04 Sum of series equivalent to the Riemann hypothesis

As an example of application of the preceding chapter "[03 Vieta's Formulas in Infinite-degree Equation|", we

take up the sum of the series equivalent to the Riemann hypothesis in this chapter. Such a series and its sum
are obtained from Vieta's formula in the Maclaurin series of function —Zé( 1-z ) which is a part of completed

Riemann zeta function.

4.1 Factorization of -z£(1-2)
In this section, we factor —Zé( 1-z ) , which is a part of f( Z) , around 0.

Formula 4.4.1
When y is Euler-Mascheroni constant, {(Z) is Riemann zeta function and the non-trivial zeros are

X,+iy, n=1,2,3,-, the following expression holds.

2XnZ

_1-L17 o 2 _—

Ty = /7 e(logz 1 2)2 1 2X, 2 L2 eanJ,y“z
2r{(3-2)'2} =17 xZHyZ xZHyP

(1.1)

Proof

Let completed zeta function be as follows.
z

€ = 207 1| 5 6@

Replacing Z with 1-7 ,

1-z
-0 = 2a-dr 2 {5 |ca-n w

According to Formula 8.1.1 in "|08 Factorization of Completed Riemann Zeta| " ( Riemann Zeta Function ) ,

f( Z ) was represented by the Hadamard product as follows.

logrz 14 z
|092+_—1—— Z o Z —_
5(2)=e( 2 2)H(l——)e“
k=1 Zy
Since functional equation £(z)=¢&(1-2) is established,
log 1% z
log2+—-1-= |7 » Z —
¢@d-2) = e( 2 2) [1 (1—— )eZk (Wg)
k=1 Zy
From (w,) and (wg),
1-z logr 4 4
-~ 1-7 log2+ 1-= |7 o 7 —
s ? {5 ean = (L)
2 k=1 Zy
From this,
1-z
1 = |
57 097 7, . £
2 e(I092+ -1 Z)ZH(l—i)eZk
k=1 Zy

26(-2) = 5 )
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Here,

Substituting these for the above,
|092—1—l Z o i
Dy = =T o :) I1(1-2
ZF{ (3—2)/2} k=1

When the non-trivial zeros are 7, =X, iy, k=1,2,3,,

2XnZ

Jz (10g2-1-2 )2 . 2%z 72\ =

- 1— = l_ + Xn + Yn
0D = R E2) 2 2+yZ w2y |

f x,=1/2 n=1,2,3,

-z2{(1-2) = ZF{(;/_;Z)/Z}e(logz_l_z)zﬁ(l_ 7 . ;2 )e]/4—+yr12

Trivial Zeros
Trivial zeros 2 =3,5,7,  of {(1-2) are containedin 1/7{(3-2)/2} . The reason is as follows.

Formula 11.1.1 (1.3,) in "[11 Series Expansion of Reciprocal of Gamma Function|" (A la carte ) was as follows.

z 4
(10 o7 - A0
s\~ 2n-1 QA-2)/2) s
Since the left side is
z z
= a -1 — (1_N\aZT _ 2n+1
I:I(l 2n—1)e (A-2)e nII:l(l 2n+1)e

dividing both sides of (1.3,) by (l—Z )e : ,
( 1- Z )e 2nZ+1 _ ,\/; e( %+I092—1)z
2n+1 A-)1{@A-2)/2}
_ ﬁ/z e(_%nogz-l)z.e?/Z
-2 A- /2]

11

n=1

From this,
z

§a

Jr e(logZ—l—z)z =e_7zﬁ(1— yA )e2n+1
2r{(3-2)/2} =i\ 2n+1

Since the exponential function eﬂ has no zero, this formula means that Z =3,5,7, - are the zeros of

1/r{(3-2)/2}
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4.2 Maclaurin Expansion by Stielties Constants

Formula 4.2.1
When é( Z ) is Riemann zeta function, the following expression holds on whole complex plane

2(-7) =1 - 1

S

Where, )5 is Stieltjes constant defined by the following expression

Z (ogk)®  Cogn)*™
% k s+1

n—>

Proof

It is known that the following expression holds on whole complex plane.
1 2 CD°
— s
@ = + 2 % @-1
z-1 s=0 S1

Multiplying both sides by Z -1,

%s - Stieltjes constant

D@ =1+ nen =1+ 50 gy

Replacing Z with 1-7 ,

A-2-D¢@-2) = 1 + %(-1) 128 gy

—1+Z(1)281 7/5 Ly

“2l@-)=1-

s=1
Note

The function —Zé( 1-z ) does not have singular point on whole complex plane. So, the convergence radius
of (2.1) is infinite.



4.3 Maclaurin Expansion by Hadamard Product
As seen in Section 1, when non-trivial zeros of {(Z) are Z =Xty k=1,2,3, -, the function

-2£(1-2) was factored asfollows.

log2-1-< |z 2 2 Rals
\/; e( g2- _2) 10—01 1- X Z + Z eXr2+yr2
ZF{ (3—2)/2} r=1 Xr2+yr2 )(',2+yr2

-26(1-2) =

(1.1)

Each function which constitutes this is expanded to Maclaurin series as follows, respectively.

Maclaurin expansion of the reciprocal of gamma function

According to Formula12.3.3 in "[12 Series Expansion of Gamma Function & the Reciprocal|' ( A la carte ) ,

when l//n( YA ) is the polygamma function and Bn,k(fl ) fz y e ) are Bell polynomials,

Nz . B
2I1(B-2)/2} =1+ Z D Gy @HN (3.9)
=1 on ‘”o(g) j!!{‘/’g(g) m(%)}

where,
Bs = él(—l)k Bs,k( Wo( % ), 1//1( % ) N 1//5_1( %) ) s=1,2,3,

Maclaurin expansion of the reciprocal of exponential function

Exponential function of (1.1) is expanded to Maclaurin series as follows.

(IogZ—l—l)z o 7% s
2) = £ 4
e sgl <1 (Iog2 1 5 ) (.e)
1 2 3
_ Lz y\*, 2 y\2, 2 7\
- 1+F(|ng—1—5) +E(|ng—1—5) +§(I092_1_E) +

Maclaurin expansion of non-trivial zeros

According to Formula3.6.1 in "|03 Vieta's Formulas in Infinite-degree Equation|“ ( Infinite-degree Equation ) ,

the non-trivial zeros of (1.1) is expanded to Maclaurin series as follows.
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H 1- rc oy Z exr2+yr2:1_02_ 12 (—fl) _ZL Z2
_ 2 2 2 2 — 2 2 = 2 2
r=1 Xr +Yy Xy +Yr 2 n=1 X1t Y r=1 Xr1 Y
3 1
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- 52_1 2. .2 _Z_l 2 2'2_1 2 24-2_1 _Z+1( 24 yZ)(x2+y2) z
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- . (3.2)
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Maclaurin series of -z¢(1-2)
Maclaurin series of —Zé( 1-2) consists of the product of [3.g), (3.€) and (3.2)]. Thatis,

~20(1-7) = 1+Z( D 5) Xiz_s('ogz_ _%)S

(28 5:1 S!
2 > 2XrZ
x fOI 1- 2Xr22+ 22 . e X|'2+yr2
r=1 X tye Xty

According to Formula1.1.2 in "|01 Power of Infinite Series| " ( Infinite-degree Equation ), The product of the

three series of is expressed as follows. (Where, a9 = bg=co=1 )

r=0 s=0t
=1 +Zl<a1+b1+cl)
2
+z%(a+by+cy+ahy +bic+cag)

+ 23(a3 + b+ c3+ ahy +ascy + b,y + boag + cag + coby +ahicy)

+
So, put
_1 (3 [ (3 (3
al on Yo E ) aZ_ 4N Yo E —y1 E
1 43 3 3 3
3T g | Wo| 5 |3l 5 vl 5t 5
1 1 2 1 3
b1=—!(I092—1—%) : b2—§(|092-1-%) : b3:§(|092-1-%)
1 2%, \? & 20
Cl_01 CZZ_EZ( 2r2>+2 2 > )
M= Xt Y =1 Xp Y
R 2X, 3+ o 2Ky - 2° 21(Xr1+ sz)
3= "3 &| 5 L A ZZ 2,.2\(y2, .2
r=1 Xr1+yr1 = er1+yr1 = 1Xr1+yr1 ri=lry= r1+1<Xr1+yr1><sz-'-yr2>
Then
_Zé,(l-Z) =1 +Zl(a1+b1+cl)
+2%(ay+bytcytashytbycitcia)
+23(agtbgtcgtansh,+ascy+bycy+hya; tea teobytashicy)
Since ¢ =0
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—Zé’(l—Z) =1+ Zl(a1+b1)
+ Zz(az+b2+C2+a1b1>

+ 23(3.3+b3+C3+a2bl+b23.1+023.1+02b1) (3.0)
+

Coefficients of the 1st, 2nd, 3rd degree

Comparing Formula 4.2.1 and (3.0), we obtain the following formula.

Formula 4.3.1

When ¥ is Euler-Mascheroni constant, )5 is Stieltjes constant, l//n(Z) is the polygamma function

and non-trivial zeros of Riemann zeta function are X, i Yo N =1,2,3, -, the following expressions hold.
_ 1 3 Y
-7 = E%( E) +log 2-1—5 (3.14)
2 2 0
o) 1 ( 3) 1 2Xr1 & 2
n=o "l 52| 55|t 53 (3.12)
2 a4 2) T 2 ;| ey
2 _ 1 1 3
T T3 TNty el o
1el 2% \° =& 2%, «o 20 © @ 2 (X, * Xy,)
_52(2r2)+22r2'22 ;X X 2 2Ir 2r22
ri=1 Xr1+yr1 r121Xr1+yr1 Irlzlxrl-'_le r1:]'r2:r1+l()(rl-i_yrl)<sz-'_yr2>
(3.15)
Proof
From [Formula 4.2.1]

70 N 72 73
Bl G TR L TR TE

Comparing these coefficients with the coefficients of (3.0),

-7 Taytb; (1)
-1 =agxtbytah, +c; (2)
V2 _
—? = a3+b3+azb1+b2a1+C2(a1+b1) +C3 (3w)
From (2),

C2 = -n- (axtby)-asb;
Substituting this and (1) for (3w),

V-
—72 :ag+b3+azb1+b2a1+{_7l_ <a2+b2)_albl}(_7/0) +C3



72
"5 T = agt+bz+ab;+bras+yo +0(axthy) +washy +cs ®)
Substituting the above [a1 ~ C3] for [(1), (2)| and (3) respectively,
Coefficient of the 1st degree
1 3 y
-=a;+bh; = —— (—) +log2-1-+
Jo=a;*th, 5111 Yo| 5 g >
i.e.
_ 1 3 Y
- = E%( E) + |092-1-3 (3.19)
Coefficient of the 2nd degree

-y =agxtbytcotaghy

= 4_]!-!{9//5(%)_‘//1(%)} + i!(|092—1—%)2

2
— i i 2Xr, 2+§ 20
2 /21| 42442 = 2.2
1 ra yl’l rn Xr1+yr1
1 y 1
Wl//o( (Iog2—1—3)
i.e.
1 3 3 } 1 y 2 3 4
—_y = —— il = + = _1-L = = -
n= a5 ) -l )] 5 (9214 ) 45wl 5 ) (10g2-1- |
— i i 2Xr, 2+§ 20
2 /21l 24,2 ~ 2,2
1 XI"l + yr1 ri=1 Xr1 + yl"l
Here, from |(1)],
v o_ 1 3
log2-1-% = -pp - = — Ay
g > 70 21//0( 2) (3.14")

Using this for the 2nd and the 3rd term of the right hand,

2('092 1‘3) 3 (3)("’92 1-2)

3w gl 3)] 2wl 3
|

_6 1, (
2 8‘//0
Substituting this for the right hand of the above,
n=tig2)- (g)m_c? 12(3
7 g Yol 2 g V1| 2 5> gl 5
Lol 2 \2 g 20
B 22: 2,2 2
r=1 Xr1+yr1 rn=1 Xr1+yr1



2 2 0
70 1 3 1 g 2X, % 2
=7-m‘/’1(5)‘52( 2 ) > @1

A Sl B R ST
Coefficient of the 3rd degree
72
"5 T az+bstash+hoa+yn +(axth,) +wahy +cs 3)

Substituting the above for this respectively,

72 1 3 1 (1 3 2
2 za(mgz—l-l) +E{5Wo(5)+70}('°92'1-§)

21 (X Xp,)

3 0
Iy 2o ug 2oy 2 5 ¥
2 2 - 2 2 —=..,2 2 —1 = 2 2 2 2
- r=1 X tYn r=1 Xrit Y r=lr=r;+l ( Xrit Y )( Xt yrz)
Here, using for the 1st term ~ the 3rd term,

2 1oa2-1 73+i{i (3)+ }
3!(09"2) o1 |2Vl 2) 770

3
ool 2] 3 (3 onl ol 2)F
({3l 21)+20( 3] el 2]

Substituting this for the right hand of the above,

B_BK_n 2(2)- o[ 2 )2 2] Eue( 2] 2]
2 ~ 3 8" 2 ) ag"\ 2 ) s 2] e 2 ) 2



o o 3 )0 3
PRI LA T on
1l 2Xr1 P 2Xr1 e 20 & X 21(Xr1+ XI’Z)
_52:224-2_22'2_22_2__2 2, .2\ 2, .2
r=1 Xrit Y I’1_:I')(r1+yr1 rl_lxr1+yl’l r1_:I'r2_r1+1(Xrl-'-ym)(sz"-yrz)
_ %, .1 (3
-3 yon T Y2 >
lp( 2o |y By 2 5 5 Zluww)
T34l L2, 2| A2, 24 2 2 A4 2, .2\ ,2,.2
ri=1 Xr1+yr1 r1_]'Xr1+yr1 r1_:L)(r1-'_yr1 r1_lr2_r1+l()(rl-'_yrl)(sz-'_yrz)

(3.13)



4.4 Proposition equivalent to the Riemann Hypothesis

From Formula 4.3.1 in the previous section, a proposition equivalent to the Riemann hypothesis is obtained

Proposition 4.4.1

When )5 is Stieltjes constant, l//n( Z ) is the polygamma function and non-trivial zeros of Riemann zeta

function are 1/2+i1y, r=1,2,3,, the following expressions hold.

51 1 1 3

2 = - 5logrt Sl o (4.1)
r=1 :|_/4_+yr 2 2 2

% 1 )\? 3\ 1 3

X|—— | = 16 +250+2n - logz + V/o(—)——wl(—) (4.15)
r=1 :]_/4+yr 2 4 2

= 1 s _ 3 2 3

Ll ——— | = 0*+30 +60+6n+3pn+t 5 -3logx

=1\ VA+yy

+3 E _E (E).Fi E 4.1
'//O 2 4‘//1 2 16‘//2 2 (3)

Proof of equivalence

According to Theorem 8.2.4 in "|08 Factorization of Completed Riemann Zeta|" ( Riemann Zeta Function ),

If Riemann hypothesis is true, the following expression holds.,

o 1
YT P AR TP Lo (1.2)
=R 2 2
On the other hand, from|the previous section|,
1 3
log 2—1—% = - - EWO( 3) (3.14)
Substituting the latter for the former,
00 1 logz , 1 3
2—2:70- "'—U/o(E) 4.14)
r=1 1/4+yr 2 2

Next, substituting X,, = 1/2 for ((3.1,) in Formula 4.3.1],
2
w1 ( 3 ) 1 & 1 2+ 5 1
NnN=—%5 "% 5| 5 — —
2 411 2 2021 :|_/4+yr21 ri=1 1/4+yr21
Substituting (1.2") for the last term and arranging it,

%0 1 2 2 1 3
N —— = + - =
2 ( ) 0 271 4!”1( 2

+ 2(1+%—I092— logz )

n=1\ 1/4+y? 2
Further, substituting (3.14") for a part of the last term,
o 1 2 3 1 3
2|/ =7§+270+271—|097T"‘l//0(_)‘_l//l(z) (4.12)
n=1\ 1/4+yy, 2 4

According to Formula 3.6.1 and the Corollary 3.6.1 in "|03 Vieta's Formulas in Infinite-degree Equation|",

if X,= 1/2,

-10 -
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_ 2 2 = 2 2 2
ri=1 Xr1 + Yri ri=1 Xr1 + yr1 ri=lry=ry+l ( Xr1 + Yri )( Xr, + yrz)

00 l 3 o0 1 2
=-33% PS5
=1 1/4+yr1 r=1 1/4+yr1

Substituting this for the right side of |(3.15) in Formula 4.3.1),

7 70 1 3) 1g 1 \® 03 1 \?
- = Tt 7V -= 2 — + —
2 6l 2 3= 1/4+yr1 ri=1 1/4+yr1

Further, substituting [(4.1,)| for the last term,

_i i ( 2Xr1 )3+ i 2Xr1 i 20 B Z Z 21(Xr1+ sz)

R A (3) 1§
> 3 +nnt T ) > 3.2,

+98 +2y0+2y, - logr + '//o(

1 3
1/4+yr21

N W

)-3u(3)

From this,

% 1 3 3
X|—— :7§’+3y§+67o+671+37oh+572—3|097r
=\ Va+yy,
+3 E _E (i)+i E 4.1
V/O 2 4V/1 2 16 l//2 2 (3)

Numerical Calculation

When we take 20,000 zero points Y, on the critical line and calculate |(4.1,) ~ (4.13)|using the formula

manipulation software Mathematica, the results are as follows respectively.

¥s i=StieltjesGamma[s]; ¥ [p_] :

PolyGamma[k, p]; V¥. :=Im[ZetaZera[n]]

1st degree . . A X 3

f1[m_] :=Z— gl==n——Log[7r]+—Ier[—]
r=1 1/ 4+Yr'2 2 2 2

N[f1l[2606060]] N[gl]

0.0230167 0.0230957

Both sides match up to 3 significant digits.

2nd degree
i 1 2 L 3; 1 .3
f2amm ] i= ) [—— g2 = ¥ +2¥a+2¥1—|-08[7r]+4!fa[;]——d&[—]
r=1

2
SetPrecision[f2 [2068806], 109] SetPrecision[g2, 15]
0.0000371006364 0.0000371006364

1/4+y.2

Both sides match up to 9 significant digits.
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3rd degree

m 1 3
- 5[]
r=1

1/4+y,
, . 3 3, 3 /3. 1 3
g3 =% +37% +6n+6n+3¥an+—n—3L0g[7r]+3*ffa[—]-—*ff1[‘]+—'f’2[‘]
2 24 4 "t24 16 2

SetPrecision[f3[28660808], 16] SetPrecision[g3, 24]
1.436778602886916 x 1877 1.436778602886918 x 1077
Both sides match up to 15 significant digits. The reason that this number of digits does not reach 27 is

probably due to the low calculation accuracy on the right side.

(4.1,)| is the same as the following in Theorem 8.2.4 (" |08 Factorization of Completed Riemann Zeta | )

i =1+ L —log2- 1997 _ 4 0230957-- (1.2)

1 1/4+ y;-‘ 2 2
So, (4.14) is equivalent to the Riemann hypothesis according Theorem 8.2.4 . Since |(4.1,) & (4.15)| are derived
using (1.2"), these are also respectively equivalent to the Riemann hypothesis.
However, (4.1,) & (4.15) are considerably faster than (4.1,) at convergence speed. If more non-trivial zeros are
computed by a high-speed machine, both sides of (4.15) will become infinitely closer.
But even so, it only serves as circumstantial evidence for the Riemann hypothesis. So, Proposition 4.4.1 has to

be proved analytically. And for the purpose, imaginary parts Y, of the non-trivialzeros 1/2iiyr r=1,23,

have to be obtained as a formula.

2018.06.16
2024.03.24 Updated numerical calculation.
Kano Kono

Hiroshima, Japan

| Alien's Mathematics|
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