05 Spilit of Dirichlet Series

5.1 Basic Split of Dirichlet Series
In this section, we will consider ways to split the Dirichlet series into two or more series.

Explicit series

As first, the series has to be explicitly expressed using X. Here, explicit means that the value of each term
of the series is represented by a polynomial of the term number.
For examples,

| 5 (D 5 (1 1
(@=55 . D=5  @=3[ 57
r=1 1 r=1 r r=1\ r r
On the contrary, the following series is not explicit series.
1
S@= 2 —
£ -prime p

Infinity of Split
When the series is absolute convergence, there are countless ways to split the series, even if it is only two-
splits. For example,

1 1 1 1 1 1 1 1 1
Dd=-1+—+—+—+—+—+—+—+—+—+-
é/( ) 22 32 42 52 62 72 82 92 102

Split 1
A —1+i+i+ L + L + L +-
! 32 62 102 152 212
1 1 1 1 1 1
A2—?+ ?+? + 7+?+? +-o
Split 2
A —1+(i+i)+<i+ L + L )+( L + L + L + L )+
1 4% 52 92 10%° 117 16° 17°> 18> 197

A :(i+i)+(i+i+i)+( L + L + L + L )+
27| 22 32 62 72 g2 122 132 142 152

A :1+i+i+i+ L + 1 + L +-
1 22 42 g2 162 322 642
i+i+i)+( i 1 .. +_)+...
52 62 72 9?2 107 152

A, = = +
5 =
32
etc.
Although each of these split series is converged, most formulas of the sum are not known. So, we present a
split method that the sum of each split series can be obtained as a formula.

Definition 5.1.0 (Basic Spilit)

When we can create positive or negative term series A, (K=1,2, M) by choosing the terms from the

k th term(k=1, 2, --m) with(m-1) skipping in a series, We call this a basic m -split (or simply m -split ).



Series in which basic split is impossible
According to|Definition 5.1.0|, in a series where the change in the sign of the terms is not cyclic, the basic
split is impossible. For example, in the following series S , the basic split is impossible.

1 1 1 1 1 1 1 1 1 1
S:1——+(—+—)—(—+ > +—)+(—+---+ )-( +ot )+
2" 3" 4" 5" 6" 7" 8" 11" 12" 16"

Series in which basic split is possible
According to Definition 5.1.0 ,
(1) In a positive or negative term series, two or more basic splits are uniquely possible.
(2) In a series where the change in the sign of the terms is cyclic, the basic split is possible. However,
split with any number is impossible . For example, Dirichlet Eta series

11 1 1 1 1 1 1 1 1 1

nN)=1l-—F———p— 4= + - S
) o3 5 G g 9 10" 11" 12

is uniquely split respectively as follows.

2-split

Al=1+—+—+— +— +-

Ab=-| —+—+— +— +

3-split
Impossible

4-split

5-split
Impossible

If Dirichlet series is split in this way, the sums of each split series are obtained as formula.
Below, we show that.

Formula 5.1.1
Let £(N,2) be Hurwitz zeta function, i, (2) be polygamma function, and Riemann zeta series ;(n) and

the m -split series Ak are as follows respectively.



o 1
c) = 2 —
r=1r
) 1
Ac= 2 —— k=12
<3 r+l"
Then, the following expressions hold for K =1,2, -, m .
o0 1 1 ( k )
= n,— (1.1)
;o (mr+k)" m“g m
-1 Kk
Y
m"(h-D!
_k
~1)" 0 1:n—l m
= n( ) / e_t dt (1.1
m"(h-1D! 1-e
Proof
21\ 1. 1 1 K
;o( mr+k ) - m" rgo G +k/m)" B mng(n’ m ) 0

There is the following relation between Hurwitz zeta function (N ,2) and polygamma function i, @.

va@ = D" 10 +1,2)

From this, i

n ) = (5_11))' o )
Substituting this for (1.1),

20 (mr];rk)” ) n((_nl)l)l Vn- 1( : )

From Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables
( Milton Abramowitz and Irene A. Stegun )

— 7_1\"*+1 Ootne_Zt
@ =D Tt

So,

£y

k el ™
Wn- 1( ) -D / 1——e“dt
Substituting this for (1.1'), weobtain (1.1") .

Formula 5.1.2
Let (N ,Z) be Hurwitz zeta function, l//n(Z) be polygamma function, and Dirichlet lambda series 1(n)
and the m -split series Ak are as follows respectively.

=Gy (2r+1)



o 1

A = k:1,2, ’m
T A Gmrrak1y
Then, the following expressions hold for k=1,2, -, m.
00 1 1 2k_1
> _ = ng“(n, 5 ) (1.2)
=0 2mr+2k-1) @2m) m
~ D" ( 2k—1) |
S emy (D! V1| m (12)
2k -1
1 © tn_le_ om "
= dt 1.2"
Cm)"(h-D! /o 1-¢7" -2
Proof

By the similar way to the previous proof.

Note

The advantage of | Definition 5.1.0| is that the sum of each split series is expressed by the Hurwitz zeta

function. This is because the definition of the basic split is consistent with the definition of the Hurwitz zeta.



5.2 Two-split of Dirichlet Series

5.2.1 Two-split of £(4)

Riemann zeta series {(4) is

1 1 1 1 1 1 1 1
4(4)_1+?+?+? +¥ +? +? +? +? + -

The two-split is

1 1 1 1 5 1

MElr gt gt gt Gt Tl o
3* 5 79 =0 (2r+1)*

R N T e

2  4* e6* & o (2r+2)*
The calculation result by the formula manipulation software Mathematica is as follows.

m 1 o 1
Al[m ] := _— A2 [m ] := _—
o (2r+1)° o (2r+23y?

N[{A1[10000], A2[10000]}, 10]
{1.014678032, 0.06764520211 }

N[A1[10000] + A2[10000], 10] N[ Zeta[4], 10]
1.082323234 1.082323234

Expression by Hurwitz Zeta function

According td Formula 5.1.1 (1.1)], the sums of the series A; , A, are given by the following expressions

respectively.
s 1 1 ( 1 )
_ = — 4,— =: B
2 @r+)*  2* |42 !
e 1 1 ( 2 )
—— _==¢l4,5]=:8B
% @r+2)* 2 |42 ?

The calculation result by the formula manipulation software Mathematica is as follows.

E[lrnn , = ] := HurwitzZeta[n, =]

1 1 1 9
Bl := —r[4, —| B2 := — 2[4, -]
N[{Bl, B2}, 10] N[Bl + B2, 10]
1.014678032, 0.06764520211 } 1.082323234

Expression by £(4)

There is the following relation between Hurwitz zeta function £(N,z) and Riemann zeta function {(Z) .

daz) =@, da3)=c

Then,



< 1 _(2%1)¢® _

=:C
% @r+1)* 2 '
9 1 4
s - <€ =: C,
=0 (2r+2) 2
Clearly C,+ C,=¢(4) .
5.2.2 Two-split of 1(4)
Dirichlet Lambda series 1(4) is
1 1 1 1 1 1 1 1
D =1+—+— +— +— + + + +
© 3* 5 7 9ot 11* 13t 150 17!
The two-split is
1 1 1 1 o 1
Al =1+—F+—+ Tt ——g +t = 2
5 9 13 17 =0 (4r+1)
JUDERE S S S SR
23 7 11* 15t =0 (4r+3)*
1@4) =A A

The calculation result by the formula manipulation software Mathematica is as follows

id]

m 1 m 1
Al[m ] := -_—

A2 [m ] :=
oo {4ar+ 104 =0 (4T +3N*

N[{A1[10000], A2[10000]}, 10]
{1.001811292 , 0.01286673993 }

N[A1[10000] + A2[10000], 10]

N[DirichletLambda[4], 10]
1.014678032

1.014678032

Expression by polygamma function

According to[Formula 5.1.2 (1.2)|, the sums of the series A7, A, are given by the following expressions
respectively.

.1 1 ( 1 )

= — =B
2 @ri)’  a*3n 2l 4 !
.1 1 ( )

= — =B
2 @r+3)  a*3n1 2\ 4 ?

The calculation result by the formula manipulation software Mathematica is as follows

ty, [2_ ] := PolyGammal[n, =]

1 1

1 3
4% 31 ¢3[;] B2 a* 31 wS[;]

Bl :=

N[{B1l, B2}, 10] N[Bl + B2, 10]

{1.0018112592 , 0.01286673993 } 1.014678032



Expression by 7z and S(4)
According to MathWorld ( http://mathworld.wolfram.com/PolygammaFunction.html ),

wg( %) = 874 +7688(0) |, m(%) = 872" - 768(4)
Where, ﬂ(Z) is Dirichlet Beta function. Substituting these for the above ,
- 1 _ 81°+7688() _
= @+t a4tz T
< 1 _ 82 -7688(4) _. c
0 (r+3)* 4%31 T
4

T
C;+Co =355 =4

5.2.3 Two-split of S(4)

Dirichlet Beta series (4) is
1 1 1 1 1 1 1

NH=1-—+— - — +— - + - +
pE 3* 5 74 9 114 13* 15°

Two-split of this is
pA =A - A
A1, A, are the same as [5.2.2]. Then,

_ _ 1\ _ 87 +7684()
A = 1.00181129167 =~ (,,3( 4) -
_ ! 3\ _ 87" -7685(%)
A, = 0.01286673903 =~ (,,3( 4) -
2x7684(4
A, - A, = 0.9889445517- = = 36;84@( ) - sy



5.3 Three-split of Dirichlet Series

5.3.1 Three-spilit of (3)

Riemann zeta series {(3) is

1 1 1 1 1 1 1 1
4,(3):1"'?"'?4'?4'?4'?4'?4'?4'?4'

The three-split is

1 1 1 o
A1:1+_3+—3+—3+--- 22;3
4 7° 10 = (Br+1)
1 1 1 1 S 1
Ao=—+—5+—5 + ——5 +- = —_—
228 58 g 118 Z GBr+2)°
1 1 1 1 9 1
A= +—+—F+—5 ++ = ) ———
3¢ 6 9° 128 2, @Br+3)°
The calculation result by the formula manipulation software Mathematica is as follows.
m l m m 1
Al[m ] := _— AZ2[m_] := _— A3[m_] := _
=0 (3r+1)3 o (3r+2)3 S 3+ N3

N[{A1[50000] , A2[50000] , A3[50000]}, 10]
{1.020780044, 0.1367562327, 0.04452062604 }

N[A1[50000] + A2[50000] + A3[50000] , 10] 10] N[Zeta[3], 10]
1.202056903 1.202056903

Expression by polygamma function

According to[Formula 5.1.1 (1.1")| the sums of the series A1, Ay, Az are given by the following expressions

respectively.
o 1 -1 ( )
= — =B
2 Gr+D® 321 72\ 3 !
o 1 -1 ( 2 )
= — =B
Z Gr+)° 31 2\ 3 2

A1 -1 ( 3)
= — =B
Z @Gr+3)°  3°21 2\ 3 ®

The calculation result by the formula manipulation software Mathematica is as follows.

w, [2 ] := PolyGamma[n, =]

-1 1 -1 2 -1 3

Bl :- wg[—] B2 := drg[—] B3 := drg[—]

3321 3 3321 3 3321 3
N[{Bl, B2, B3}, 10] N[Bl + B2 + B3, 10]

{1.020780044, 0.1367562327, 0.04452062604 } 1.202056903



5.3.2 Three-split of 1(3)

Dirichlet lambda series A(3) and the three-split are as follows.

1(3):1+_3+$ % é+1113+123+123+1173+1;3+
A 1+%+1i33 1%33 :go(s:rl)ﬁ‘

AZ_% é %Jr%Jr =r§0(6r13)3
A3:$+1113+1i3+2;3 ﬁh:éﬁ

The calculation result by the formula manipulation software Mathematica is as follows.

m 1 m 1 m 1
Al[m ] := Z— A2[m ] := Z— A3[m ] := Z
o {6r+1)° 06T+ 33 6T+ 53

N[{A1[70000], A2[70000] , A3[70000]}, 10]
{1.003685515, 0.03895554779, 0.009158727129 }

N[AL[70000] «+ A2[70000] + A3[70000], 10] 1.051799730
N[DirichletLambda[3], 10] 1.051799790

Expression by polygamma function

According to| Formula 5.1.2 (1.2") | the sums of the series Al , AZ , A3 are given by the following expressions
respectively.

51 -1 ( 1)

= — =B
Z, 6r+D)?  6°21 6 !
51 -1 ( 3)

= — =B
2 6r+3)° 621 "1\ 6 2
51 -1 ( 5)

= — =B
2 6r+5)° 621 "1\ 6 ®

Expression by 7z and £(3)

According to MathWorld ( http://mathworld.wolfram.com/PolygammaFunction.html ),

vo( 5 ) = -120@-W3 [ ¢ ) = 140D | v 7 ) = 10DV

Substituting these for the abowe

g1 182£(3)+4/37° c

=0 (6r+1)° 621 -t

-1 140 .
=:C,

% @3’ | 62



$ 1 _182((®-4/37° _.
=0 (6r+5)° 621 I

The calculation result by the formula manipulation software Mathematica is as follows.

E3 := Zeta[ 3]
1823+ 4% 3 o3 1473 1827r3-4% 3 o°
Cl := c2 := Cc3 :=
6721 6321 63 91

N[{cl, c2, c3}, 10]
{1.003685515, 0.03895554779, 0.009158727129 }

N[Cl+C2+C3, 10] 1.051799790

5.3.3 Three-split of S(3)

Since Dirichlet beta series [S(3) is alternating series, the basic 3-split is impossible. In the case of such a
series, we must make composite tﬁree series by combining four or more basic strip of the series. This should

also be called "composite split". ( See )

-10 -



5.4 Four-split of Dirichlet Series

5.4.1 Four-split of (2)

Riemann zeta series ((2) is

ORT RO IS NV R U R N S

A= 1+ — +—5 + — +-- = _—
: 5 92 132 % Gy’
AZ = iZ + iZ + iz + iz +... = i ;
2°  6° 10° 14 =0 (4r+2)?
1 1 1 1 o9 1
A= — + — + —— + —— +-- = _
ST 77 112 15 Z (4r+3)2
A4:i2 +i2 +i2 +i2 . = i—l
4 8 12 16 =0 (4r+4)°
The calculation result by the formula manipulation software Mathematica is as follows.
m l m m m l
Al[m ] :=r=07(4r+1:,2 AZ2[m ] :=r=07(4r+2:,2 A3[m ] :=§7‘4r+3:I2 Ad[m ] ::27{4]:_,_4}2

N[{A1[100000], A2[100000] , A3[100000] , A4[100000]},10] N[Zeta[2], 10]
{1.074832447, 0.3084245125, 0.1588668530, 0.1028077542  1.644931567

N[A1[100000] + A2[100000] + A3[100000] + A4[100000], 10] 1.644934067

Expression by polygamma function
According to[Formula 5.1.1 (1.1')], the sums of the series A1 , A, , Az, A4 are given by the following

expressions respectively.

o1 1
B @D | 2 "’1(2) =B
01 1 2
S @ a2 Wl(z) G
- 1 3
& (4:3)2 BT l/’l(z) B
: 1 4
Z (4:4)2 RVEET Wl(z) = B

The calculation result by the formula manipulation software Mathematica is as follows.

y, [2_] := PolyGammaln, =]
1 1 1 2 1 3 1 4
O TR Tt BT AT BRSPS
4211 4 42 1) | 421 4 4% 1 4
N[{B1l, B2, B3, B4}, 10] N[B1 + B2 + B3 + B4, 10]

{1.074833072, 0.3084251375, 0.1588674780, 0.1028083792 } 1.644934067

-11 -



Expression by 7 and S(2)

According to MathWorld ( http://mathworld.wolfram.com/PolygammaFunction.html ),

2
VA

Wl(%) =7+85Q) . ‘//1(%) -2 ‘//1(%) =78 , l//l(%) :%2

Where, [(2) is the Dirichlet beta function. Substituting these for the above,

o1 7' +85() _.
) 2~ 2 =:Cy
=0 (4r+1) 4211
o 1 o

= =:C
5 @’ 2t °
o 1 7 -85 _.
) 2 ~ 2 =:Cs
=0 (4r+3) 4211
o 1 _ 7

2, 4r+d)?  6x4211

4
7#77{ 6 3 6 1
C1+C+C+Cy =5 42+42+42+42 =¢@

5.4.2 Four-split of 1(2)
Dirichlet lambda series A(2) is

1 1 1 1 1 1 1 1
3 5 7 9 11 13 15 17
The four-split is
1 1 1 o 1
A = 1+—2+—2+—2+--- = > >
9> 17° 25 =0 (8r+1)
1 1 1 1 S 1
A=t a3t a2t t = 2
3 11 19 27 =0 (Br+3)
1 1 1 1 S 1
A=t otz 52t =2 2
52 13*  21% 29 =0 (8r+5)
1 1 1 1 S 1
M=t St to2t T2 2
77 152 23% 31 =0 (8r+7)
The calculation result by the formula manipulation software Mathematica is as follows.

m m 1 m 1 m
Al[m ] := ) A2[m ] := A3[m ] := A[m ] := !

o (Br+1)2 S8+ 312 is0 {8r+5)?2 S 8r+TV2
N[{A1[200000], A2[200000], A3[200000], A4[200000]}, 10]
{1.021689507, 0.1275276974, 0.05314340895, 0.03133962434}
N[A1[200000] + A2[200000] + A3[200000] + A4[200000], 10] 1.233700238

N[DirichletLambda[2], 10] 1.233700550

-12 -



Expression by integral

According to| Formula 5.1.2 (1.2")|, the sums of the series A7, Ay, Az, A4 are given by the following

expressions respectively.

_L
e 1 1 = te °
> > = / ~dt =2 B,
=0 (8r+1) 8°11J/o 1-e
3
-t
o 1 1 »te &
arianZ | Q2 Zdt=: By
=0 (Br+3) 8°11Jo 1-e
5
-t
&3 1 1 wte 8
= 2 T Q2 —tdt_' B3
r=0 (8r+5) 8°11Jo 1-¢
£t

o 1 1 “te
= @r+7)2 8211Jo 1-¢

The calculation result by the formula manipulation software Mathematica is as follows.

i 2t
1 ota’s 1 =ta 8
Bl := J— dt B2 := J A+t
8211 4o 1-2°"t 8211 -0 1-=2F
5 By
1 mta s 1 =ta @
B3 := J- dt B4 := J dt
8211 o 1 - &t 821140 14"
N[{B1, B2, B3, B4}, 10] N[Bl + B2 + B3 + B4, 10]

{1.021689585,0.1275277755,0.05314348708,0.03133970247} 1.233700550

5.4.3 Four-split of S(2)
Dirichlet beta series S(2) ( = 0.9159655941 - ) is expanded as follows.
ﬂ(Z):l_i.Fi 1+i_ 1 + 1 - 1 + 1 —_F -

¥ 52 72 9 117 13 158° 177
The four-split is
PR =A - At Ag- Ay
Here, A, Ay, Az, A4 are same as [5.4.2] Therefore,

A = 1+i+i+i+... = 1 00te_ltlsdt
1 92 172 25?2 8211 Jo 1-¢7
U S S O S wte‘3"8dt
2732 112 192 272 8211Jo 1-¢
PO S S S S oote"‘“’sdt
37 52 0 132 212 292 8211Jo 1-¢
A4=i+ 1 .1 1 1 oote‘”’sdt
72 152 232 312 8211 /o 1-¢7

-13-



5.5 Composite Split of Dirichlet Series

Definition 5.5.0 (Composite Spilit)
Composing fewer m series from the basic N-split series is called composite M -split .

5.5.1 Composite 2-split of 1(3)
According to [5.3.2], Dirichlet lambda series A(3) split into basic 3 series.

A —1+i +i+i +-.-
! 7?13 19° =0 (6r+1)°

P
2 3® 98 150 218 =0 (6r+3)°
11 1 1 o 1
As = — + + + +o= Y ——
T e 1R a7 23 2 61157

A@) =A H At A

There are the following 3 combinations in composing the series Aq , Ay , Az into 2 series.
Apt (At Ag) o At (At Ag) | At (ALt Ay)

When A(3) =a;+a, , these are expanded as follows.

A+ (A2 + A3)

a—i+ L + 1 + L + L +
17 g3 113 173 233 293

1 1 1 1 1
a=1+—+—=+ + —— +-

R + P
32 77 9 13 15°
From [5.3.2], these sums are described as follows.
At (A2 + Ag)

1 1 1 1 1 1820 (3)+44/3 7°
a1:l+—3+ 3+ 3+ 3+ 3+...: é/(g '\/_72'
72 13 198 25 31 6° 21
11 1 1 1 1 _196¢(3)-4Y37°
=Gt Emt gt sttt = 3
3 5 9 113 1588 17 6° 21

-14 -



a, = i + i + 1 + 1 + - +oe — R ©)
1738 93 158 213 T 278 6% 21
.1 1 1 1 2x182£(3)
a=1+—+—+ + + fo = ———2> 7
2 53 3 113 133 173 63 21
Azt (ALt Ay)
1.1 1 1 1 182¢(3)-44/37°
a; = —3 + 3 + 3 + 3 + 3 +... = é/( 2 '\/_
52 11 17°  23° 29 6321
11 1 1 1 196.(3)+44/37°
32 77 9% 13 15 6321

When the third pair is calculated with Mathematica, it is as follows.

N[DirichletLambda[3], 10] N[E3 = Zeta[ 3]]
1.051799790 1.2020569203
A3+(A1+A2)
m !

m 1 m 1 1
al[m ] := _ a?[m 1] := Z +

r=0 {ﬁr+5']3 "::U-{ﬁr"']-]S {6r+3}3
N[{al[70000], a2[70000]%, 10] N[al[70000] + a2[70000] , 10]
{0.009158727129, 1.042641063} 1.051799790

182£3- 4+ 3 3 1963+ 4V 3 x°
cl := c2 :=
63 91 63 21

N[{cl, c2}, 10] N[cl + c2, 10]

{0.009158727129, 1.042641063} 1.051799790

5.5.2 Composite 2-split of S(2)
According to 5.4.3, Dirichlet beta series (2) split into basic 4 series.
1 1 1 1

8

A= 1+—+— +— +- = _

! 9? 17?2 257 =0 (8r+1)2
11 1 1 » 1

A =— + + + +-- = _

232 112 192 277 Z @Br+3)?
11 1 1 » 1

A=fmGt ot o2 o2t TR

52 132 212 29 =0 (8r+5)
11 1 1 » 1

=— + + + oo =Y ———

ME T T T Z Br+7)?

PO =A - A+ Az- Ay

-15-



There are the following 7 combinations in composing the series A7 , Ay , Az, A4 into 2 series.
At (- AT A3-Ay) : At (ALt Az-Ay)
Azt (AL - A - Ay) o AT (AL AT AG)
(Al_AZ) +(A3‘A4) ’ (A1+A3) ‘(A2+A4) 1 (Al‘A4) ‘(Az‘As)

When S(2) =aj+a, , ifthese are expanded and each sum is described by [5.4.3], it is as follows.

R S S SN S T _1/oote i
! 9?2 172 252 332 412 8211 Jo 1-¢™
_Et _Et __t
a, = i+i i l+ 1 L Feee = 1 /Oot(_e 8+e S_eg)dt
27 32 52 72 112 132 152 8211 Jo 1-¢™
‘A2+(A1+A3‘A4)
3,
a;= i+1+1+1+1+...)—1/m_te8dt
' 32 112 192 272 352 8211 Jo 1-¢7
-=t -5t -t
a,= 1+ L, 1 ++ . /mt(e e 8_88)dt
2 52 72 92 132 152 8211 Jo 1-¢™
5,
I S S S S _1/oote i
1T 52 132 212 292 212 8211 Jo 1-¢°
_it _Et __t
pozqo 1,1 1 1 = 1/°°t(e8—88—e8)dt
2 32 72 92 112 152 8211 Jo 1-¢™
A4+(A1‘A2+A3)
e
a,= i+1+1+1+1+...)—1/m_tegdt
o\ 72182 232 312 372 8211 Jo 1-e™
__1t _Et _Et
a,=1 i+i+i L +—l++--- - /mt(e = 8+e8)dt
2 32 52 92 112 132 8211 Jo 1-¢
(A= Az) + (A3 Ag)
3
-=t  -=t
P S S S S S _1/oot(e8—e8)dt
¥ 9% 117 177 19° 8°11 Jo 1-e™
5, 1
11 1 1,1 1+_1/oot(e8-e8)dt
52 72 132 152 212 232 8211 Jo 1-e
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1
1 1 1 1 ('gt 3‘)
1+ —+—5 + > + > + 5+ = 1/“8 te dt
5 9 13 17 21 8211 Jo 1-¢7t
_Et _Zt
_i i 1 _ 1 _ 1 _ 1 /oot(—e 8—e8)dt
32 77 112 15% 19° 8211 Jo 1-¢7
(A1~ Aa) +(Ax* Ag)
PO
T /wt(es-es)dt
72 9> 152 17?2 23? 8211 Jo 1-e™
3, 5,
jl+—£— L + 1 L + 1 T = . /Wt<‘e8+e B)m
32 52 117 13> 19° 217 8211 Jo 1-e

When the 1st pair and the 7th pair are calculated with Mathematica, it is as follows.

N[DirichletBeta[2], 10]

Al + (-A2 + A3 - A4)

I 1
al[m ] := a[m ] :=

o {8r+1)?

N[{al[200000], a2[200000]}, 10]

{1.021689507, -0.1057239128}

1,

1 v LB 8
j dt b2 :

8211 Jdo 1-ge"F

bl :=

N[{bl, b2}, 10]
{1.021689585, -0.1057239909}

(Al - Ad) + (-A2 + A3)

o 1 1
al[m ] := [ - J
ot (Br+1)2 (Br+ T2

N[{al[200000], a2[200000]}, 10]
{ 0.9903498826, -0.07438428843 }

[

t|jla8 -8 8

1 2

bl := J dt
8211 -0 1-g&"

N[{bl, b2}, 10]
{ 0.9903498826, -0.07438428843 }

0.9159655542

[ 1 1 1 ]
- - -—
Toh (8r+ 312 iBr+51% (8r+T2

N[al[200000] +a2[200000], 10]

0.9159655942
3

=" By L
|- 8 +8 8 -8 8

d+
g1 Jo 1-gF

N[bl + b2, 10]
0.9159655942

m

a2[m_] := Z

r=0

1 1
- +
(8r+3)2

(Br+5)2)

N[al[200000] + a2[200000], 10]
0.9159655942

1 =
b2 := J d+
g1 -0 -t

N[bl + b2, 10]
0.9159655942
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Note

Basic N -split exists innumerably. So, composite M -split (m < n) which is these composition also
exists innumerably.
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5.6 Composite 2-split of Madhava—Leibniz series
Madhava—Leibniz series S(1) ( = z/4) is as follows.
1 1 1 1 1 1 1 1

D=1-—+— - — +— - + - + —t -
AL 3t st 74 ot 17t 13t 15t a7t

The four-split is

11 1 5 1
Al = 1+ - + T + — + ... = 2 - -
ot 17t 25 o Br+1)t
1 1 1 5 1
A, = — + + + +--- = ———
203t 11t 19t 27t Z @r+3)*
11 1 1 « 1
Po= 5 H—p g gt =
5t 13t 21t 29 =0 (8r+5)
11 1 1 « 1
A4 = p— + 1 + 1 + 1 +-. = Z ——
7415t 23t 3 =0 (8r+7)

B =A -A+A - A,
There are the following 7 combinations in composing the series A1 , Ay, Az, A4 into 2 series.

At (=Bt A= Ay) Ayt (A A A)

Ag+ (Ar- Ay - Ay) At (A - Ayt Ag)

(A=Ao) * (As=Aa) (At hsg) = (At Ar) o (AL=Ad) = (A= As)
However, among these, one and three pairs are impossible. Because, A1, Ay, A3 , A4 are divergence series. And

(A1+Ag) — (Ax+Ay) is also impossible for the same reason. Thus, possible combinations are the following two

pairs. Since these split series are alternating series, they converge conditionally.

a11 = 1_i1+i1_ 11 * 11 - 11 He =A1-As
spit 1 7 9 15 17 23
a1z = i1 - i1 + 11 - 11 + 11 - 11 te =A2-Ag
3 5 11 13 19 21
B =a;;-a
821 = 1_é+é_1111 * 1; _1;1 e =
St 2 1 1 1 1 1 1
Qp=—7 -—-1*t - + - H =A3-Aq

5t 7t 13t 15t 21t 23t
B =ay, +ay,

Expression by polygamma function
Left sides are

( 1 1 1 1 1 00
-+ g -~ 7>t~ 5a Z{ 1}
7 9 15 17 23 r=0 r+1) (8r+7)
Split 1
1 1,1 1,1 1, ﬁi{ }
. 38 51 11t 13! 19t 21! =0 (8r+3) (8r+5)1
( ©
1_i1+i1_11+ 11_11"'_"' =2{ 1}
31 ol 11! 17t 19 = (8r+1) - (@8r+3)
Sl 2 101 1 1 .1 1 . 1
IS W ey W e A Z‘
| 5t 7t 13t 15t 211 23 = (8r+5) - @r+n’
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If| Formula 5.1.2 (1.2')| is applied to these by force, it is as follows.

_ _L{ 1y _ (7
411 = Tgigy "’0( 8) ‘”0( 8)
Split 1 1 3 .
412 = g1, {"’0(5) _%(5)
B =a;;-a

___1 { y_ (3
q21 = Tgigy "’0( 8) ‘”0( 8)

Split 2 . . .
422 = gl {"’0(5) _%(5)

Expression by Gauss's Digamma Theorem
Amoung the polygamma function ¥;,(Z) , the special value of ¥(Z) is given by the following equation by Gauss.
( See http://mathworld.wolfram.com/GausssDigammaTheorem.html )

k k rm/2]-1 2rk .
WO(E) = -y - In(2m)- —cot( z ) +2 ) cos(Tﬁ)ln[sm:n—”]
r=1
Where, O <k <m ¥ - Euler-Mascheroni constant
From this,
1
,/,o( §) = —y-4In2 - %cot% +ﬁlntan%
3
,/,o( 5) =-y-4n2- %tan% —ﬁlntan%
5
!//o( §) = -y-4In2 + %tan% -ﬁlntan%
7
1//0( §) = -y-4In2+ %cot% +ﬁlntan%
Substituting these for the above,
( T
all - §C0t§
Split 1
815 = —tan—
| 9127 8 8
( T 7 pa «/E V4
asq E(cot g~ tan o 8 ) -1 Intan—4 8
Split 2
a == ot= - tan— +—ﬁl tan —
| 822 = 75 (COlg - fang g4 "dlg
Further,
cot— =J2+1 , tan% =42-1
Using these, we obtain
1 1 1 1 1 7[
a1 =1-—+— - + - +—- — +1
H 7t 9t 15t At 23! g2
Split 1 1 1 1 1 1 1
T
a = — - — 4+ - + - F—_e = = 2-1
273t 5t 11 13t 19t 21t g(V2-1)

P =ay; - as,
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1 1 1 1 1 T A2
Ay = 1-— +— — + - tow =2 NS n(J2-1
2t 3t 9ot 11t a7t 19t g =4 )
Split 2
1 1 1 1 1 1 A2
Aop = — —— + - + - - = —=+—1In(4/2-1
227 gl 71 7 931 151 211 23l g g )

B =ay; +ay

The calculation result by the formula manipulation software Mathematica is as follows.

N[DirichletBeta[2], 10] 0.7853981634 ¥, [z ] := PolyGamma[n, z]
(A1 - A4) - (A2 - A3)
o f 1 1 o 1 1
al[m] := - a2[m ] := -
=o.{8r+1)1 (Br+T7)1) o {8r+3)1 (B8r+51?
N[{al[1000000], a2[1000000]}, 10] N[al[1000000] - a2[1000000], 10]
{0.948059324, 0.1626611606} 0.7853981634
Eid — m —
cl:=—(‘\"2+1] 02:=—(‘\'{2—1]
8 8
N[{cl, e2}, 10] N[cl-c2, 10]
{0.948059449, 0.1626612856} 0.7853981634

(A1 -A2) + (A3 - A4)
m 1 1 i I 1 1
al[m ] :=Z[ - a2[m ] :=Z[ -

Sher+1t (Br+3? oA (Br+ 5 (Br+T)?
N[{al[1000000], a2[1000000]}, 10] N[al[1000000] +a2[1000000], 10]
{0.7043117018, 0.08108646163} 0.7853981634

i3 V2 bid W 2
cl:=———Log['\-'2—l] c? = — & ng[‘\.a’g_l]
8 4 8 4
N[{cl, c2}, 10] N[cl + c2, 10]
{0.7043117018, 0.08108646163} 0.7853981634
2019.01.28
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