16 Split of Power Series

In this chapter, we divide the power series of a function into two or more series and investigate with what kind of function
they are represented.

Although there are innumerable split series depending on the way of split, in this chapter, we will deal with a basic split
series that is choosed at equal intervals from the original series.

16.1 Character for Split & Character for Alternating Split

Definition 16.1.1 ( Character for Split )
When N=2,3,4,, r=0,1,2, , 4, = {l+(—1)n}/2 , | X | be floor function, we define
Character for Split ¢(O,Nn,r) as follows.

25
c@n.) = = {(CDF 4D+ 5 len ey )

The first few are written down as follows.

c(0.2,r) = —(_1)2;_(_1) %{( )7+ (—1)_%}
coan = %{(—1) en )
04 = DZr L7 %{ ey %{(—1) en
c@5r) = (_:é)zr %{ +(—1)_ 7). %{(—1) +(-1)'%r}
Example
¢(0,5,r) is drawn in 2D as follows.

1% - - -

Properties of the Character for Split
As seen from the abowe figure, this character has the following properties.

(1 rmodn =0
c@n,n) = {0 rmodn =0

In the case of 2 -split
CDZ-CD', (D2 +(-1)727? r=0,1,2, " are
o, 2, 0, 2, 0, 2
2,-2, 2,-2, 2,-2



so, CD¥-CD'+CDPP D r=0,1,2,+ are

2, 0, 2,0, 2, 0,~
Dividing this by 2, €(0,2,r) r=0,1,2, - become
1, 0, 1, O, 1, O,

In the case of 3 -split

DY, EDPRHED B 1=0,1,2, - are
i, 1, 1, 1, 1, 1
2,-1,-1, 2,-1, -1,

So, (_1)2r+(_1)2r/3+(_l)—2r/3 r=0,1,2, - are
3, 0, 0, 3, 0, O,

Dividing this by 3, €(0,3,r) r=0,1,2, - become
i, 0, 0, 1, O, O,

Definition 16.1.2 ( Character for Alternating Spilit )
When n=2,3,4,, r=0,1,2,~ , 4, = {l—(—l)n}/Z , | X | be floor function, we define
Character for Alternating Split € (0,n,r) as follows.

(—1)r L2 J(

n

28—1 2s-1

CD " D) T

r

E(O!nir) = /1n'
The first few are written down as follows.

Hn?een @)

c2n = 1
@30 = % %{(-1) ey

e@4n = %{(‘1)% + (-1)_%} + %{ (—1)73‘r+ (-1)'%}
c®sn = (_é)r +%{(‘1)%r+(—1)_%r} %{(—1) +(—1)_%}

Example
€(0,5,r) is drawn in 2D as follows.
c(0.5.r)

1¢ L]




Properties of the Alternating Character for Spilit
As seen from the above figure, this character has the following properties.

_ DT rmodn =0
c@n.n {0 rmodn =0

In the case of 2 -split
CDY2+CD)M2 r=0,1,2, - are
2, 0,-2, 0, 2, 0,-2,
Dividing this by 2, €(0,2,r) r=0,1,2, - become
1, 0,-1, 0, 1, O, -1, -

In the case of 3 -split
D, CDMPHED T r=0,1,2, - are
i,-1, 1,-1, 1,-1, 1,-1, 1,6 -1, -
2,1, -1 -2, -1, 1, 2, 1,-1,6 -2,
so, CD'+ DY+ r=0,1,2, - are
3, 0, 0,-3, 0, O, 3,0, O, -3,
Dividing this by 3, €(0,3,r) r=0,1,2, - become

i, 0, 6,-1, 0, 0, 1,0, O,-1, -~



16.2 n-split of Power Series

Formula 16.2.1 ( n-split)

Suppose that the function f(Z) is expanded into a power series on the domain D as follows.
- — 0 1 2 3 4
f@) = rZoarzr—aoz +a,z +a,z°tazz ta,z +- 2.0)
And let the n-split series f(k,n,z) k=0,1,2,,n-1 are as follows.
°° 2
f(0,n,2) = annr+oz”r+° =agz’+a,z"+ay, 27" +ag,z "+
r:

RS nr+l _ 1 n+1 3n+l
f@n,z) = Y aynz =ay2  + 2" A 27"+ agg 2
r=0

W nr+2 _ 2 n+2 3n+2
f2n.,2) = X a2 =827+ 822"+ A 27" + Agnn
r=0
n-1

R nr+n-1 _ n-1 2n-1 3n-1 4
f(h-1.n,2) = X anren-1 2 =@paZ tapqZ tazaZ Tt agaZ
r=0

Then, the following expressions hold for n = 2,3,4, -,k =0,1,2, ,n-1.

-_ - k -
ki 2y = (@ AEDIED

1L

TlenT ey T len )
[(—l) "flD " z)+CD "flCD "z ]
Where, A, = {1+(—l)n}/2, | X | is the floor function.

Proof

Character for Split ¢(0,n,r) in was as follows.
2s 2s
1 1ins2) —r -
C®mn=;{09”%&DW+HZ{GD”+GD”}
s=1

Substituting =1 for this,

2s 2s
c@O.n, D = —{(-1) ln(-l)l}““ Y {(- DD " }

Multiply each term by Z , substitute them into the function f(Z) and construct a polynomial using them, then

2s 2s
ton 2y = LD A AEDE] 1y il ey 7ol
s=1
Here,
f@) = ioarzr =ayz%+a, 2+ a, 2%+ azz a2t +-
So,

(©n2) = 7] Lalen?) -4 Sal¢n')]

r=0

l|r§2|l ia {(_1)%Z}r+ goar{(_l)_%z}r]

nsl r=0

- +[ £ v -4 S CDa]

r=0

2s 2s
Ln/ZJ 00 Tl’ r 0 —Tr r
25 S en e s S en
s= r= r=



5% O e e

r=0

S{EDT - 4D a2

r=0

:>||4

1
n

=

7]

2s
(1) = 3 | FlED-AED T {(-1)” +¢D “r}}arzf

r=0
Since the inside of [] is c(O,n ,I’) , due to the properties mentioned in the previous section,

f(0,n,2) = Zoc(o,n,r)a,zr = Zoanr+oz”r+0 =apz’+a,z"+ay 22" +az, 2"+
r: r:

Next, Character C(1,n,r) for f(1,n,z) is obtained by shitting ¢(0,n,r) by 1 in the positive direction
with respect to I . So,

c@,n,r) =c@O,n,r-1)
- %{(—1)2r(-1)_2 - AWED'ED T

S 28 2s

- {(—1)2 D ey

Substituting =1 for this,

1 2 -2 1 -1
c@nD =—A{CD’CD - 4LEDIED T
2s 2s 2s 2s
1 L"’ZJ{ oy T -—}
T2 ED +ED T ED
s=

Multiply each term by Z , substitute them into the function f(Z) , and construct a polynomial using them.
Where, since the magenta parts were originally coefficients, these are left out of the function. Then,

CDH@ - ED T ED D)

n

f(in,2) =

vl Hlentcntlest
Y [(—1) HED " ED T ED T ]
s=1
For the same reasons as in f(0,n,2) ,
f(n.2) = Ye@nNaz = Ya,.,z"
r=0 r=0

— 1 n+1
=agz + a2+ ag 22"+ ag 2

Hereafter by induction, we obtain f(k,n,z) k=2,3, -, n-1.

n+1

Formula 16.2.2 ( alternating n-split )

Suppose that the function f(Z) is expanded into a power series on the domain D as follows.
— v — 0 1 2 3 4
f@) = rZoarzr =agz ta;z +ta,ztagzzita,z
And let the altemating n-split series f(k,n,z) k=0,1,2,,n-1 are as follows.

_f(O,n ) = Z (_1)ranr+02nr+o = aOZO_ anzn+ a-2n22n - a3n23n T
r=0

W\ nr+l _ 1 n+l 2n+ 3n+l
f@n2) =Y Doz =ai1Z - apeZ  tayml —azn+1Z
r=0
W nr+2 _ 2 n+2 2n+ 3n+2
f@n.2) = ¥ D'ayez =a2Z —@pZ  taxupZ  —Azn2l



W r nr+n-1 _ n-1 2n-1 3n-1 4n-1
_f(n -1ln,7) = 20 D agrn-az = an-1Z — dazn-17 + azgn-12Z ~ A4n-1Z T
r:

Then, following expressions hold for N = 2,3,4, ,k = 0,1,2,- ,n-1.

f(k,n 'Z) =1 M
— n n
+i L:;/:J[ o ey ey T odey )]

Where, & = {1—(—1)”}/2 , | X ] is the floor function.

Proof
It is proved in a similar way to| Formula 16.2.1| using[ Definition 16.1.2 |




16.3 Two-split of Power Series

16.3.1 Two-split of Power Series

Suppose that the function f(Z) is expanded into a power series on the domain D as follows.
1 2 4

f@ = Za 2" =ayz%*a 2t a, 7%+ agz i+ a, 2t (2.0)

Two-split of the series are

f(02,2) = Y ayo2” C =ayz’+a,z°+a 2t +agz®+
r=0

f(1.2,2) = Y ay, 22 " =azttagz’+agz  +a,z’
r=0

And is written down as follows.
f —f _ f 1 2/2 +f 1 -2/2
(022 = @D | HEDY22)+ HED™22)

2 2
_2/2 2/ 202 —op
f(1,2,2) = '@ J’Zf("z) , CDHED Z};(—l) f{ 1) %2}
Simpilified
At first glance, they are reduced to
(22 = 1D 154 = 1OTCD

2

Example 1 Two-split of Exponential Series
;1 2 3 4 5 6

f(Z) = 1+ 1 ;' +%+%+%+%+... = ¢f ( Series to be splited )

2 4 6 8 10 z -z
e"te
(022) = W or+or+grgtqort = 5 -ooshz
1 3 5 7 9 11 z -z
z Z z z z Z e —-e .
fA2D = r*gr*ert @ttt - 2 - sinhz

Example 2 Two-split of Exponential Generating Series

2 a4 6 8
f@) =1- L2 Z z z NS S ( Series to be splited )
2 12° 720 30240 1209600 el-1
2 a4 6 8
z z z z 1 z -z z z
= _— - —_ = — + = — —
1(0.2.2) = 145 ~350 " 30240 ~ 1209600 * 2 ( o1 e7-1 ) 2 coth 5
_ 1z 1 - _ 7
2n=-3 B 2( e’-1 e‘z-1) T2

In fact, these right-hand sides are expanded into the Maclaurin series by the formula manipulation software
Mathematica as follows.

1 z -z
Normal [Ser‘ies[— [ + ), {z, 8, 19}]]
2 \e?-1 e*-1
22 24 26 28 S1@
1+ — - + - +

12 720 30240 1209600 47900160



1 b4 -2
Normal [Series[— [ - ], {z, 8, 11}]]
2 \ef-1 e?*-1

z

2

16.3.2 Alternating two-split of Power Series
Alternating two-split of Power Series are

-\ r 2r+0 _ 0 2 4 6
f272) = r;0(—1) Aors02 ZagZ —ayz-tayz —agz t--

-\ r 2r+l _ 1 3 5 7
@22 = r;0(—1) Aoreq Z =a,;z -agz tagz —-a;z t--

And is written down as follows.
HEDY22) +H{ D722

10,2,2) = >
_ D EDY + EDVPH D)
@2z = >
Simpilified
At first glance, they are reduced to
fGz)+ f(-iz fGz) - f(-iz
f(0,2,2) = )+ fCiD) , f(1,2,2) = L()
1 2 - 2i
Example 1 Alternating two-split of Exponential Series
1 2 3 4 5 6
f(Z) = 1+%+%+%+%+%+%+'" = ¢’ ( Series to be splited )
2 4 6 8 10 iz -iz
— 2° .7 7 1 1 _e +te _
102D =l-mr+ - e 100" T 2 T 008z
1 3 5 7 9 11 iz -iz
-tz z,z z oz z= _& "€ _
@2 =q-mtsr-wta T T T g SN
Example 2 Alternating two-split of Exponential Generating Series
f@) —1—£+Z—2— * + 2>z o = Series to be splited
: T T 27 127720 T 30240 T 1200600 T T gi_q  (Serestobesplted)
2 4 6 8 . .
z Z z Z 1 1z -1z z z
102.2) =1-75-720 " 30240 ~ 1200600 " " E( ol 1 e?_q ) =297
7 1 iz -iz Z
1122 =-% —;( N e_iz_l) =-3

In fact, these right-hand sides are expanded into the Maclaurin series by the formula manipulation software
Mathematica as follows.
1 1z -1z
Normal [Ser‘ies[— . + —_— » {2, 6, 16}”
2 e:II. z _ 1 e—n z _ 1

76 28 216

12 720 30240 1209600 47900160



1 iz -1z
Normal [Ser'les[ - s {z, 0, 11}”
21 eiz_l e-iz_l

z
P

16.3.3 Two-split of Even and Odd Functions

When f(Z) is an even function or an odd function, it cannot be divided into two by [16.3.1.
Because, the simplified type of 16.3.1 were

£(0.2,2) = M @20 = f@) 2f(—z)

When f(Z) is an even function, since f(Z)=f(-z), f(0,2,2) =f@) , f(1,2,2) = 0.
When f(Z) is an odd function, since f(z)= -f(-z), f(0,2,2) =0 , f(1,2,2) =f@).

In such a case, it can be divided into two by the following formula. The proof is easy, so we will not mention it.

(1) When f(z) is an even function,

(02 = 1D 45, - 1O-10D)
(2) When f(2) is an odd function,
-1 .
12,2y = 1D 2 ) 405y = 1@ 12 fG2)

Example 1 f(z)=coshz

1+ - +Z—4+Z—6+Z—8+ 2 +- = cosh Seri be splited
2' 61 81 101 = YA ( Series to be splited )
l+z_4+z_8+ 22 2% 2% coshz+cosz
41 81 121 16! 20! B 2
22, 2% 21 M 2% coshz -cosz
2! 61 10! 141 18! B 2
(. coshiz =cos z)
Especially when Z=1,
1 1 1 1 1
l+ﬁ ﬁ+a+§+ 10! + - = COShl = 1.54308063
1 1 1 1 1 coshl +cosl
1+ mrer T T et oot T 5 =1.04169147 -
1 1 1 1 1 coshl -cosl
STtertTor T art ettt T 3 - 0.50138916-
Example 2 f(z)=sinhz
z_lz3 z° 72" % M — sinh . .
i +—!+—!+—'+—!+ 111 +-- =8INN Zz ( Series to be splited )
Z_l+z_5+z_9+213+217Jr _ sinhz +sinz
' 51 91 131 171 B 2
Z_3+z_7+ 2t N z° N z2*° = sinhz -sinz
o7y o11r 151 191 B 2



Especially when z2=1,

1.1, 1. 1 1 1
11 31 51 71 91 111
1t 1.1 1 1
11 "51r 91 131 171
i+i+1+l+l+
31771 7111 151 191

—sinh1 = 1.17520119-
sinh1l +sinl

ST = 1.00833608
inh1 —sin1

w ~ 0.16686510-

-10-



16.4 Three-spilit of Power Series

16.4.1 Three-split of Power Series

Suppose that the function f(Z) is expanded into a power series on the domain D as follows.
1 2 4
f@ = Za 2" =ayz%*a 2t a, 7%+ agz i+ a, 2t (2.0)
Three-split of of the series are

-\ 3r+0 _
£(0,3,2) = §Oa3r+oz "

3r+1

f(13.2) = Yagu 20 T =a,z +a 2 a2’ +a 710+
r=0

3r+2

f(23,2) = Yagu,20 2 =a,z°+asz +agzi+ag 2t
r=0

And is written down as follows.
f@ , HED¥P2) +H{ D7)
3

£(0,3,2) = _
-2/3 213 213 B

f(1.3.7) = fg) , COPH D) ;(—1) H (D2}
-4/3 2/3 a/3 213

f(2.3.0) = f(:? , COPH D2} ;(—1) H D%z}

Example 1 Three-split of Exponential Series
1 2 3 4 5 6

z z Z z Z z — z . .
1+ F 7 ? ﬁ ﬁ ﬁ"" = € ( Series to be splited )
2/3 -2/3
2,20 20 2 g et T P e et 2 432
31 61 9r 121 15! 3 3 3 3 /ez
- N2/3 - N-273
z_l 24 Z7+ ;10 . ;13 . ;16 o e_z+ (—1)'%8( iy Z+(_1)2/3 e( 7z
1! 4l 10T 13! 16! 3 3
e? 1 A3z 1 A3z

= —- Ccos + Sin

3 el 2 3e’ 2

—142/3 18273
Z_2+z_5+z_8+ ,11 . ;14 N ,17 o e_z+ (_1)-4/3e( 1 Z+(—1)4/3e( 1) °;
21 51 g1 111 141 17! 3 3
g 1 3z 1 3z
=L _ cos J_ - sin «/_

3 3\/? 2 3e? 2

Especially when z=1,

1+l—1,+2—1!+3—1!+4—1!+5—1!+6—1!+--- =e! = 2.71828182-
1+3—1|+6—1!+9—1!+1—;!+1—é!+--- =<+ 2005;/«/;/2) = 1.16805831
11 +4—1!+7—1!+ 1%)! 4 12! 4 i: b =S cosg«f/_%/z) Si”;“{/_%/z) = 1.04186535
2—1!+5—1!+8—1!+ 11! + 11! 4 ;! po = 2o COS(“Ee/Z) . Si”;“{/_%/z) = 0.50835816

M-



Example 2 Three-split of Logarithmic Series ( |z < 1, z#1)

1 2 3 4 5 6
z z z z z
Ttttz t gttt T log(1-2) ( Series to be splited )
£+£+£+ 72 N 215+ 718 o = log(1-2)
3 6 9 12 15 18 T 3
log{1-(-1)**} +log{1-(-1)**z}
- 3
i+i+i+ 70 . 213+ 716 o = log1-2)
1 4 7 10 13 16 - 3
D Plog{1-D¥ ) + D PPlog{1-(-1) >}
3
i+£+£+ e .\ zl“+ raad o = Jog@-2)
2 5 8 11 14 17 B 3
D Plog{1-¢D ¥} + (1) “Plog{1- (-1) %)
3
When z =1/3,

1,1 01 1 1.1 1
13 23%2 33% 43* 53° 63%° 737

2
=- Iog§ = 0.40546510-

1 1 1 1 1 1 1 3 1 13
33° 63° 03° 1237 1535 1838 31093 -3log~g = 0.01258010~
1,121,121 1 1 o _1.83.1 13 1 tﬁ
13 43* 737 103° 1332 163% 392 699 Jzo a7
= 0.33648681
= + = + = + = + = + = +---—1Io §+1Io B 1“rctan“/§
237 535 83° 113° 143% 1737 392 699 N3 7
= 0.05639818-
16.4.2 Alternating three-split of Power Series
Alternating three-split of Power Series|(2.0) [are
-\ 3r+0 _ 0 3 6 9
f(03,2) = r;(J(—l)'rawoz =agz —azz tagz —agz t—-
fason = ;0(_1)ra3r+lz3r+1 =a,2'-a,7%+a;2" - a;02" 0+
- r 3r+2 _ 2 5 8 11
f@32) = rgo(‘l) Q3ripZ” " TApl - agZ tagz —ap 7zt
And is written down as follows.
) HEDYRzp+H{ ) V3z)
1032) = =5~ + 3
(s = EDTCED | (DPHED P2+ )PHED ™
— i) 1 3 3
(@3 = EDICED | CDPHED P2+ D™ HED ™)
— i) 1 3 3

-12-



Example 1 Alternating three-split of Exponential Series

_ 3 -3
;3 4,6 ,9 12 15 _(_1)0 2 oCD z+e(1)

e e b T
«/_ ﬁz

31 61 9o 121 151 - 3

- 3eZ
1/3 -1/
LSS A O O L N & s e
1141 71 101 131 16! - 3
~ V ﬁz [ e A3z
= 362 > 3 sln—2
-1/3
Z_2_z_5+z_8_ ;11 . ;14 _ ;17 e (_1) ( 1)-2/3 Y +( 1)2/3 D 77z
21 518 11 141 T AT - 3
1 \/ ﬁz ﬁz
3e’
Especially when z=1,
1 1 1 1 1 1 2 A3
1—3— B o1 —2—1—5!+—"' _§+§£COST = 0.83471946--
1 1 1 1 1 1 1 1 A3 J_
T ar T Tor e Ter T T 3e tave st § 2
= 0.95853147 -
1 1 1 1 1 1 1 1 A3 A3
TSR T T T 33V 75t/ 3 ST
= 0.49169144 -
Example 2 Three-spilit of Logarithmic Series ( |Z| <1)
2%, 2% 2% 22 7® 2P log(+2)
"3 6 9 12 15 18 @~ 3
log{1-(-D¥3z} +log{1-(C-1) 3z}
- 3
2 2t 2 20 2B 2* Do)
1 4 7 10 13 16 - 3
D log{1-¢DY%2} + D ¥log{1- (1) 2}
3
2’ 2% 2% 2t M 2 (D’log(A+)
2 5 8 11 14 17 - 3
D log{1- 1%} +¢1D)*Plog{1- (1)}
- 3
Especially when z=1,
1 1 1 1 1 1 _ log2 _
—§ +€ —6 E—l—S 1_8 -+ = = 3 — _0-23104906
i l.,.l i.,.i i.,. —i L+| 21 = 0.83564884--
17277710713 16" ‘3(@ o )‘ :

-13-



1 1 1 1 1 1 1 V4
2 s5ts w1t —5(—5-'092) = 0.37355072-
cf. Mercator series
1 2 3 4 5 6
z z z z z z _
T - 2%'3 " ats " T T lad)

-14-



16.5 Four-split of Power Series

16.5.1 Four-split of Power Series

Suppose that the function f(Z) is expanded into a power series on the domain D as follows.
- — 0 1 2 3 4
f@) = rZoarzr—aoz +a,z +a,z°tazz ta,z +- 2.0)

Four-split of of the series are

f04.2) = r20‘314”0 240 =a,2%+a, 7  +agz®+ a2t 0+
f(1’4’z) = 20a4r+1z4r+1 =a; Zl + ag 25 + dg Zg + dq3 213 +---
f(24.2) = r208'4r+2 Z4r+2 =a, 22+ dg 26+ a10210+ al4214+...
f@G4.2) = 2034”3 2% =a,7%+a, 2 +a 2 a2

And is written down as follows.
i@-1 | HED 2+ H{ED )
z " 2

, HEDY 2+ H{ED ™2
4

(@ +1(D) | CDH{ED7 )+ CDPH{ D)
4 4

O EDY 2+ DV ED )

f(04,2) =

f(1,4,2) =

+

(2an = QD

]
(_1)—4/4f{ (_1)2/42 } + (_1)4/41:{ (_1)—2/42 }

4

+

4
COHEDY2 1+ DY D))

4

CO¥HEDT 2+ CDY*HED ™)
4
G D EDY 2+ CDPHHED V)
4

@4z = & Zf(_z) +

Example 1 Four-spilit of Binomial Series (|z]< 1, z#1)

Bowt e o Ty (St wies)
700, 151 o 231 ., 31N, 30U 1/ 1 1
Lt gw? et Tan? Tpul tamd e Z( Viz 17z )
+ i( 1 + 1 )
N\ V1-cD%2 V1-cD7%
1 1 1
+ +
4 ( N1-CDY% Ay 1-(-1) )
1 2t+ i z° 17!!29 L 78+ U v, AN 284 :l( S )
on’ "ion’ Tign’ Ten’ Tmu’ Ton 2\ T

-15-



.\ i( (_1 -2/4 .\ (_1)2/4 )
M\ V1-D%* J1-D%
1 (_1 -4/4 (_1)4/4 )
+ JR—
4 ( V1-CD% A 1-CD
30, 1N o 19N o 270 4, 3BU o 43N 1/ 1 1
an? T ow? toon? tmw? tem? tamwl b= Z( Jiz JJia )
L1 ( (GO I G O b )
M\ V1-c? J1-cD %
1 ( 1)—8/4 (_1)8/4 )
+ JR—
4 ( V1-CDY2 A 1-CD™
50 5 130 , 21N, 200 . 37N o 451 1/ 1 1
2 ANl o tpw? tgmt tamul tv e Z( iz iz )
.\ i( (_1 -e/4 .\ (_1)6/4 )
N V1-D72 V1)
.\ i( (_1)—12/4 (_1)12/4 )
N V1-D% V1-cD™

If the right side of the last expression is expanded into the Maclaurin series by the formula manipulation software

Mathematica , it is as follows.

1

f[3,4,2 ] :=

1[ 1
- +
A4 af1-z 4f1+z

]+

+

bR

1
4

{

(-1)"/ (-1)%/*
+
\V1- (-2 1o (1) iz
(-1)-12/4 (-1)-12/4
+
V1- (-1)** 2z y1- (1) 2

Normal [Simplify [Series[f[3, 4, 2], {2z, 8, 19}]1]1]

42977 88179z'' 9894845z 4418157975z2"

+ + + +

2048 524288 671083864

573

16 34359738368

16.5.2 Alternating four-split of Power Series
Alternating four-split of Power Serieq (2.0)| are

- r 4r+0 _ 0 4 8 12
f04.2) = ;J(—l) Aure0Z T 8gZ Az tagl —apprt o

- r=0

f(214’2) = E (_1)ra4r+224|’+2 =a, 22 — dg 26 + alozlo - al4214 +—--

- r=0

142 = X D'y 2" =a2%- a2 +ay 2t - a2t -
r=0

And is written down as follows.
DYz +H{ D2} i D42+ H (D) 42}
4 4

f@©042) =

-16-



f(@.4,2)

4.2

fG4.2)

EOHED 2+ CDHED S

4
COVHEDY 2+ CDY*HHED )

4
CO ' ED Y2+ D ED )

4
CO¥HEDY 2+ CDY*HED )

4
COVHED Y2+ DY DY)

4

. COHED 2+ CDYHED ™)

4

Example 1 Alternating four-split of Logarithmic Series ( Izl< 1)

_i+£_ 72 N 220_ 7% N 7% = log{1- DYz} +log{1- (D)2}
12 16 20 24 B 4
log{1- Dz} +log{1- D"z}
- 4
1 9 13 17 21 =~
D ™og{1- DYz} + 1M log{1- 1)z}
4
D og{1- (D¥ 2} + D log{1- -1z}
4
i_£+210 214+218_222+_m_
2 6 10 14 18 22 B
_ D™ og{1- DMz} + D7 log{1- -1z}
4
D *log{1- CD¥ 2} + D log{1- 1) ¥z}
- 4
i i+ le Z15 Z19 Z23 =
3 11 15 19 23
D og{1- (DM 2} + D log{1- DTz}
4
_ D ™og{1- (D2} + D log{1- 1)z}
4
Especially when z=1,
1,011 1 1 1 log 2 _
I R VI T "4 =-0.17328679-
1 1.1 1 1 1 7 + 2arccotha/2
S e tD —S s - = = 0.86697298--
1 579 BT T a2
1 1 1 1 1 1 T
2610 w2 7w = 0-39269908 -
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1 1 1 1 1 1 _ 7z - 2arccothy/2

3" 7 "1 1Bt 19 3T T iz = 0.24374774~

Example 2 Alternating four-split of Exponential Series

SN G cCDYH: +e(—1)‘1"‘2+ eCDY 4 D
T4v T gr 121 1t 200 4 4
—coshi-cosi
N2 A2
;1,5 . ;9 . ,13 . ,17 . ;21 . ~ (_1)-1/4e(—1)1/42 +(—l)1/4e(_1)_1/4z
1151 9or 131 171 210 T 4
1) 1>/ F1) oG
5
e2/4/5 —z/ﬁ 7
= cos +sin COS——
242 «/_ «/_ ) 2«/7 ( N «/_
1y 174,
;2,6 ,10 14 18 22 (- 1)-2/4 SOt +(_1)2/4e( 1
___+ —_— + — + . p—
21 6! 101" 141 181 221 4
3/4 -3/4
N (_1)—6/4e(_1) Z+(_1)6/4e(_1) z
4
=sinh——=
«/_ «/_
-1/4
2_3_2_7+ ;1 i ,15 . 219_ ;23 o (_1)-3/46(—1) +(_1)3/4e(—1) z
31 7r 111 151 19 23! 4
-1 € oM +(-D**e¢ R
4
ez/«/E —z/ﬁ
= -——— | cosS—— cos +sin
242 ( «/_ «/_ ) 242 ( «/_ «/_ )

Especially when Z2=1,
1ot 1L s cosh— = 0.95835813
“ 18T T 121 T e T 201 T Cosﬁcos J2 - Y-

1 1 1 1 1 1 1+ _

1 1 1 1 1 1 . . 1

ﬁ_ﬁ-i- 101 - 141 + 181 - 221 +— =SIN—— 3smhﬁ =0.49861138-
1 1 1 1 1 1 +i (. 1+ _

BT 15T T 19" 2317 2,/2( A —sin ﬁ) = 0.16646827--
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16.6 Five-split of Power Series

16.6.1 Five-split of Power Series

Suppose that the function f(Z) is expanded into a power series on the domain D as follows.
- W — 0 1 2 3 4
f@) = rZ_]Oa,zr =agz ta;z ta,z-tagzita,z +-
Five-split of of the series are

f(05,2) = rZoasproz

5r+0 _ aOZO+ a525+ a10210+ a15215+---

00

fa52) = 2 ‘3‘5r+125r+1 - 2+ ag 28+ agl 2+ aie 710+
r=0

f(25,2) = Y agn 2 2 =ay,z°+a,z +a,z 0 a2+
r=0

f352) = 2 a5r+325r+3 =az 2%+ dg 2%+ a3 253+ aig 718+
r=0
3 5r+4

f(45.2) = Yag,z @ =agzttagzitaz tagz +

r=0

And |Formula 16.2.1| is written down as follows.

f(;) , A (_1)2/52}; Hen™2) |, | (—1)“’5z}+5 HED ™)
o , D HED ™2 ;(—1)2’5f{ D2}
, COPHED™) ;(—D“’Sf{ Dz}
o, CD ™ H{ D7) ;(—D“’Sf{ D7)
, CO™HED™ ) ;(—1)8’5f{ Dz}
f(é) , COPHED™ ) ;(—1)6’5f{ D)z}
, COPH DY) ;(—1)12’5f{ D2}
f(é) , COPHED™ ) ;(—1)8’5f{ Dz}
, COPPHED Y2 ;(—1)15’5f{ Dz}

f(0,5,2) =

f(1,52) =

f(2,5,2) =

f(35,2) =

f(45,2) =

Example 1 Five-split of Exponential Series

i PSR A z

1+F+j+§+ﬁ+ﬁ+ﬁ+'" = ¢ ( Series to be splited )
" 25+ ;10 . ;15 . ;20 . ;25 . _ e_z+ e(—l)z’52 _|_e(—l)_2/52
51 10! 15! 201 25! -5 5
4/5 -4/5
.\ e(—1) z +e(—1) z
5
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1 6 11 16 21 26

el Y111 et T 211 261

2 7 12 17 22 27

o1 "7 T 121 T 17 T 201 T o7

3 8 13 18 23 28

31781131 T 181 L 231 ' 281

4 9 14 19 24 29

a1 "ot T 141t 1ot T 221 T 201

Especially when 2=1,

1 1 1 1 1 1
Wy tort et er ter
1 N 1 N 1 N 1 N 1 .

51 101 151 201 25!
1 1 N 1 N 1 N 1 N 1
11 16! 211 26!
1 1 N 1 N 1 N 1 N 1
T 121 171 221 271
1 1 N 1 N 1 N 1 N 1
13t 181 231 28!
1 1 1 N 1 N 1 N 1
141 191 241 291

+

o? (—1)‘2’5e('1)2/52+(—1)2’5 QG2
+

5 5
4/5 -4/5
N (_1)—4/5 e(_l) z +(_1)4/5 e(_l) z
5
2/5 -2/5
e_z+ (_l)—% e(_l) z +(_1)4/5 e(_l) z
5 5
4/5 -4/5
(_1)—85 e(_l) Z+(_1)8/5 e(_l) z
5
2/5 -2/5
e_Z+ (_l)—% e(_l) z +(_1)6/5 e(‘l) z
5 5
N (_1)—12/5 e(_1)4/52 +(_1)12/5 e(_l)_4/5 z
5
2/5 -2/5
e_Z+ (_1)—8/5 e(_l) z +(_1)8/5 e(_l) z
5 5
N (_1)—165 e(_1)4/52 +(_1)16/5 e(_l)_4/5 z
5
2.71828182
1.00833360-
1.00138891 -
0.50019841 -
« = 0.16669146 -
- = 0.04166942-

Example 2 Five-split of Logarithmic Series (|z] < 1, z#%1)

L S S AT S S
1 2 3 4 5 6

Z5 Z10 Z15 20 25 30

. N g z z
5 10 15

20 7 25 T 30

Zl Z6 le Z16 Z21 226

—t—+ + + + 4+ =
1 6

26

= -log(1-2) ( Series to be splited )
_ log(1-2)
- =
_log{1- 1)**z} +log{1- -1)"**7}
5
_ log{1- D* 2} +log{1- )™z}
5
log(1-2)
- =

D log{1- (D2} + D log{1- (-1) 2}

-20-
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D™ log{1- D™z} + D)™ log{1- (D)7}

5
i+i+ 212 + 217 + 222.|. 227 4. = _M
2 7 12 17 22 27 5
_ CD™log{1- (D2} + D™ log{1- (-1) 2}
5
D™ log{1- (D2} + D log{1- D)z}
5
£+£+ 213 + 218 + 223+ 228 +... = _M
3 8 13 18 23 28 5
D™ log{1- D)z} + D log{1- (1) 7z}
5
D) ™Plog{1- D™z} + (D)™ log{1- (-1) "z}
5
i+i+ 214 + Zlg + Z24.|. 229 4. = _M
4 9 14 19 24 29 5
D™ log{1- (D2} + D) log{1- (D)7}
5
D log{1- D™z} +(-D)'log{1- 1)z}
5
When 2 =1/2,

1+1+1+1+1+1+1+
12 222 32% 42* 52° @28 727

=0.69314718 =log?2

1 1 1 1 1 1 ) ) log 31
525 1020 1525 2028 2525 3020 - 0-00034973 =logz -5
t .ttt 1t -0.50264953
12 6265 1129 162 2127 262% )

1 1 1 1 1 1 B
202 707 Voo Vg o T p 2 Ty ot T 012613687

1 1 1 1 1 1
323 + s + Y + 5o + 322 + 28 2% +-+ =0.04216455-

1 1 1 1 1 1

- = 0.01584647

+ + + + + +
42% 92% 142% 1921 24.2% 2927

16.6.2 Alternating five-split of Power Series
Alternating five-split of Power Seriesare

£05.2) = Y (-D'ag,qz”"° =a,2° - agz’+ a0z - a;g 2+
r=1

f@152) = Y (-D'ag,, 2> =a,z - agz°+a; 2 —a 2" 0+

- r=0

@52 = X (-D'ag,,2>" =a,2°-a,2" +a,2 0 - a2t -
r=0

f@B5,2) = X (-D'ag,32° 2 =azz° - agz®+a;527 0 - a2 0+
- r=0
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f(452) = X (-D'ag,,2°"" =a,z%-ag2° +a,, 2" - a,92" +- -
- r=0

And |Formula 16.2.2 |is written down as follows.
i) | HEDY 2+ H{ED™ o) | HEDY o+ H{ D)%)
5 5 * 5
CDED) |, EDHED ) + D D7)
5 5
, COPHED™ ) + D*PHED ™)
5
CD*IED |, CD*PHED™2) + CD*PHED ™)
5 5
L COPHED™ ) + EDPHED ™)
5
CD’MCD) | EDHED2) + DY H D ™7
5 5
, COPHEDT 2} + CDPHED )
5
CDYED |, CDHED™2) + (DM HED ™)
5 5
, COPHED ) + (D D7)
5

f052) =

@52 =

f@52) =

@52 =

f@s52) =

Example 1 Alternating five-split of Exponential Series

1/5 -1/5
1_2_5+ ;10 i ;15 . ;20 i ;25 e - e_z+ ez 4 oD 72
51 101 151 201 25! 5 5
3/5 -3/5
+e(—1) z +e(-1) z
5
1/5 -1/5
LA AL S Sl Sl S G M A o W A
11 61 111 16! 211 26! T 5 5
3/5 -3/5
N (_l)—%e(_l) Z+(_1)3/5 e(_l) z
5
,2 ,7 12 1 22 27 e’ (_1)—25e(—1)1/52+(_1)2/5 e(—l)'ll52
[ — - + - +.. = —+
20 71 120 171 221 271 5 5
3/5 -3/5
N (_1)—6/5e(_1) Z+(_1)6/5 e(_l) z
5
1/5 -1/5
Z_3 2_8 ;13 Z18+ ;23,28 . __e_z+ (_1)-3/5e(—1) Z+(—1)3’5 e(—1) z
31 g1 131 181 231 28I -5 5
3/5 -3/5
(_1)—% e(_l) Z+(_1)9/5 e(_l) Z
5
,4 ;9 ,14 19 24 29 p? (_1)-4/5e(—1)1/52+(_1)4/5 e(-l)_l/52
—_— - + - +.. = —+
41 9l 141 191 241 29! 5 5
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(_ 1)—12/5 e(_ 1)3/5 z +(_ 1) 12/5 e(_ 1)_3/5 z
+

5
Especially when z=1,
1 1 1 1 B
1 =% *1or ~ 181 " 201 " 2Er * T 0-99166694-
1 1 1 1 1 1 B
0 "6t Y11~ 1er T 2w T zer T T 0-99861113-
11 1 1 2 1 .= 0.49980158 -
21 7v T 121 Q7v o221 o27n T T
1 1 1 1 1 1 B
31 " 8r T I3t " 181 T 23t ~ 28 T T 0-16664186-
1 1 1 1 1 1 B
21 ~or Y 1ar T 1ot *2ar T por to T 0-04166391-
Example 2 Alternating five-split of Logarithmic Series ( |z] < 1)
5 10 15 20
-z z z z _log(1+2)
"5F 10" 1520 2% "3 T 5
log{1- -1z} +log{1- 1)z}
- 5
log{1- -1)*°z} +log{1- (-1) "z}
B 5
i_£+ el A N 22 2 __ DMog(+2)
1 6 11 16 21 26 - 5
D log{1- D™z} + D log{1- (-1) ")
- 5
D *log{1- D¥* 2} + D *log{1- (-1)*°z})
- 5
i_iJ, 2 Y . 222_ 2% _ D 2log(1+2)
2 7 12 17 T 227 27 - 5
D Plog{1- DYz} + (D log{1- -1z}
- 5
D log{1- D¥ 2} + D*log{1- (-1)*°z})
- 5
£_£+ 7% 718 N A _ D Plog(1+2)
3 '8 13 18 23 28 - 5
D *log{1- D™z} + D *log{1- (-1) "z}
- 5
D Plog{1- Dz} + D) ¥log{1- D)7z}
- 5
i_i+ i N 224_ 7% o = D *og(1+2)
49 14 19 24729 - 5

_ CD™log{1- DMz} + D)™ log{1- ()7}

5
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D ™Plog{1- Dz} + D log{1- (-1) ¥z}

5

Especially when Z=1,

1 1 1 1 1 1 _ _ log2

—g +E —E +% _E*—% -+ = —0-13862943 - - 5

1 6 11 16 21 26  ~ °°

1 1 1 1 1 1

E —7 +E _f +Z _f +—- = 0-40690163

1 1 1 1 1 1

3-8 13 18 t23 "2 T = 0-253751%6-

1 1 1 1 1 1

Z —5 +ﬁ —E +ﬂ —E +— = 0-18064575
Note

It is possible to represent (—l)m/n (m,n =1,2,3,~) in the formula with elementary transcendental functions

or radicals. However, in the case of the 5th order or higher, it becomes very complicated.
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Hiroshima, Japan
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