  by polygamma function

  According to Formula 5.1.1 (1.1') , the sums of the series A1 , A2 , A3 are given by the following expressions

respectively.
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The calculation result by the formula manipulation software Mathematica  is as follows. 
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5.3.2 Three-split of ( )3

  Dirichlet lambda series ( )3 and the three-split are as follows.
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The calculation result by the formula manipulation software Mathematica  is as follows. 

 

Expression  by polygamma function

According to Formula 5.1.2 (1.2') , the sums of the series A1 , A2 , A3  are given by the following expressions

respectively.
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Expression  by   and ( )3
  According to MathWorld ( http://mathworld.wolfram.com/PolygammaFunction.html ) ,
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The calculation result by the formula manipulation software Mathematica  is as follows. 

 

5.3.3 Three-split of ( )3

  Since Dirichlet beta series ( )3 is alternating series,  the basic 3-split is impossible.  In the case of such a
tseries, we must make composite three series by combining four or more basic strip of the series.  This should

also be called "composite split". ( See  Sec.5 )
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5.4 Four-split of Dirichlet Series

5.4.1 Four-split of ( )2

  Riemann zeta series ( )2 is
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The calculation result by the formula manipulation software Mathematica  is as follows. 

 

 

Expression  by polygamma function

  According to Formula 5.1.1 (1.1') , the sums of the series A1 , A2 , A3 , A4  are given by the following

expressions respectively.
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The calculation result by the formula manipulation software Mathematica  is as follows. 
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Expression  by   and ( )2
  According to MathWorld ( http://mathworld.wolfram.com/PolygammaFunction.html ) ,
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Where, ( )2 is the Dirichlet beta function.  Substituting these for the above,

Σ
r=0



( )4r+1 2

1
 = 

42 1!

4 +8( )2
 =: C1

Σ
r=0



( )4r+2 2

1
 = 

242 1!

2

    =: C2

Σ
r=0



( )4r+3 2

1
 = 

42 1!

4 -8( )2
 =: C3

Σ
r=0



( )4r+4 2

1
 = 

642 1!

2

    =: C4

C1 + C1 + C1 + C1 = 6
4

 42

6
+

42

3
+

42

6
+

42

1
= ( )2

5.4.2 Four-split of ( )2

  Dirichlet lambda series ( )2 is
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The calculation result by the formula manipulation software Mathematica  is as follows. 

 

 

- 12 -



Expression by integral

  According to Formula 5.1.2 (1.2") , the sums of the series A1 , A2 , A3 , A4  are given by the following

expressions respectively.
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The calculation result by the formula manipulation software Mathematica  is as follows. 

 

5.4.3 Four-split of ( )2

  Dirichlet beta series ( )2     = 0.9159655941  is expanded as follows.
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The four-split is

( )2  = A1 - A2 + A3 - A4

Here, A1 , A2 , A3 , A4  are same as  5.4.2 .  Therefore,
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5.5 Composite Split of Dirichlet Series

Definition 5.5.0 (Composite Split) 

  Composing fewer m series from the basic n -split series is called composite m -split .

5.5.1 Composite 2-split of ( )3

  According to  5.3.2 , Dirichlet lambda series ( )3 split into basic 3 series.
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 + 
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( )3  = A1 + A2 + A3

There are the following 3 combinations in composing the series A1 , A2 , A3  into 2 series. 

A1 +  A2 + A3    ,   A2 +  A1 + A3    ,   A3 +  A1 + A2

When ( )3  = a1 + a2  ,  these are expanded as follows.
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From  5.3.2 , these sums are described as follows.
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A2 +  A1 + A3
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1
 + 

153

1
 + 

213

1
 + 

273

1
 +      = 

63 2!

14( )3

a2 = 1 + 
53

1
 + 

73

1
 + 

113

1
 + 

133

1
 + 

173

1
 + = 

63 2!

2182( )3

A3 +  A1 + A2

a1 = 
53

1
 + 

113

1
 + 

173

1
 + 

233

1
 + 

293

1
 +   = 

63 2!

182( )3 -4 33

a2 = 1 + 
33

1
 + 

73

1
 + 

93

1
 + 

133

1
 + 

153

1
 + = 

63 2!

196( )3 +4 33

  When the third pair is calculated with Mathematica , it is as follows.

 

5.5.2 Composite 2-split of ( )2

  According to  5.4.3 , Dirichlet beta series ( )2 split into basic 4 series.

A1 =   1 + 
92

1
 + 

172

1
 + 

252

1
 +  = Σ

r=0



( )8r+1 2

1

A2 = 
32

1
 + 

112

1
 + 

192

1
 + 

272

1
 +  = Σ

r=0



( )8r+3 2

1

A3 = 
52

1
 + 

132

1
 + 

212

1
 + 

292

1
 +  = Σ

r=0



( )8r+5 2

1

A4 = 
72

1
 + 

152

1
 + 

232

1
 + 

312

1
 +  = Σ

r=0



( )8r+7 2

1

( )2  = A1 - A2 + A3 - A4
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There are the following 7 combinations in composing the series A1 , A2 , A3 , A4  into 2 series. 

A1 +  - A2 + A3 - A4 ,  -A2 +  A1 + A3 - A4

A3 +  A1 - A2 - A4  ,  -A4 +  A1 - A2 + A3

 A1 - A2  +  A3 - A4    ,    A1 + A3  -  A2 + A4    ,    A1 - A4  -  A2 - A3

When ( )2  = a1 + a2  ,  if these are expanded and each sum is described by  5.4.3 , it is as follows.

A1 +  - A2 + A3 - A4

a1 =   1+
92

1
+

172

1
+

252

1
+

332

1
+

412

1
+ = 

821!

1 0


1- e -t

t  e
-

8
1

t

dt

a2 = -
32

1
+

52

1
-

72

1
-

112

1
+

132

1
-

152

1
-+-= 

821!

1 0


1- e -t

t   -e
-

8
3

t
+ e

-
8
5

t
- e

-
8
7

t

dt

-A2 +  A1 + A3 - A4

a1 = - 32

1
+

112

1
+

192

1
+

272

1
+

352

1
+  = 

821!

1 0


1- e -t

-t  e
-

8
3

t

dt

a2 = 1+
52

1
-

72

1
+

92

1
+

132

1
-

152

1
++-    = 

821!

1 0


1- e -t

t   e
-

8
1

t
+ e

-
8
5

t
- e

-
8
7

t

dt

A3 +  A1 - A2 - A4

a1 = 
52

1
+

132

1
+

212

1
+

292

1
+

212

1
+  = 

821!

1 0


1- e -t

t  e
-

8
5

t

dt

a2 = 1-
32

1
-

72

1
+

92

1
-

112

1
-

152

1
+--  = 

821!

1 0


1- e -t

t   e
-

8
1

t
- e

-
8
3

t
- e

-
8
7

t

dt

-A4 +  A1 - A2 + A3

a1 = - 72

1
+

152

1
+

232

1
+

312

1
+

372

1
 +  = 

821!

1 0


1- e -t

-t  e
-

8
7

t

dt

a2 = 1-
32

1
+

52

1
+

92

1
-

112

1
+

132

1
+-+      = 

821!

1 0


1- e -t

t   e
-

8
1

t
- e

-
8
3

t
+ e

-
8
5

t

dt

 A1 - A2  +  A3 - A4

1 - 
32

1
 + 

92

1
 -

112

1
 + 

172

1
 -

192

1
 +-   = 

821!

1 0


1- e -t

t   e
-

8
1

t
- e

-
8
3

t

dt

52

1
 - 

72

1
 + 

132

1
 - 

152

1
 + 

212

1
 - 

232

1
 +- = 

821!

1 0


1- e -t

t   e
-

8
5

t
- e

-
8
7

t

dt
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 A1 + A3  +  -A2 - A4

1 + 
52

1
 + 

92

1
 + 

132

1
 + 

172

1
 + 

212

1
 + = 

821!

1 0


1- e -t

t   e
-

8
1

t
+ e

-
8
5

t

dt

-
32

1
 - 

72

1
 - 

112

1
 - 

152

1
 - 

192

1
 -   = 

821!

1 0


1- e -t

t   -e
-

8
3

t
- e

-
8
7

t

dt

 A1 - A4  +  -A2 + A3

1 - 
72

1
 + 

92

1
 - 

152

1
 + 

172

1
 - 

232

1
 +- = 

821!

1 0


1- e -t

t   e
-

8
1

t
- e

-
8
7

t

dt

-
32

1
 + 

52

1
 - 

112

1
 + 

132

1
 - 

192

1
 + 

212

1
 -+ = 

821!

1 0


1- e -t

t   -e
-

8
3

t
+ e

-
8
5

t

dt

  When the 1st pair and the 7th pair are calculated with Mathematica , it is as follows.
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Note

  Basic n -split exists innumerably.  So, composite m -split ( ) m < n  which is these composition  also

exists innumerably. 
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5.6 Composite 2-split of Madhava–Leibniz series

  Madhava–Leibniz series ( )1     =  /4  is as follows.

( )1  = 1 - 
31

1
 + 

51

1
 - 

71

1
 + 

91

1
 - 

111

1
 + 

131

1
 - 

151

1
 + 

171

1
 -+

The four-split is

A1 =   1 + 
91

1
 + 

171

1
 + 

251

1
 +  = Σ

r=0



( )8r+1 1

1

A2 = 
31

1
 + 

111

1
 + 

191

1
 + 

271

1
 +  = Σ

r=0



( )8r+3 1

1

A3 = 
51

1
 + 

131

1
 + 

211

1
 + 

291

1
 +  = Σ

r=0



( )8r+5 1

1

A4 = 
71

1
 + 

151

1
 + 

231

1
 + 

311

1
 +  = Σ

r=0



( )8r+7 1

1

( )1  = A1 - A2 + A3 - A4

There are the following 7 combinations in composing the series A1 , A2 , A3 , A4  into 2 series. 

A1 +  - A2 + A3 - A4 ,  -A2 +  A1 + A3 - A4

A3 +  A1 - A2 - A4  ,  -A4 +  A1 - A2 + A3

 A1 - A2  +  A3 - A4    ,    A1 + A3  -  A2 + A4    ,    A1 - A4  -  A2 - A3

However, among these, one and three pairs are impossible. Because, A1 , A2 , A3 , A4  are divergence series. And

 A1 + A3  -  A2 + A4  is also impossible for the same reason. Thus, possible combinations are the following two

pairs.  Since these split series are alternating series, they converge conditionally.

Split 1 
a11 =   1 - 

71

1
 + 

91

1
 - 

151

1
 + 

171

1
 - 

231

1
 +-  = A1 - A4

a12 = 
31

1
 - 

51

1
 + 

111

1
 - 

131

1
 + 

191

1
 - 

211

1
 +-  = A2 - A3

( )1  = a11 - a12

Split 2 
a21 =   1 - 

31

1
 + 

91

1
 -

111

1
 + 

171

1
 -

191

1
 +-  = A1 - A2

a22 = 
51

1
 - 

71

1
 + 

131

1
 - 

151

1
 + 

211

1
 - 

231

1
 +-  = A3 - A4

( )1  = a21 + a22

Expression  by polygamma function
  Left sides are

Split 1 
1 - 

71

1
 + 

91

1
 - 

151

1
 + 

171

1
 - 

231

1
 +- = Σ

r=0



 ( )8r +1 1

1
-

( )8r +7 1

1

31

1
 - 

51

1
 + 

111

1
 - 

131

1
 + 

191

1
 - 

211

1
 +- =Σ

r=0



 ( )8r +3 1

1
-

( )8r +5 1

1

Split 2 
1 - 

31

1
 + 

91

1
 -

111

1
 + 

171

1
 -

191

1
 +-    = Σ

r=0



 ( )8r +1 1

1
-

( )8r +3 1

1

51

1
 - 

71

1
 + 

131

1
 - 

151

1
 + 

211

1
 - 

231

1
 +- =Σ

r=0



 ( )8r +5 1

1
-

( )8r +7 1

1
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 If  Formula 5.1.2 (1.2')  is applied to these by force, it is as follows. 

Split 1 
a11 = -

81 0!

1
 0 8

1
 - 0 8

7

a12 = -
81 0!

1
 0 8

3
 - 0 8

5

( )1  = a11 - a12

Split 2 
a21 = -

81 0!

1
 0 8

1
 - 0 8

3

a22 = -
81 0!

1
 0 8

5
 - 0 8

7

( )1  = a21 + a22

Expression  by Gauss's Digamma Theorem

  Amoung the polygamma function n( )z , the special value of 0( )z  is given by the following equation by Gauss.

( See http://mathworld.wolfram.com/GausssDigammaTheorem.html )

0 m
k

 = - - ln( )2m - 
2


cot m
k

 + 2 Σ
r=1

 m/2 -1
cos m

2r k
ln sin

m
r

Where, 0 < k < m   ,    : Euler-Mascheroni constant

From this,

0 8
1

 = - - 4 ln2 - 
2


cot
8


 + 2  ln tan
8


0 8
3

 = - - 4 ln2 - 
2


tan
8


 - 2 ln tan
8


0 8
5

 = - - 4 ln2 + 
2


tan
8


 - 2 ln tan
8


0 8
7

 = - - 4 ln2 + 
2


cot
8


 + 2  ln tan
8


Substituting these for the above,

Split 1 
a11 = 8


cot 8



a12 = 8


tan 8


Split 2 
a21 = 16


 cot

8


-  tan
8


 - 
4
2

 ln tan
8


a22 = 16

 cot

8


-  tan
8


 + 
4
2

 ln tan
8


Further,

cot
8


 = 2 +1   ,   tan
8


 = 2 -1

Using these,  we obtain

Split 1 
a11 =   1 - 

71

1
 + 

91

1
 - 

151

1
 + 

171

1
 - 

231

1
 +-  = 

8

 2 +1

a12 = 
31

1
 - 

51

1
 + 

111

1
 - 

131

1
 + 

191

1
 - 

211

1
 +- = 

8

 2 -1

( )1  = a11 - a12
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Split 2 
a21 =   1 - 

31

1
 + 

91

1
 -

111

1
 + 

171

1
 -

191

1
 +-     = 

8


 - 
4
2

 ln 2 -1

a22 = 
51

1
 - 

71

1
 + 

131

1
 - 

151

1
 + 

211

1
 - 

231

1
 +- = 

8


 + 
4
2

 ln 2 -1

( )1  = a21 + a22

  The calculation result by the formula manipulation software Mathematica  is as follows. 
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