15 Taylor Series of Elementary Functions by Real & Imaginary Parts
Legend

Formulas

" |14 Taylor Expansion by Real Part & Imaginary Part|" Formula 14.1.2, 2", 2" are used.

Formula 14.1.2 ( Reprint)
Suppose that a complex function f(Z) (Z =X+Ii y) is expanded around a real number @ into a Taylor

series with real coefficients as follows.

f@) = Zf(s)( )(Z a) (1.2)

Then, the following expressions hold for the real and imaginary parts u(x,y) ,V(X ,y) . Where, 00 =1.

(X a)s ( 1)!’ 2r

0 = 5 5 62D
T o e Wik V
VGY) = 2 A @ @ (129

Formula 14.1.2 ' ( Odd Function ) ( Reprint)
Suppose a complex function f(Z) (Z =X+i y) is expanded into a Maclaurin series with real coefficients

as follows.

f(Z) Z f(23+1 (O)

ZZs+1

@s+D)!
Then, the following expressions hold for the real and imaginary parts u(x,y) ,V(X ,y) . Where, 00 =

X25+1 (_1)ry2r

(1.2)

— W\ g(2r+2s+1) ,

Uty = 2 2 O GsT ~ @n! (1:24)
2s r.2r+l

— ¥\ f(2r+2s+1) X Dy ,

V&Y = 2 2O B ST T Gy T (1.2v)

Formula 14.1.2 " ( Even Function) ( Reprint)

Suppose a complex function f(Z) (Z =X+ y) is expanded into a Maclaurin series with real coefficients

as follows.
(25) Zs
fz f12)(0 12"
@ = Z (0) (2 Y (12")
Then, the following expressions hold for the real and imaginary parts u(x ,y) ,V(X ,y) . Where, 0°=1.

o o 25 _1 r.,2r
iy = 2 sgof(mzs)(o) @5)! ((22)};

2s+1 ( )r 2r+1

(1.2u")

[¢]

veLy) = §0f<zr+25+z>(o) (2Xs+1)! @r+D!

(1.2v")
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https://fractional-calculus.com/taylor_expansion_real_imaginary_part.pdf

Treatment of 0° in Mathematica

In this paper, formula manipulation soft Mathematica is used for drawing and calculation. The following options
are specified prior to calculation .

Unprotect [Power]; Power[0,0]=1;

Symbols

In this paper, Bernoulli numbers and others are defined as follows.

Bernoulli and Euler numbers

B,E\n 0 1 2 3 4 5 6 7 8 9 10
1 1 1 1 1 5
B 1 1 -2 5 1°"30|° 22 |°|"30|°| B

E, 1 0 -1 |0 5 O|-61|0| 1385 | O | -50521

Sign function
-1 x <0
sign(x) = {0 x=0
1 x>0

Real and imaginary parts of complex function
The real and imaginary parts of complex function f(Z) (Z =X+i y) are denoted as follows.
u(x,y) : Real part
v(X,y) : Imaginary part

Method of verification
It was verified by 3D figures and numerical calculations using formula manipulation software Matehmatica.
Here, the case of Z coth z is illustrated.

(1) Formulas
Maclaurin series of Z COth z by real and imaginary parts are described by Mathematica as follows.
Unprotect[Power]; PpPower[0, 0] =1;
By, := BernoulliB[n]

ZES

flz , m ] := ZQESBES —_—
==0 Ezsjl

XES {_1}":}’2":

ulx , ¥y ,m] := ZZQET+ESBE-:+ES
r=0==0 (2s)! {2ry!

2r+2 542
v[ix , v ,m] := ZZQ s B3 rud se2
r=05=0 (2s+1)! {2+ 1)!

2=+1 {_lj": },2“:+1




(2) 3D figures

3D figures are drawn by the following commands. The left is the real part and the right is the imaginary part.

. . 16 16 16 16
Plot3D[{Re[(x+iy) Coth[x+iy]], ulx, v, 251}, {x, -—, =}, {v. -—, —},
5 5 5 5
PlotLegends = Placed ["Expressions", Above], ClippingStyle = None,
AxesLabel -» Automatic, PlotRange = {-5, 5}]
16 16 16 16
Plot3D[{Im[ (x+1iy) Cothlx+iy]], vix, v, 261}, {x, -—, —}, {v. -—, —},
5 5 5 5
FPlotlLegends = Placed ["Expressions", Above] , ClippingStyle = None,
AxesLabel -» Automatic, PlotRange -» {-5, 5}]
L] Re{ix +iy)coth{x +iy)) |l uvix, y, 25) L Imi{x+iy)cothix + &y [l vix, y, 26)

In both figures, orange is the function and blue is the series. The overlapping of both is confirmed by the orange
and blue spots.

(3) Numerical calculations

The coincidence of both sides is confirmed by calculating the function value near the midpoint (white point) of
the hypotenuse.

N[{Re[(1.56+4i 1.56) Coth[1.56+i1.56]], u[1.56, 1.56, 600]}]
{1.43081, 1.43081 }

N[{Im[{(-1.56+i1.56) Coth[-1.56+11.56]], v[-1.56, 1.56, 600]}]
{-1.42535 , -1.42535}

In the following sections, only these numerical calculation results are shown.

Convergence Square
The convergence region of the Taylor series of the complex function f(z) is acircle, but the convergence

regions of the Taylor series of U (x,y), V(X,y) are squares inscribed in this circle. For example, the

convergence regions of the series of 1/(1—2 ) are as follows. The left is the real part and the right is the

imaginary part. In both figures, orange is the function and blue is the series.
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The purple circle is the convergence circle of the series of f(Z) , and the inscribed white squares are the

conwergence squares of the series of U (X,y), V(X ) y) . Since the series converges in the square, it looks
like spots. Spots can be seen outside the square, but the series becoms asymptotic expansion there.

In the following sections, this convergence square is described as <> .



15.1 Algebra Functions etc.

Geometric Series

1/(1-z)
1 % 73
T2~ &%y l2l< 1
e s ( 1)I’ 2r
ulx,y) = rgOSZZO(ZHS) ST @)1
5w xS (D'yzl 21 <&
v&y) = 5 2 Crst DT TS T
Verification
1 1 1 1 1 1
-N[{Rﬁ[m]'“[; 5 ool w{{mm]- e i)] v[-=. - 200]}]
{1., 1.} {0.2,0.2}
1/(1+z2)
1 “1)°7°
1+Z_SZO (1)2 l2l< 1
R 1) X ( 1)!’ 2r
U = 2 2 Crt T T ent DN
_DSS (=) 2L -
vx,y) = -§ 2 @res+iy1 £ s)! : ((2?+>i)!
Verification
1 1 1 1 1 1
"[{M[m}r a5 507l vl H“’li)]' v[-2. 50 79]}]
{0.6,0.6} {1.,1.1}
Power Function zP (p,a = 0)
s T+ %
=2 111(+pri)s) ar (Zs?) Izl < lal
_aa IA+p) o -a)t (DY
uG.y) = EOsZ:o 1"(p—2r—s+l)aIO s! @n! 1< O

Caa TAHP)  oores (k-a)° (-D)Ty2t
v(x,y) = ;O sgo Ip-2r-s) aPE s @r+D!




Verification (0 =1/3 ,a=7/2)

21 7413 21 7 1

N[{Re[[—+.ﬂ.—] ],u[— —,—,3.5,?{1]}]

4 4 1’ 3
{1.75864 , 1.75864 )

N[{Im[[i+i£]”3], v[ , =, 3.5,70]}]

{ 0.350091 , D.BEDDBI}

Exponential Function a* (a > 0)

o ZS
a‘= Zologsaj Jz] <
5= -

IR 2r+s x® (_1)ry2r
ULY) = 2 210972 T =5 5

Iz] < ©
o o XS (_1)ry2r+l
v(x,y) = log?™***a
) = 2 2 log sT @r+D!
Especially when a =e (=2.71828) ,
o 7%
Z - Iz] < ©
o o Xs ( )r 2r
uXx =
=2 T et
(_1)ry2r+l IZI <@
V(X
) = rZoSZo 1 @rD!
Verification ( When 37)
N[{Re[3®*°], ul2, 5, 3, 30]}] N[{Im[37*2%], v[-2, 5, 3, 30]}]
{6.33382 , 6.33382 } {=0.0789%378 , -0.0789378}

Logarithmic Functions

logz (a=>0)
logz =loga - é (S;?! (‘1)‘;('2—a)5 lz-a] <a,z#0
uGey) = loga - 3, E-DL €D ¢=ay

s=1 5 s!

a
_§ oy @res-D CD'G-a)° D'y real< O

r=1 s=0 a2r+s st (2 ) 1




3 @ris)t CDx-a)° DTy>™

V(X 7 — <
Gy = rZoSo 2t st @r+D! z-al< ©
Verification ( When a =3)

3 3

9
N[{RE[LGg[; . i ;]], u[4.5, o 3,9&]}]
{1.55676, 1.55676 )
3

|{amfooa] 25 2]], v [2, 2,5, 50]})

{ 0.785398 , 0.785398 }

log(1+2)
o —1\S-1 .5
log(Q+z) = Z ¢ 1) : IZI<1,z#-1
-5 1 o o DSxS (-1 2r
00 =R B Rl n S,
18 r,,2r+l
Ve = 3 X @res)t ¢ 2 ((2r)+1)' z-al <

Verification

[{relseaft 2221, u[2, 2, s0]))

{ 0.458145 , 0.458145}

[{mmfsoal1-2 02 2]], v[-2, 2, so]}]

{ 0.785398 , 0.785398}

log(1-2)
w S
log(1-2) = -3 = lZ1<1,2%1
s=1
o XS ® o xS 1) 2r
uGy) = -2 - 5 X @res-Dl ((2)r)'
o o x5 (-1D' 2r+1 | <
vx,y) = -g SZ:O(ZHS)! <1 ((2r)+>i)! z-al < ©
Verification

[{relroaf1- 22 2)]], w[2. 2, so])]

{-0.346574 , -0.346574}

{amfsea[s- (-2 -5 2)]] a[-2, 2, so])]

{-0.321751, -0.321751 }



15.2 Trigonometric Functions

sin z
| Z25+1
sinz = Z( D GsiDT @s+D)! el ==
e S X2$+l yZI‘
uGy) = 2 2 ¢ @s+D! @n)! Izl <
Z 00
_A Gy Xy
vy = X BED @s)! @r+1)1t

Verification
N[{Re[Sin[7 +a B]], u[7, 8, 15]}]
{979.225 , 979.225}

N[{Im[Sin[-T7+a8]], v[-7, 8, 15]}]
{1123.68 , 1123.68}

COS z
0 2s
= _1 S <
cosz EO( ) DI 2] <
2 K 25 y2r
ux DN GO
( y) rOs—o( ) (25)' (Zr)l IZI<OO
0 0 1 X25+1 y2r+1
= _A\S*
Verification
N[{Re[Cos[5+i6]], u[5, 6, 15]}] N[{Im[Cos[-5+16]], v[-5, 6, 15]}]
{57.2191 , 57.2191} {-193.428 , -193.428}
tanz
w 22s+2( 223+2_1) B, sl
= S s+2 7 .
= _ oz
tanz Sgo( D 25+2 @Cs+D! Iz] 5
22r+25+2(22r+2$+2_:|.)B2 iosap  X2S*1 or
u,y) = ZZ(—1)S 425 y
r=0s=0 2r+2s+2 (25+1)! (2r)!
V(X ) 2 2(_1)5 22r+25+2(22r+23+2—1)82r+25+2 XZS y2r+l Iz| < <>
y r=0s=0 2r+2s+2 (23)! (2r+1)!
Verification

N[{Re[Tan[0.78+4 0.78]], u[0.78, 0.78, 600]}]
{ 0.400734, 0.400734 }

N[{Im[Tan[-0.78+41 0.78]], v[-0.78, 0.78, 600]}]
{ 0.91146 , 0.91146 }



zcotz

2s
— N £_1\S 925 Z
zcotz = go( 1)°2°°B 291 lzZl<~
00 0 o142 XZS y2r
- 1\ S D2r+2s
U(X,Y) - 20 s=0( 1) 2 BZr+23 (25)! (zr)! i
SIS S+1 52r+2s+2 x>t y2r+1 o
V(ny) - rgo ford (_1) 2 BZr+25+2 (23+1)! (2r+1)!

Verification
N[{Re[{1.56+11.56) Cot[1.56+11.56]], u[1l.56, 1.56, 600]}]
{1.43081,1.43081}

N[{Im[{-1.56+4i1.56) Cot[-1.56+41.56]], v[-1.56, 1.56, 600]}]
{ 1.42535, 1.42535}

SeC Z
2s
& Z T
= —_ S - < —
secz ;0( 1) °Ey @51 Iz| 5
o o S X23 y2r
U(X,y) - o sgo(_l) E2r+28 (23)! (Zr)!
lz| < &
8 S+1E X25+1 y2r+1
V(X,Y) - EO 52=0( 1) 2r+2s+2 (25+1)! (2r+1)!
Verification
N[{Re[Sec[0.78+4 0.78]], u[0.78, 0.78, 500]}]
{ 0.752112 , 0.752112}
N[{Im[Sec[0.78+40.78]], v[0.78, 0.78, 500]}]
{ 0.485637 , 0.485637 }
ZCSCzZ
© ) ZZs
— S S
zcscz =1 - S;l(—l) (2 —Z)BZSW |Z| <r
© XZS
—1 _ NS 025 _
U(X’y) =1 sgl( 1) (2 2)825 (23)!
SERS S 2r+2s XZS y2r
- ;1 szz()(_l) (2 _Z)BZHZS (23)! (Zr)!
© o orapse2 x25+1 y2r+1 lz]| < O
— —_1\$ r+2s+2_
V(X,Y) - rgo 52:0( 1) (2 2)BZr+25+2 (25+1)! (2r+1)!



Verification
N[{Re[{1.56+1L 1.56) Csc[1.56+11.56]], u[1.56, 1.56, 600]}]
{ 0.634079 , 0.634079}

N[{Im[(-1.56+i1.56) Csc[-1.56+41.56]], v[-1.56, 1.56, 600]}]
{-0.621668 , -0.621668 }



15.3 Hyperbolic Functions

sinh z

S+
Z2 1

0o @2s+D)!
©0 X23+1 (_1)ry2r

WY = 5 20T @t

sinhz 2 lz] < ©

Iz] < =
28 ( )r 2r+1
V(X
C.y) = rzo 2o (2s)I @r+)!
Verification
N[{Re[Sinh[5+ 4 7]], u[5, 7, 14]}] N[{Im[Sinh[-5+4 7]], v[-5, 7, 14]}]
{55.%42 , 55.%942} {45.7545 , 48.75491}
cosh z
o ZZS
coshz = 7l <
NEDY I21
2s r,,2r
© o X ( )
ux,y) =
GY) = L 2 BST ™ 20 Ll <o
2s+1 r.,2r+l
VoY) = S S Chy
’ =0s=0 s+ (Cr+D!
Verification
N[{Re[Cosh[4+15]], u[4, 5, 11]}] N[{Im[Cosh[-4+a5]], v[-4, 5, 11]}]
{ 7.74631, 7.74631} {26.169, 26.169}
tanh z
. 22S+2(223+2_1)BZS+2 225+1 -
tanhz = X IXI<=
o 25+2 @s+1)! 2
I 22r+25+2(22r+25+2_1)82r+25+2 y25+1 (_1)ry2r
udx, =
=22 2r+25+2 @s D! @1
. 22r+23+2(22r+2$+2_1)82r+23+2 ¥ 25 (—l)ryZHl lz| < <>
V{X, =
Gy =22 2r+25+2 @1 @r+D)!
Verification

N[{Re[Tanh[0.78+ 4 0.78]], u[0.78, 0.78, 600]}]
{0.91146 , 0.91146}

N[{Im[Tanh[-0.78+ 41 0.78]], v[-0.78, 0.78, 600]}]
{0.400734 , 0.400734}



15.5 Inverse Hyperbolic Functions

sinh ™!z
1 o S 5 Z25+1
i - = - — mls_ -
sinh ™z SZ:O( D {@2s-Dn} (2s+1)1 lzZ|< 1
o q 5 X2$+1 y2r
- _ -1Hn
uGy) = X X CDH@r2s-D )5 oy
5 23 y2r+1 1z < <>
— A\S
Ve = B 3 CDH @2 oSy o s
Verification
N[{Re[ﬁrcsinh[— ri EH , u[E ) z ) 12{1@]}]
2 2 2
{0.530638 , 0.530638 }
N[{Im[ﬁrc€1nh[ —+n—]], v[ —, 12{1{1]}]
{0.452278 , 0.4522?9}
tanh™!z
) © Z25+1
tanh % ;( s)! W IzZ|£1
o o X23+1 (_1)ry2r
= ]
UGY) = 2 2 Cr2) G T T 2o
s o 21 <O
oY) = ii(z +25)1 x> D'yt
VRGN = & SRETTES) S a0 T @r)
Verification

N[{Re[ArcTanh[0.49 +1 0.49]], u[0.49, 0.49, 130]}]
{0.398247, 0.398247}

N[{Im[ArcTanh[0.49+1 0.49]], v[0.49, 0.49, 130]}]
I0.54156, 0.54156}

-12-



Verification
N[{Re[{1.56+ 1 1.56) Csch[1.56+11.56]], u[1l.56, 1.56, 600]}]
{0.834079 , 0.634075%}

N[{Im[{-1.56+41.56) Csch[-1.56+41.56]], v[-1.56, 1.56, 600]}]
{0.621668 , 0.621668}



15.4 Inverse Trigonometric Functions

sin~z
1 o 5 Z25+1
- = - 1 - <
sin~"z Sgo{(Zs D} (2s+D)1 lzl1<1
X28+1 ( )r 2r

uGy) = 3 2 {@re2s-1) M s DT @)

r=0 s=

X x2S ( 1)r 2r+1 |z | i:<>
11
Vo) = 3 3 (@D Gt S Gy
Verification
1 1 1 1
N[ire|Aresin| = +1 =]||, u[=, =, 1000
[{re[acesin] 25 2], u[2, 2, 1000])
{0.452278 , 0.4522751
1 1 1 1
N|{1m|Aaresin|-- +a = ||, v|-=, =, 1000
[{n[Aresin[-~ v ~]], v[-~, ~, 1000] }]
{0.530638, 0.530638}
cos "1z
1 T o e 1y 5 ZZs+1 1
1, - T _ o <
COs™X = - S;0{(3 ynj (2s+1)1 Iz] <
2s+1 r,,2r
T SRS 2 X D'y
== - 2r+2s-1)1
R L e IR
7| =

NEE - aNTL, 21+
v(x,y) = -Z Z {@r+2s-pn)2_> @9)! ((er)+)i)!

r=0 s=0

Verification

1 1 1 1
N[{RE[AIGCGS[— b i —] ] , u[—, =, BDD]H
2 2 2 2
f1.11852 , 1.118521
1 1 1 1
N[{Im[ﬁrcCos[-— + 1 —H . v[—— P Ty BDD]}]
2 2 2 2
I -0.530638 , -0.530635%1}

tan~1z

X25+1

tan~'x = Z(—l) @) ———— @siD1 lzZ1<1

-10-



2s+1 2r

uG.y) = Zo Sjo(-1)5(2r+2s)! (2Xs+1)! (gr)!
W = $ SEDi@rg X e
25 @)1 @rD!

Verification
N[{Re[ArcTan[0.49+1 0.49]], u[0.49, 0.49, 130]}]
I 0.54156 , 0.54156}

N[{Im[ArcTan[-0.49+i 0.49]], v[-0.49, 0.49, 130]}]
{0.398247 , 0.398247}

1

cot ~z
P o XZs+1
cot™z = sign{Re(z)}E - go(—l)s(ZS) ! M IZI <1
) P o o . X2$+1 y2r
Uy =signCd 5 - 2 2 CDCrE Lo 2t
w  © 2s 2r+1 -
Ve = -3 BED@Rre2s)! (;‘S)! (2>’r+l)! HEXe
Verification

N[{Re[ArcCot[0.49+1 0.49]], u[0.49, 0.49, 130]}]
{1.02924 , 1.02924}

N[{Im[ArcCot[-0.49+i 0.49]], v[-0.49, 0.49, 130]}]
{-0.398247 , -0.398247}

-11-



15.5 Inverse Hyperbolic Functions

sinh ™!z
. -1 o s 5 Z25+1
sinh™tz = SZ:O(-l) {@s-DN) GoDT lz]<1
X 25+1 2r
uCy) = 2 5 DY Er+2s-1) !!}2(2)(5+1)! é’r)!
2s 2r+1 1z] =

vy = 5 X DA @rezs-1 !!}2(;(3)! (2yr+1)!

Verification
1 1 1
N[{Re[ﬁrcsinh[— ri —H , u[— o=, 12{1@]}]
2 2 2 2
10.530638 , 0.530638 }
1 1 1 1
N[{Im[MeSinh[-— + 1 —]] ) v[—— s 12{1{1]}]
2 2 2 2

10.452278 , 0.452279}

tanh ™z
L . ' ,25+1
tanh Z_Q(ZS)-M IzZ]<1
R X23+1 (_1)ry2r
— |
UGy = 2 2 Cri2) G ST 2y ]
. . X25 (_1)ry2r+1 |— | E O
— I
VYD = 2 2R B Sy T G
Verification

N[{Re[ArcTanh[0.49 +1 0.49]], u[0.49, 0.49, 130]}]
{0.398247, 0.398247}

N[{Im[ArcTanh[0.49+1 0.49]], v[0.49, 0.49, 130]}]
I0.54156, 0.54156}

-12-



15.6 Laurent Series of cot etc. by Real & Imaginary Parts

cot z
1 o . 925+2 Z25+1
cotz = — g -D° 1 5510 BZS+2W lzl<~
© 22r+25+2 ( )s 2s+1 y2r
uey) = Xz+y - 33 S B DT @y A
Il <
o 22r+25+2 ( 1)5 2s y2r+1

VO == 5T B3 Sras B gyt @rey!

Verification

N[{Re[Cot[1l.56+11.56]], u[1.56, 1.56, 78]}]
10.90174896, 0.00174846}

N[{Im[Cot[-1.56+11.56]], v[-1.56, 1.56, 70]}]
{-0.915438, -9.91544}

CSCz
cscz—1 g( 1)5%82%2% Izl <~
19 = xzjy ' ZZ%;;BZ“ ((zgilis:l (Zy:)r' 21< O
Verification

N[{Re[Csc[1.56 +11.56]], u[1.56, 1.56, 70]}]
[0.402483, 0.402484)

N[{Im[Csc[-1.56 +211.56]], v[-1.56, 1.56, 78] }]
[-9.00397797, —0.00397574}

coth z
coth 2 = = g zszi“; Bosi2 (zzszjll), lzl<~x
ucy) = x2+y go go 22I’2'|i+22:122 Barvast2 (2)(82':.1)' (_(;z;)fr
L o2reds _ a 1Z1< O
VoY) = - X2+y = 22r24:22:+22 Barszsrz (;:)Sl ((21r):£r!1

-13-



Verification

N[{Re[Coth[-1.5+11.5]], u[-1.5, 1.5, 85]}]
(-9.905967, -0.905967}

N[{Im[Coth[-1.5+#1.5]], v[-1.5, 1.5, 85]}]
[-9.0127622, —0.0127622}

csch z
1 o 225+2_2 Z25+1
= — - _— e ————— <
cschz . Sgo 5512 Bosio s+ lzZl<~
X o o 22I’+2$+2_2 X25+1 (_1)ry2r
YD = a2 T AL stz D eyt @)
X2 +y r=0s=0 2I'+2S @s+D! @n)!
© o 22I’+2$+2_2 XZS (_1)ry2l’+1
V(X,Y):— 2y 2 - 22 2r+25+2 BZr+25+2 23) 1 2r+1) 1
x2+y r=0s=0 2r+2s 29! (Cr+D)!
Verification
N[{RE[CSEh[—1.5+i1.5]], ul-1.5, 1.5, 70]}]
{—9.9272425, -0.0272436}
N[{Im[Csch[—1.5+i1.5]], v[-1.5, 1.5, 78]}]
{-9.424415, -6.424416}
2019.12.07
2020.02.17 Renewed
2022.03.13 Added Chapter 6
Kano Kono

Hiroshima, Japan
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