05 Termwise Higher Integral (Trigonometric, Hyperbolic)

In this chapter, for the function which second or more order integral cannot be expressed with the elementary
functions among trigonometric functions and hyperbolic functions, we integrate the series expansion of these
function termwise. Therefore, sinx, cos X, sinhx, coshx mentioned in " 4.3 Higher Integral of Elementary
Functions " are not treated here.

5.1 Termwise Higher Integral of tan x
Since both zeros of tanX and the primitive function —Iog COS X are X=0, the latter seems to be a lineal
primitive function with a fixed lower limit. Then, we assume zeros of the second or more order primitive function

are also X=0.

5.1.0 Higher Integral of tan x

X
/tanxdx = —log cos x
0

X[ X
/ O/ tanx dx2= non-elementary function
0

5.1.1 Termwise Higher Integral of Taylor Series of tan x

Formula5.1.1
When Bp=1, B,=1/6, B,=-1/30, Bg=1/42, - are Bemoulli Numbers, the following expressions
hold for [x]| < 7/2.
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Proof
tan X can be expanded to Taylor series as follows.
anx =
& 2k Ck-D!

Integrating both sides of this with respect to X from O to X repeatedly, we obtain the desired expression.
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T
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(1) Termwise Higher Definite Integral of Taylor Series of tan x

Substituting X =7/2 for Formula 5.1.1 , we obtain the following expressions.
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(2) Taylor Series of the 1st order Integral of tan x
Thelst order Integral of tan x is as follows.
< 22k(22|(_1) |sz|
= = - < —
/O tanx dx kgl D) X log cos x Ix| >
From this, the following expression follows immediately.
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Substituting X=1,1/2 , 7#/4 for this one by one, we obtain the following special values.
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= 2k (Zk) ] 2 = —10g CcoSs ) This is used in 5.3.1 later.

5.1.2 Termwise Higher Integral of Fourier Series of tan x

Formula 5.1.2
w (_1)k—1
Let U(X): X be a Dirichlet Eta Function and T be a ceiling function, then the following
k=1
expressions hold for [x] < 7/2.
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Proof
tan x can be expanded to Fourier series in a broad meaning.as follows.
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=j - i(2e2ix_ 2e4iX+ 2e6iX_ 268iX+—"')
= 2(sin 2x~ sin4x+ sin 6x - sin 8x+---)
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@ 2*sin(2*x) - 2*sin(4*x) + 2*sin(6*x) - 2*sin(8*x)

tanx is the locus of the median (central line) of this real number part. (See the figure) Howewver calculus of the
right side of (2.0) may be carried out, the real number does not turn into an imaginary number and the contrary
does not exist either. Therefore, limiting the range of tan x and the higher order integral to the real number, we

calculate only the real number part of the right side of (2.0) . Although the Riemann zeta {(2[‘]) is obtained
from calculation of the imaginary number part, since it is long, it is omitted in this section.
Now, integrate the real number part of both sides of (2.0) with respect to X from O to X, then

X X
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0 0
3 _[ Cos2x _ cos4x , cosbx _cos8x }X
- 1 2 3 4 0
_ _( COS 2X _ Cos4X N COs 6x _ c0s 8x _) +£_ 1+£_£ -
B 1 2 3 4 1 2 3 4
i.e.
x cos2kx , @ (1 k-1
tanxdx = 2 D= Y %
0 k k=1 k



o (_l)k—l

. T
Here, let —COSX = SIN ( X_E ) ) 77(X): > X , then we obtain

: _ L - 7z, D X
/otanxdx— 0 kgl S|n(2kx—2) + 20 Ol

This is consistent with the real number part of the Fourier series of —l0g COS X .
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Next, integrate both sides of this with respect to X from O to X, then
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Next, integrate both sides of this with respect to X from O to X, then
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Hereatfter, in a similar way we obtain the desired expressions.

(1) Termwise Higher Definite Integral of Fourier Series of tan x
Substituting X=7/2 for Formula 5.1.2 , we obtain the following expressions.
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(2) Fourier Series of thelst order Integral of tan x
Thelst order Integral of tan x is as follows.

X _1 cos2kx  log?2
/ tanxdx = -— Z(— )k 1 — g, x0 = —log cos x
0 K o!
From this, the following expression follows immediately.
coska T
Z D=2 = og2cos X) IXI< 5 2.9
Substituting X=1,1/2 for this one by one, we obtain the following special values.
cosZk
z D= =1log(2cos1)
a cosk
Y D=2 =log{2cos(1/2)}
k=1

5.1.3 Dirichlet Odd Eta
Comparing Taylor series of tanx and Fourier series of tanx, we obtain Dirichlet Odd Eta

Formula 5.1.3
When sz ) 77(X), g(X) denote Bernoulli Numbers, Dirichlet Eta Function and Riemann Zeta Function

respectively, the following expressions hold.

. (2%-1)|B N 2
1 = - Sk +'2)2.k' 2 S - ()

n@) = —%{ > <§ik(_21k)+|;2!k| 223 i,n(l)}

R it L% 2? © -0

@ =-% (Zk(;lk)+'§)2§' s 2y ey 277(5) ()
R —o—o—@}

- (22k_1)|82k| 2k+2n
1@+ = CD' Y Sr@kezmy T

2n-2k

- (D" S D" gz T 1D - {@n+D)

2k
_ (_1)n X (2 _l) |BZk| 2k+2n+1
n@n+l) = = 2 o ka1 "




_1) ) 72_2n+1—2k
D Gnri-zipr 13k

Proof
x[x _ 77(1)( )2_ n3) (1)0_ q{©) ,
// tanxdx3= Y 2201 | 2 2 2.3)
7 X [ X 22k(22k—1) |B | 2k+2
3_- v 2l (7 :
/0/0 A ) ( 2 ) (L3)

from these

n@ ([ 7\ n@®) 0 (@) - 22k(22k_1)|82k| z 2k+2
202!(7) 220'(2) T2 TAT k@& (2)

77(1) 2 :(3) . (2%-1) By
= 2 Tk @kt

2k+2

. (22k-1) B . 2
e 1) = -3 (2k+'2)2§' % Srn@ - (G

Next
1 ( 2\ 1@ [z |
///ta”’(dx 203|( ) 2211 ( 2) @0
7 . 22k(22k_1) |B | 2k+3
4 = N 2K 1 !
/O/O/Otanxdx k;l 2k Ck+3)1 (2) (1.4)
from these

n(D) (%)3— 73 (g)l— ﬁ 22k(22k_1)||32k| (g)zms

2931 2211 T & 2k @k+3)!
(2%-1)|B
n) =i UE) R | Bay| 23
31 11 & 2k (2k+3)!
1] & (22k_1>|82k| 2k+3
e 1) = ‘?{é kk+)t1 © 3’

Hereatfter, in a similar way we obtain the desired expressions.

5.1.4 Riemann Odd Zeta
n-1

Applying {(n) = n(n) for Formula 5.1.3 , we obtain Riemann Zeta Function.
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5.2 Termwise Higher Integral of tanh x
Since both zeros of tanh X and the primitive function 10g cosh X are X=0, the latter seems to be a lineal
primitive function with a fixed lower limit. Then, we assume zeros of the second or more order primitive function

are also X=0.

5.2.0 Higher Integral of tanh x

X
/tanhxdx = log cosh x
0

X[ X
/ o/ tanhx dx2 = non-elementary function
0

5.2.1 Termwise Higher Integral of Taylor Series of tanh x

Formula 5.2.1
When Bo=1, B,=1/6, B,=-1/30, Bg=1/42, - are Bernoulli Numbers, the following expressions
hold for |X| < /2.

2%(2%-1)By, ,,

X )
/Otanhx dx = kgl KT
2k ( 52k
XX . w 22(2%-1)By .,
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/O// tanhx dx® = 2K 2k+2
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n — 2k+n-1
/O /O tanh x dx kgl 2k Ck+n-T)! X

Proof
tanh X can be expanded to Taylor series as follows.
2k ( 52k
tanhx = 2” 2%(2 ‘1)sz 2k-1 -z
& 2k @k-1)! 2

Integrating both sides of this with respect to X from O to X repeatedly, we obtain the desired expression.

Ix] <

(1) Termwise Higher Definite Integral of Taylor Series of tanh x
Substituting X=1/2 for Formula 5.2.1 , we obtain the following expressions.

1
2 w 2%(2%-1)By [ 1\ X
/o tanh x dx —k;l K K1 (5) 1.1)
1
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1
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(2) Taylor Series of the 1st order Integral of tanh x
The 1st order Integral of tanh x is as follows.

X 2%(2%-1)B,,
RS w2 = z
/0 tanhxdx = 3 —— o1y = log cosh x IxI< 5

k=1
From this, the following expression follows immediately.

2k ( 52k
S 22(2%-1)B,, 2k
Substituting X=1,1/2 , #/4 for this one by one, we obtain the following special values.

. 2%(2%-1)B,,

T
= log cosh x Ix] < > (L.1)

kgl 2k (2K ! = log cosh 1
. (2%%-1)B,, .
kgl 2k (2! = log cosh

2k .
kgl 2k 2! 2 ) = log cosh 4 This is used in 5.4.1 later.

5.2.2 Termwise Higher Integral of Fourier Series of tanh x

Formula 5.2.2
Let 77(X) be a Dirichlet Eta Function, then the following expressions hold for X >0
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Proof

tanh x can be expanded to a Fourier series as follows. (See the following figure).
-X -2X
_ef-e7 _ 1-¢
tanhx =

- - 1_ -2X 1_ —2X+ -4x
eX+e™  1+e ¥ (1-e™)(1 -e °
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X
L. tanh(x)
@ 1 - 2*(exp(-2*x) - exp(-20002*x))/(exp(-2*x) + 1)
Integrate both sides of (2.0) with respect to X from O to X, then
X X
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k=1 kX

€
T +X—77(1)

Of course, this is also the Fourier series expansion of 10g COSh X .

X -2kx
I k-1
/ tanhxdx = X, (-1)
0 k=1
Next, integrate both sides of this with respect to X from O to X, then
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Hereatfter, in a similar way we obtein the desired expressions.

(1) Termwise Higher Definite Integral of Fourier Series of tan x
Substituting X = 1/2 > O for Formula 5.2.2, we obtain the following expressions.

1
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(2) Taylor Series of the 1st order Integral of tanh x
The 1st order Integral of tanh x is as follows.
—2kx

X
/Otanhxdx = 2( ¥~ 15 e +x - log2 = logcoshx x>0

From this, the following expression follows |mmed|ately.
—2kx

Z D" 12 = log(2cosh x) - x x>0

Substituting X=1, 1/2 , 7/ 2 for this one by one, we obtain the following special values.
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5.2.3 Dirichlet Eta Function
Comparing Taylor series of tanhx and Fourier series of tanhx, we obtain Dirichlet Eta Function.

Formula 5.2.3

1
= Iog(ZcoshE) -

— Ty
= Iog(Zcosh > )

N|

NN

When sz ) 77(X) denote Bernoulli Numbers and Dirichlet Eta Function, the following expressions hold.
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Hereafter, in a similar way we obtain the desired expressions..

5.2.4 Riemann Zeta Function

n-1
Applying é’(n) = 0 n(n) for Formula 5.2.3 , we obtain Riemann Zeta Function.
2" -1
Formula 5.2.4
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5.3 Termwise Higher Integral of cot x

Since both zeros of COtX and the primitive function Iog sinx are x=x/2 , the latter seems to be a lineal
primitive function with a fixed lower limit. Then, we assume zeros of the second or more order primitive function
are also X=7/2.

5.3.0 Higher Integral of cot x

X

/cotxdx = log sinx

z

2

X[ X 2

/ / cotx dx“ = non-elementary function
T

22

5.3.1 Termwise Higher Integral of Taylor Series of cot x
Formula 5.3.1
<n>
When sz denote Bernoulli Numbers and functions f g (X) on 0< X <7 are as follows.

2k
<n> _X_n _”1)_“ 2 |BZK|
0= 1 ('ng 2 2 2k k)

k=1

X2k+n nzl, 2’3

the following expressions hold .
2k 21"

2k

X
/ cotx dx =f%K) =logx -

/£></£xcotxdx2 Py _&(X_g)ofb(g)
/)(/,,YXCOthX3=f (X)__( __>OfQ>(%) _1_1!()(‘%>1f<1>(%)

2722

/ /cotxdx —f<3>(><)——( ——)Of®(%) —Tl!(x-%)lﬁb(%)

3
N

N]
Nl

/ /cotxdx = f ) 2T XD f > n=2,3,4,
1>

2
Proof
2k 2k
. 2% By
2k 2k
X COt X = 1+Z DX o1 2k = 1+k§l o1 x 2
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From this

2k
1 - 2°|B
cotx = —-3 | 2k| sz-l
X i1 2k @k-1D!
Integrate the both sides with respect to X from 7/2 to X, then
X . 2%|By| [ . 2% |By| ZK}
- oy 12K 2k ECENEE B ez S
/,,COthX =logx -2 SrEy T ~ |19% ~ 2 S @t ( 2 )

2
Here
2k
0% -5 ok (£) =0
92 "2 2k | 2
Because, the following equation is known ( #K % F /A 1 pl51)
logx =X 575~ X
&2k (2K)!
Then, substituting X=x/2 for this, we obtain the above.
Thus,

k _ .
2 = log sinx O< x<r

k
. 2°|By|

XocEors =®

X
/ cotxdx =log x -

2
Next, integrate the both sides with respect to X from 7/2 to X, then

X [ X X T
// cotxdx® = [ FZ)dx = P X) —f<1>( 7)
Tz -z
2 2 2
Furthermore, integrate the both sides with respect to X from n/2 to X, then

/:/:/:cotxdx3= /:{f<l>(x) —f<1>( g)}dx
2722 2
1

- (0 _f<2>(g) - 3 (X_g)1f<1>(§)

Hereatfter, in a similar way we obtein the desired expressions.

Although Formula 5.3.1 is a general expression anyway, if it is expand actually, it is very complicated.
Then, this was devised and was made the same easy expression as tan x. It is as follows.

Formula 5.3.1'
When sz denote Bernoulli Numbers, the following expressions hold for O<x<r.

« X . 22k(22k_1) B 2k+n-1
// cotx dx" = - > B2 (x—z)
5%

& 2k @k+n-D)! 2

Proof

tx = -t ( —1)
ColXx = —tan| X >

-15-



. 2%(2%-1) | By

_ 2k-1 4
Bnx = 2 o @k-Dr X< 3
From these 2k( ok )
0 2 2 _1 |sz| T 2k-1
COX = = 2 o k=D ( ‘7) O<x<z

Integratingboth sides of this with respect to X from 7/2 to X repeatedly, we obtain the desired expressions.

(1) Termwise Higher Definite Integral of Taylor Series of cot x

When 2k
<n>() x" (| ii) _i 2 |BZk|
- 0gx - & 2k k+n)!

k=1
substituting X —O for Formula 5.3.1, we obtain the following expressions.

0 rx 1 T 0 T
2 <1>
/ / cotxdx - —0 (—2 ) f (—2 )

X [ X 1 ( 72\°cnf 7 1 ( 7\ <«s( 7
//J,T“’”dx-‘o—(—)f 15) 53] (5]
22 0 1
1 . 1 <
[ = 5) ' 5) + 2 2) (4
272 2 2
_i(ﬁ)fb(ﬁ)
211\ 2 2
0/ fx 2 ((D¥T oK 7
n — AN A <n-1-k>| 7+
/,,/,, /ﬂcotxdx k;o Kl (Z)f (2)
22 2

(2) Taylor Series of the 1st order Integral of cot x
The 1st order Integral of cot x is as follows.

k
. 2%|By|

X
2k .
cotxdx =log x = 2 575~ X~ =logsinx O<x<r
/ . 90X~ 2 2 @1 g
2
From this, the following expression follows immediately.
i mxz" = —logsinx+ log x O<x<r
& 2k 2T g g

Substituting X=1,1/2, 7 /4 for this one by one, we obtain the following special values.

S 22I(|sz| _

2 K@Y = -log sin1

s |Bo| ) 1
kglm = ~log sin - log2

22 @OT ( 2 ) ~logsin 7+ log

-16 -
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Moreower, from the last expressions of this and|5.1.1 (2)|, the next expression follows
2k
S (2%-2) |By|
& 2k (!

2k
T
- = -log— This is used in 5.5.1 later.
( 2 ) 92

5.3.2 Termwise Higher Integral of Fourier Series of cot x

Formula 5.3.2
Let 77(X) be Dirichlet Eta Function and T be the ceiling function, then the following expressions hold
for O<X<r.

X 1l e 1 1z 7[€Y) K 0
/ﬁcotxdx = 20 k;l klsm(ka— > )— 201 (x— )

X [ , 27[) _77(1)( _E)l
/z/zcotxdx = 12 2sm(ka > TR

///”cotxdx3 2 Z —Sln(Zk —3—27[)— ;70(2 (x—%)2+ ;72(2)' (x—%)o

2 2

[ a1 o1 AN ON AN (O N Ak
/_,, /ﬁcotxdx =3 k;l k4sm(ka— > ) ( 2) + (X—Z)
2 2

2031 2211
X X
// cotxdx" =
v
2 2

3 1_ nz
7 2|2

-2

+ 2

w2t (DX nk-1)
o1 22k-2 (n+1-2k)! (X

n+1-2k
72-)

Proof
cot x can be expanded to Fourier series in a broad meaning.as follows.
ix -ix 2ix
. e te 1+e . - i i
e - - €

= _j - i<2e2|x+ 264|X+ 2e6|x+ 2e8|x+___)

= 2(sin 2x+ sin4x+ sin 6x+ sin 8x+--)

-2i(cos2x+ cos4x+ cos6x+ cos8x+-) — i (2.0)

cotx is the locus of the median (central line) of this real number part. (See the figure of the following page.)
However calculus of the right side of (2.0) may be carried out, the real number does not turn into an imaginary
number and the contrary does not exist either. Therefore, limiting the range of cot x and the higher order
integral to the real number, we calculate only the real number part of the right side of (2.0).
Although the Riemann zeta ;(Zn) is obtained from the calculation of the imaginary number part, since it is
long, it is omitted in this section.

-17 -



A A

TR
02 04 06 0.8 10 12 14 16 18 20 2.2 24 6 ' AV
-10 T

20T

-30 T

-40

& cot(x)
@ 2*sin(2*x) + 2*sin(4*x) + 2*sin(6*x) + 2*sin(8*x)

Now, integrate the real number part of both sides of with respect to X from 7/2 to X, then

X X
/ cotxdx = [ 2(sin2x+ sin4x+ sin 6x™ sin 8x+--)dx

3 3
3 _[ cos2x | cos4x  cosbx  cos8 }X
B 1 2 3 4 .
2
_ cost+cos4x+cos6x+0058x ) l_£+i_l+_...
a 1 2 3 4 1 2 3 4
ie.
X . o coska 5 (-D*?
/cotxdx:Iogsmx: - Z Z ¢ k)l
3
o (-D¥ L
Here, let —cosx=sin(x—%) , )= ———— ( ) , then we obtain
k=1
X 1« 1 17\ nQ) 7\°
/ﬂcotxdx— 5 ; TS (ka— > )— 2001 (x—z)

2
This is consistent with the real number part of the Fourier series of 10g Sin X .

Next, integrate both sides of this with respect to X from 7/2 to X, then

/;/ﬂxcotxdx2 =/£{ Z 1sm(ka—%) - ;7(%)' (x—%)o}dx
2 2

2
[ Z 2S|n(2k —%)— UO, (x—%)ll

X

2°11 ﬂ

.2
I 27\ n@ (. =
" A& S'n(ZKX_ 2 )_ 2011 (X_Z)

-18 -



Next, integrate both sides of this with respectto X from 7/2 to X, then

/_ﬁx/iyxcotxdﬁ:/x{ 2 Z —13ln(2kx 227r ) _ (X_%)l ]dx

z x 2011
22 2
1 e 1 3z n@ A
_{ 22 k;l k?’sm(ZkX_ 2 )_ 2021 ( 2) i
2
1l s 37 n@ ( z\* 1 & cos2krx
22 k3sm(2kx 2 )_ 2021 ( 2) 27 & K3
_ 37 77(1)( g) n(s)( n)o
= 2 sm(2kx— > )— 2051 > oy >
Hereafter, in a similar way we obtain the desired expressions.
(1) Termwise Higher Definite Integral of Fourier Series of cot x
Substituting X=0 for Formula 5.3.2, we obtain the following expressions.
0 rx 1 1
//cotxdx2 O (1)
o)z 2011\ 2
2 0
3 n) ( ﬂ) ) ( ﬂ) 46,
= | — + —Z | — + =~ £
//ﬂ/ﬂCOthX 2021\ 2 2201\ 2 22
22
3
a_ 1D (1) _ 1 (1)
/ﬂ/ﬁ L= 2oay (2] T2 (2
22 2
/0// cotxy® = - TD (1) n(3) (1)2_ n® (G
Ry 2041\ 2 2221\ 2 2401 24
22 2
orx [ 2 CD k-1 (2\T L@
- [ cotxdx"= (D" (—)
/g/z /g D kgl 2%2(n+1-2k)1 \ 2 2n-1
22 2
(2) Fourier Series of the 1st order Integral of cot x
The 1st order Integral of cot x is as follows.
X @ coska :
/cotxdx=——02 - log2 =log sin x O<x<rx
0

From this, the following expression follows immediately.

% C0S2K X

Z = -log(2sin x) O<x<nr

k=1

Substituting X=1,1/2 for this one by one, we obtain the following special values.

o0 2
> coslk = -log(@2sin 1)
k=1 k

-19 -
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2.3)

2.4)

2.5)

2

(2.n"
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kil %fk = -log{2sin(1/2)}

5.3.3 Dirichlet Odd Eta & Riemann Odd Zeta
Comparing Taylor series of cotx and Fourier series of cotx, we obtain Dirichlet Odd Eta and Riemann
Odd Zeta.

Formula 5.3.3
When sz ) 77(X), é/(X) denote Bernoulli Numbers, Dirichlet Eta Function and Riemann Zeta Function
respectively, the following expressions hold.

- | 2k| 22X
logr = 1+ Z o (2k+1)'

a 2 l) & |BZk| 2k+2

tR @Y 4O

/o = -1{4(@”@ ) -5 e )

7[ k=1 k=1
4 2
- 4 1 & | Bax| -V
70) = ﬁ('ogﬂ_é? "Lk T ore® -<0O)
_ 1z 1 g | Ba| k45 . T }
°® = ?{ﬁ('c’g”—é?) "2 ok @k51” T3re®
_ = o _Zei £y | By 206 T 3+ i
D=6 ( Tk ) 2ok ko)1 7 4 oD e - oD
__1 =’ L1 < | Ba| 2K+7 > 7 }
«N= _7{ W(Iog” _k;?) "X k@it T e 37r¢®
2n+1 -1 { il lo _% 1 i | Ba| 2k+2n]
7@ h=EDY n)! ( A ) & 2k (k+2n) 1 "
2n-2k
n 'Sy k-1__ 7 _
TEDTLED 21 2k+1) - {@2n+1)
7Z_2n+1 2n+l1 1 o |sz| 2k+2n+l}
D= D! _{ @n+1)! (Iog” & ?) "2 K @kezn D"
2n-2k+1
= k-1 7
+ D" Z( D Gn—2k+D) 1 2k +1)
Proof
From Fourier series [(2.2") | and Taylor series
log2 ( = ' _ 1 T o<1> T "
201!(7) __ﬁ(f)f (E) 2.2")

1 2\ 1 x . 22k|sz| 7| 2k
(5 1 4) -8 s (5
11\ 2 2 o1 2k @k+D)1\ 2
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Hence we obtain

N |BZk| 2k
logr =1+ Z o (2k+1)'

Next, substitutemfor Taylor series | (1.3) m then
[ mmac= (3] + 5 (5] 3)
B 2 11\ 2 2
27272
2

-~ (5) - 52(5)

From this and Fourier series| (2.3") |, we obtain

1 log2 [ = 2 1 nd _ 7 log2 ([ 7= 2
?“3’) (3] e = z) - w5
2
O~ 4“(3) iz (g?) :—f<2>(g) - Ic;g!Z(g) (@)
From (a), it is as follows.
2
< T
n(d) = -2°f 2>( g) - 571092 - ¢
2k 2k+2
2|3 (5) (w5 -58) S maar(5))
“2{2! 5 ) (1097 &%) " &K @)T | 2

2
- 571002 - (@)

2
7 2 1 e | Bax| 2k+2
= _— - — | + - 3
('Og” 2 ) s x@DTT O
Next, substltuteand (a) for Taylor serlesm (1.4') | one by one, then

//meX4ﬂ”>—%”W1%%£ﬂ%Fﬂ%>

2 2
g4 V4 1 @3
From this and Fourier series|(2.4|, we obtain

s SRR

31 |2 22 11 22 22
1z (7 _log2 ()’
. 22(2 «@=-(5) -3 (3 ©

l 3 3 l 0 22kB 2k+3 I 2 3
__(1) ogZ -3 X +2A(£) _ log (i)
31\ 2 2 k| & 2k@k+3)1\ 2 31 | 2

-21 -



1 x\® s 1) o 2%|By e
--ﬁ(i) ('09 2?) klek(2k+3)!(§)
From this, we obtain
" 3 22k B 2k+3
B X 1 i 1 3 i o | 2k| (ﬁ) }
3= -2 ( 2) { 31 ( 2) ('09”'51 k ) TA K@D 2
1 e % |sz| 2k+3}
= ‘_{ 31 (Iog” 2 ) _kgl 2k @+

Hereafter, in a similar way we obtein the desired expressions.

5.3.4 Another set of Riemann Odd Zeta
2n_1
= ((Zn +1) for Formula 5.3.3 , we obtain another set of Riemann

Substituting 7(2n+1) =

Odd Zeta.
Formula 5.3.4
@) = - 2° {Lz(| 21) -3 | Box| 2k+2}
T (219 T AN TE R @k
2 { 7 4 1 « By ks 7 }
$O)= 55y ﬁ('og” kgl?) AR CHDTT T ore®
— 2° { ° 6 1 & | B 2k+6}
(D=5 ﬁ( g”'kgl?) "2 2K (2k+6)]
26 7z °
i 27_1{14(3) ~21¢®

520 22 2n 1 « | Ba| 2k+2 }
— (_1\N - — | - i
c@n+D)= (-1 T [ @t ('09” Z ) & 2k (k+2n) 1 ”

22”
22n+1 1

2n-2k
2( 1)k 1%4(2“1) n=2,3,4,

+ (D"

-22-



5.4 Termwise Higher Integral of coth x
Since the zero of the first order integral logsinh x of cothx is x =sinh™*1=0.8813,
we assume zeros of the second or more order integral of COth X are also x=0.8813--

Where, since the zero of COth X is not 0.8813-, these seem to be a collateral higher integral.

5.4.0 Collateral Higher Integral of coth x
When p = 2sinh 11 (=1.762747174--)

X
/ cothxdx  =logsinhx
L

X
cothx dx2 = non-elementary function

—~
N] = N
N;\

5.4.1 Termwise Higher Integral of Taylor Series of coth x

Formula 5.4.1
Let p = 25inh'11 (=1.762747174-) and By=1, B,=1/6, B,=-1/30, Bg=1/42, -~

. . <n>
are Bermnoulli Numbers and functions f (X) on X>0 be as follows.

n n 1 00 22szk
<n> ~ 2k+n -
=7 (Iogx 2 ) +X% o k)T n=1,2 3,

k=1
Then the following expressions hold for x>0.

. 2%B,,
~log Xt 2 T @0t

2
<[ 2 ey L _£)°<1>(£)
/ﬁ/ﬁcothxdx =X O!(X > f >

[ =05 (g (8] oo 5

/ coth x dx =fPK) = x 2
2

0
4oy L (Vi L) L, L\t
/ﬁ /Ecothxdx =) 0!(X Z)f (2) 1!(x z)f (2)
2 2 1 D\l p
'ﬁ(x'i)f (7

x | 21 ( p\* p
/ /cothxdxn ="K - Z (x—f) f<”'1'k>(§)

2 Jp k=0

2 2

Proof

. 2%B
x coth x = Z (2k)2|k x 2
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From this

2k
1 0 2 sz
coth x = kZl 2k (k- 1),

Integrate the both sides with respect to X from ,0/2 to X, then

2k—1

x . 2%B,, { . 2%B 2k
S Wl LR S Dok ( ﬁ)
/ﬁcoth xdx = log x Z o (2k)' Iog > YA K@OT | 2
2
Here
. 2%B 2k
Iog T YL ( ﬁ) =0
2 & 2k@!
Because, the following equation is known ( #K % F /A 1 pl150)
22|( 1B
log x + Z WX = logsinhx x>0

Then, substituting X —p/2 for this, we obtain the abowe.
Thus,

. 22|(BZk

/xcoth xdx = log X + Y =—==—x> = P x)
, 9X7 22k @0!

2
Next, integrate the both sides with respect to X from p/2 to X, then

X X X
/ / coth x dx? =/ ) dx = ) —f<1>( g)
55 5

Furthermore, integrate the both sides with respect to X from p/2 to X, then

I J ) o= e e 5 ] o

“e0 (5] (5] (5]

Hereatfter, in a similar way we obtein the desired expressions.

(1) Termwise Higher Definite Integral of Taylor Series of coth x
When

n

<n>(x)_ (IO X = i 1) + 3 22k82k X2k+n n:l 2.3 -
J =1 Kk ic1 2k Ck+n)! ) &40,

substituting X —O for Formula 5.4.1 , we obtain the following expressions.

0 [x 2 1 p\a(p
/p /pCO'[thX = _ﬁ(i) f (7) 1.2)
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b\o
TR

N |‘D\
Q

et (4)°(4) +37(5) (4]

11
22
1 2
-2l 5) 5] eo
0x n2(—1)k P k<n—1—k> Yo,
/ﬁ/ﬁ /ﬁ coth x dx" ——ko K1 (Z)f (2) €.
2 2 2

(2) Taylor Series of the 1st order Integral of coth x
The 1st order Integral of coth x is as follows.

. 22|(B o -
/pcothxdx—logx+2 WX =logsinhx  O<x<x

2
From this, the following expression follows immediately.
22|(B
f—zx = logsinhx - log x O<x<rz (L.t)
&2k @)1 J g |
Substituting x=1 , 1/2 , /4 for this one by one, we obtain the following special values.
2%B
i S =logsinh 1
& 2k 2! g
0 Bk 1
kgl K @)1 logsinh= +log2

® Boy 7\ 2 o _
kglm(f) =logsinh—z - log 7
Moreower, from the last expressions of this and , the next expression follows
. (2%-2)By [ 7\ % ) i ”
kgl 2k (zk)! ( 7 ) - |09 COch + |0gZ

5.4.2 Termwise Higher Integral of Fourier Series of coth x

Formula 5.4.2
Let p = 2sinh 11 (=1.762747174 ), then the following expressions hold for X >0 .

X 1 o e—2|(X p p
= i = —— + + £ _ 2
/p coth xdx = log sinh x 0 kE:lj 1 ( ) > —log

=3
X [x s _ 1 g e i( ﬁ)z p/2—|ogZ( ﬁ)
/ﬁ/ﬁcothxdx _Zlkgl % toylx-5 )t T X=%5
1 o e
- 21 k;l k2
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X[ S R i i( _£)3 M( _g)z
///cothxdx— 22kglkg+!x2 MY X=5

L plp

22 2
1 o e™ yo, 1 & e™
- -+ = =
o1 k;l 2 (X 2) 52 k;l 3
XX a_ 1 g e _( ﬁ)“ p/2—|og2( ﬁ)?’
/A /pcothxdx = 321 x 7| X=5 | +73j X=%5
2 2
1 o e™ 1 p)z 1ooe'k”( p) 1 o e
‘2121 2 zl(x 2 2221 % X=5 _2321 2

2 Jp -1 & k" nt (n—l)' 2
2 2
-2 (D" 1 ( o )Ji e
- — | X— =« -
e 2n—1—] i 1 2| & kn-J
Proof
coth x can be expanded to a Fourier series as follows. (See the following figure).
X -X -2X
e’ +e 1+e _ _ _ _
cothx = ——— = - = (L+e™®) (1 +e™+e ™ +e™™ +-)
e’-e 1-e
=1+ (2e—2X+ 26_4X+ 26_6X+ 26_8X+_"')
=1+ 2(cos2ix + cos4ix + cos6ix + cos8ix + )
+ 2i(sin2ix + sin4ix +sin6ix +sin8ix + )
y

60

-

50

40

30T

20T

10T

0 -

00 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7
X

@ coth(x)
@& 2*exp(-2*x) + 2*exp(-4*x) + 2*exp(-6*x) + 2*exp(-8

X “D" - -2kx 1 n 2_ 2

(2.0)

Now, let p/2 =sinh 11 (=0.881373587 ). Integrate the both sides of (2.0) with respect to X

from p/2 to X, then
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X X
/ cothxdx = / {Z(e—ZX_'_ e—4X+ e—6X+ e_8X+...) + 1}dX

L v

2 2
_ _|: e—2x+e—4x+e—6x+e—8x+m _( _ﬁ)]x
- 1 2 73 "4 X=2

1 2 3 4
e’ e—2p e-3p e—4p

_ {e—2x e—4x e—6x e—8x ( ,0)}
- + + + +o = X_E

i.e.
X 1 o g 2KX P » @ kP
= —— + - + =
/ﬁcothxdx 0 k;l o (x 2) k;l 1
2
Here, the following equation holds,
-kp
00 e p
= = _ 2
2% T2 "o
Because
o] Xk
log(Q-x) = - — -1=x<1
k=1 K
From this,
° e—2kx
> = —log(1-e™%) x>0
k=1 Kk
On the other hand,
_ _ ex_ e—x _ ex(l_ e—2x)
1 =sechx = > = 5
From this,
1 e* 1 e* )
o7~ 2~ g =logy = —log(1-e™) =x - log2
Then,
° e—2kx
> K ~log(1-e™%) =x - log2
k=1

Substituting X = sech _11 = g for this, we obtain (w).

Thus, using (w), we obtain

12, k=1 kl X_E

2
This is consistent with the real number part of the Fourier series of 10g Sinh x .

Next, integrate both sides of this with respect to X from p/2 to X, then

-27 -
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_ iie’”ﬁi(x oV, ez (, p)]
=1 21 2 11 2
5
1 e—2kX

_ 1 1 L p/2-log 2
S aA +2'(X‘2) T (X‘

Hereatfter, in a similar way we obtein the desired expressions

(1) Termwise Higher Definite Integral of Fourier Series of coth x

Substituting X O for Formula 5.4.2, we obtain the following expressions

/%O/%XcothdeZ = @ 1 (,0)2

P +I092(£)_ 1 g e
21 21\ 2 11! 2 2101 &1 2
, , 2.2)
Ofx[x @, 2 (p log2 ( p
3 — _ Vadt _ Vatt
/p/p/pCOtthX BCYRT 2) 21 (2)
2272

1 ,0 o e—Sp 1 o e—Sp
NPT (7) ) *

! S 2201 & 8 @3)
o [ (@ 3 (p\t . log2( p\®
4 _ _ P L
/p/p /pcothxdx 3 0 ( 2) * 37 ( 2)
272 2
2lor\ 2 ) & 2 2211\ 2 )& ¢3 0 2801 ;1 6 24)

/o/x__./xcoth xdx"= (- l)n{ C(n) n _-1

L L
2 2 2

(2) Fourier Series of the 1st order Integral of coth x
The 1st order Integral of coth x is as follows.

X -2kx P 0
/ cothxdx———Z (x—f) + 5 -log2 =logsinhx x>0
3
From this, the following expression follows immediately
-2kx
> 1 =X - log@sinh x) x>0 .9
k=1
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Substituting x=1 , 1/2 , 7t/ 2 for this one by one, we obtain the following special values.

S 2 =1-logsinh1)
k=1 k
-k
- e 1 .1
EIF =5 —Iog(25|nh§)
-k
00 e _ T i £
kgl o > Iog(23|nh > )

5.4.3 Riemann Zeta Function
Comparing Taylor series of cothx and Fourier series of cothx, we obtain Riemann Zeta Function.

Formula 5.4.3
When p = 2sinh 11 (=1.762747174 ) and By are Bemoulli Numbers, the following

expressions hold.

" . ekP { = ) Bka2k+1 1, }
= - + —
c@=2"- ('ng kzlk) 2 2k @krDT ~ 2 21
oke 2 5. p2k+2
= ,0_ 2 i % 2k P ip_
cG)= Z * ('ng "2k ) YA K@kt 231
+ L@
-kp 3 B 2k+3 }
S A L) e o _1pt
c@=2G { 31 ('ng 2% ) T2 k@) T 24
2
- 55
-kp ) pj _
@) = j1e0-D
n—1 o1 1 . B p2k+n—1 1 n
n-1 _ -+ 2k __&
D { "-DT ('ng 2 )+k=1 2k @k+n-DI 2l
Proof
From Fourier series and Taylor series
a(p)_ 1 1 (p\*> log2/( p 1 o e
f (7)—‘??@*?(7)'—1! )t AE @
From this

=G )+ 2 (5] - L0 15
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4{%(%)1(@,%-21%) +§ 22k|32k - (§)2k+1}

2k+1 2 —k,D
N I S R T } 1o, e
L [1ogp -3 L) NV

k=1 k=1 2k (2k+1)! 21 kgl k2
Next, substitute[(a)]for Taylor series [(1.3)], then

/O/yxcothxdx3= —f<2>( %)

L p

(1.3)
L2
2 22
1 p\° log2(p\2 1(p)ae™
(% )5(2) (5] (5] (5] 2%
From this and Fourier series , we obtain
3 2
>(p\__1(p d(p _|092(p)
f (2)‘ 21(2)4(2)+3!(2) 21 | 2
1 e ”
+—QR)-—= Y —=
25z 23 (®)
From this,

£)2(| ﬁ_ii)_,_“ 22k|32k (£)2k+2}
2)\'92 T2k ) Ta k@) 2
2

22 ( p\%. pllog2 5 e
+,0§(2)-§(§) S TR %
2 2k+2 3 K
= £ 21y, g P Ba 1o g,
(logp k21k) 22 @)l 231 THE TPe@

Next, substitute (a), (b) for Taylor series (1.4") , then

/O/X"'/Xcothxdx4:-f<3>(§) +i(§)1f<2>(§)

LYp L 1t
2 2 2
1(p ? > P
-2l %) () 00
:_f<3>(£)_i(£)§e‘k” 1 (ﬁ)e
2 22\ 2 & K3 21\ 2 ) & k?
1 2

From this and Fourier series (2.4") , we obtain
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2.21
1 1 ,04 log 2 p3 1 » gk
@5 5) - S (8) rE it o
From this,
2k 2k+3
_3i£)3( P 31) 5 27 By (ﬁ) }
4(4)"2{3!(2 97 ~Zk% ) FEAE @I 2
_ 1092(£)3+2_3(£)4
31 | 2 a1\ 2
23 . ke 23 P 2 3 P
r 55 el s @55 )@
3 2k+3 4
- | Lp(iogo -3 L)+ Bak™ " p }
B {3!('°gp 2% PEA KD T 241
5 e—kp /?2
X~ 576@ +pid

Hereafter, by induction we obtain é’(n) for natural number N>2 .
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5.5 Termwise Higher Integral of csc x
Since the zero of the first order integral logtan (x/2) of cscx is X =x/2, we assume zeros of
the second or more order integral are also X =77/2 . Where, since the zero of CSCX is T | , these seem

to be a collateral higher integral.

5.5.0 Collateral Higher Integral of csc x
/Xc cxdx = lo tani {— lIo ﬂ}
7 > J 2 2 %9715 cosx
2
X [X 2
/ / csc X dx“ = non-elementary function
Y T

2 2

5.5.1 Termwise Higher Integral of Taylor Series of csc x

Formula 5.5.1

<n>
When sz denote Bernoulli Numbers and functions f (X) on O< X <7 are as follows

2k
<n> _ X_n 4 1 & (2 _2) |BZk| 2k+n —
)= (Iogx—Z K ) + ) 2k k) X n=1,23,

nl! k=1 k=1

the following expressions hold for x>0.
(0]
X — 0> _ |y ") & 7
/”cscxdx =) o1 (x 2) f ( 2)
. (2%-2) |By|

=logx + 2 2K K1 x“" —=log2

k=1

[{frws o2 (2) - 5wl 5
/) o! 2 2 1! 2 2
2 2

[ ommoct=r=eo- 3 s-5 (5] &5 (5
] ] esexdxT =176 - gy x5 > | - TT (%3 >
2722

2

[ n _ g<n-1> _n'li( T “ <n-1-k>[ 7
/,, /ﬂcscxdx =f ) kgo X5 f >
2 2

Proof

X . 22k_2 B X
/,,CSCXdX=f<°>(x) -fw(g) - [logx+2 | 2K (2)k|)!2k| Zk]

k=1
2 2
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. (2%-2)|By| v o (2%-2)[Bad [ 2\
=lo0X + X 5 Giot Zk‘[ 92 " & e (5) }

& 2k (2K 1
. (2%-2)Ba| o [ 7 m
= log x +kgl D) X —[Iog7 —Iogz]

o (2%-2) |Bx| [ x
+' 2T K@ (2

- +m(22k"2)|52k|
=logx + 2~ Gy

[ o0 (o

[0 &5 (3).

z
:f<1>(x)_f<1>(g) ‘%(x—%)lfw(g)

Hereatfter, in a similar way we obtain the desired expressions..

2k
) = -log 7 }

2k

-log2

X

Although Formula 5.5.1 is a general expression anyway, if it is expand actually, it is very complicated.
Then, this was devised and was made the same easy expression as sec X. It is as follows.

Formula 5.5.1'
When Eg=1, E;=-1, E4=5, Eg=-61, Eg=1385, - are Euler Numbers,the following expressions

hold for O< X <.
2k+n
;)

/X/X d”—i&( -
B B NS
2 2

Proof
1 1
CSCX = sinx= —sec(x E)
Ccos X—§
- |E2k| 2k T
Secx —kgowx Ix|< >
From these
SN T L
CSCX —k=0 (2k)! > X<

Integrating both sides of this with respect to X from 7z/2 to X repeatedly, we obtain the desired expressions.

(1) Termwise Higher Definite Integral of Taylor Series of csc x

Substituting X =0 for Formula 5.5.1, we obtain the following expressions.
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o [ PRCOM LIRS
[ oo = -5 S (5] (5)

(2) Taylor Series of the 1st order Integral of csc x
The 1st order Integral of csc x is as follows.

1.2)

1.3)

1.n)

Where f<0>( g ) =log2

: . (2%-2) |By| X
- + 2k _ = = <x<
/”cscxdx log x kgl 2k K1 X log2 = log tan > O<x<rm
2
From this, the following expression follows immediately.
. (2%-2) By X X
2k _ N A
kgl 2k 21! X" = log tan Iog2 O<x<rx (L.1)
Substituting X=1 for this , we obtain the following special value.
. (2%-2)|By| oatanl + 102
& 2k @kt 'egftanm Tlog
5.5.2 Termwise Higher Integral of Fourier Series of csc x
Formula 5.5.2
—1\k
Let ,B(n) Z ( ) be Dirichlet Beta Function and ¥ be floor function. Then the following
k=0 2k+D)"
expressions hold for O<x<r.
[ esexa =2 { 2k+1 ﬂ}
”cscx X Z 2k+1sm ( )x-
X [ X o 1 2002 0
// csexdx? =2 23|n{(2k+1)x ”} ﬂ()( ”)
2z k=0 (2k+1) 2
XX [X 282 !
//J csexdx®= 2 3sm{(Zk +1)x - ”} 'B()( 7[)
= (2 1 2
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/;---/;cscxdx4 ; (2k11)4sm{(2k 1)x—ﬂ}

2 2

2@22)()( 72z)2 2€(|4)( 72;)0

/X---/:cscxdxf’ ; s 11)5 sm{(2k+1)x—2}

P (g 0 5

NIy

3

/X / cs;:xdx”—ZZ ﬁsm{@k 1)x—M}

2

N

k=1 -
Proof
csc x can be expanded to Fourier series in a broad meaning.as follows.
2i 2|e i i
CSCX = — - __“=* 2|e|x(1 + e2|x e4|x+ e6|x_|____)
e —-¢€ 1 e
— _2i(eix+ e3lx+ e5|x e7|x )
= 2(sinx+ sin 3x+ sin Sx++--) =2i(cosx+ cos3x+ cosSx+ ) (2.0)

cscx is the locus of the median (central line) of this real number part. (See the figure)

00 02 04 0G5 028 10 12 14 16 18 20 22 24 26 28 30

¥

However, calculus of the right side of (2.0) may be carried out, the real number does not turn into an imagi-
nary number and the contrary does not exist, either. Therefore, limiting the range of csc x and the higher order
integral to the real number, we calculate only the real number part of the right side of (2.0). Although Dirichlet
Odd Beta is obtained from calculation of the imaginary number part, since it is long, it is omitted in this section

Now, integrate the real number part of both sides of (2.0) with respect to X from 7/2 to X. Then
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X X
/ cscxdx = / 2(inx+ sin 3x+ sin5x+ sin 7x+--)dx
2

5 7

NTES

=-2

[coslx cos3x cosbx  cos7x ]X
= -2 + +...

cos 1x cosSx cosbx  cos8x )
5 + =

X B = cos{ (Ck+D)x}
/”cscxdx = —2;0 KL

2

. T
Here, let —COSX = SIN ( X—§ ) . Then using this we obtain

X o« 1 . 1z
/ﬁcscxdx = 2k=0 KTl sm{ (2k+l)x—7}

2

This is consistent with the real number part of the Fourier series of log tan(x/2) .
Next, integrate both sides of this with respect to X from /2 to X, then

/X/Xcscxdxzz/ﬂ{ZZ 2k+13m{(2k+1)x—%} }dx

732 2
P Ik
= [Zkgo k+D)? S|n{(2k+1)x > H ]
2
! 2x s (D
=22 2k + 1)28m{(2k+1)x } veg, k+1)?
Here, let ,b’(n) i (_1) , then we obtain

(2k+1)n
// csexdx? = k yon 1)2 sm{(Zk 1)x—2} + 2602

Next, integrate both sides of this with respect to X from /2 to X, then

/X/:/Xcscxdx = ,,{ Z%sin{(Zkﬂ)x—%} * Zﬂ(z)}dx

&0 (k+1D)

= [Z:Oﬁsin{(zkﬂ)x_?’_zﬂ} s zﬂ(Z)(x—g)]x

0]

=23 (2k11)3sm{(2k 1)x—2} + Zﬂ(Z)(X‘g)

Hereafter, in a similar way we obtain the desired expression..
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(1) Termwise Higher Definite Integral of Fourier Series of csc x

Substituting X=0 for Formula 5.5. 2, we obtain the following expressions.

/ / soxtn’= 262 (7] e
/,,/;/ woxad =- LR (1) 2L o5
/ / / soxan' = 2B (2] 2B (2] oo
// /CSCXO'X - 2D (1) O (7)) 2w es

/o/%.-/:cscxdx” = (_1)”1/;2:(_1)'(—1% ( g )n—zk

T

B

22 2 i
n7r 2'-
- Sin—&- -1 g“(n) @.m)
Proof
Since
nz
sm{ (2k+1)-0 - 7} =0 for n=2,4,6, -
nzx
sm{(2k+1) 0- 7} =41 for n=3,5,7, - ,

giving X=0 to and substituting these for them,
2r
csexdx” = sm{ 2k+1 0——} + 262 =282
// 23 ot 1)2 @k+1)y A =25

//”/”cscxdx koﬁSln{(2k+l)o ﬂ} 2,8(2)( 72z_)1
222

soy L HO(x) P O 1)

& k+D3 1!

Hereafter, in a similar way we obtain the desired expressions..

(2) Fourier Series of the 1st order Integral of csc x
The 1st order Integral of csc x is as follows.

X B = cos{ 2k+1)x} _ X
/”cscxdx = —2;0 o1 = log tan—+ > O<x<rx

2
From this, the following expression follows immediately.
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% COS{ (2k+1)x} 1
go o] > log tan = > O<x<rx @9

Substituting X=1 for this, we obtain the following special values.
= cos(Zk+l) 1 log tan 1
k=0  2k+1 2199 2

5.5.3 Dirichlet Even Beta

Comparing Taylor series of csc x and Fourier series of csc x, we obtain Dirichlet Even Beta. Although the
general expression by the Euler Number is known about Dirichlet Odd Beta, the general expression of Dirichlet
Even Beta is not known. The following formula shows this by a little complicated Bernouilli series.

Formula 5.5.3
When sz ) ﬂ(X), C;(X) denote Bernoulli Numbers, Dirichlet Beta Function, Riemann Zeta Function

<n>
respectively, and functions f g (X) on O< X <7 are as follows

<n> X" n 1 & (22k_2) B
=17 (Iogx - —) +k§l oK (2kJr|n)2|;|

k=1

x 2k n=123, -

the following expressions hold.

B = _%kglo (I(jl; k (g)kfd_p(g) _ %{ 7r|c2)92 —f”(%)}
y (1N k-1 3
L) = %kzzo (k];) (%) f<2-k>(g) N 2221@
por 1L ()42 3
4 (1K k-1 > o5
po =35 53] (5] SR E)
o =3 (5] (5] AR 5) AR (5)
_1)K k-1 5 4
o= 35 Gs) s SRR - )
2'-1 4
+ &
P P <> )
22m1_1 g(zn +1)
s :
Proof . . 1
/”/”cscxdx = _Oi(g) f<1>(§) + %(%) f<0>(§) >
232



/:/”cscxdx2 2/(.3;!2)
2 2
L = _%éo (I(lg)k (g)kfd_p( 72r) _ %{ ﬂlggz fb(g)}

-1

2.3)

//”X/Xcscxdx g 5 )" (%)kf<3—1—k>(§) -
)

//:/Xcscxdx 2 ((3) 2’8(2)(%

@ = 1 S (—1) ( z )k—1f<3_1_k>(g) .\ 232;1 CS»)

Hereafter, in a similar way we obtain the desired expressions.

5.5.4 Riemann Odd Zeta
Riemann Odd Zeta can be conwersely obtained from the half of Formula 5.5.3 . The following formula shows
the relation between Riemann Odd Zeta and Dirichlet Even Beta by a little complicated expression.

Formula 5.5.4
When sz ) ﬁ(X), ;(X) denote Bernoulli Numbers, Dirichlet Beta Function, Riemann Zeta Function

<n>
respectively, and functions f (X) on O< X <7 are as follows

" "1 . (22k—2)|82k|
<n> _ -+ 2k+n
=17 ('ng 2. )*21 2k k)t~

k=1

n=1,23,

the following expressions hold.

©=7742(5) - Fa SR (5] ()
‘- Zi{ﬂf@(%)l-ﬂé?(%)g}
25X (5) (5
c=2 | B2 (5) - B2(5)+ 22 (4) ]
- S5 ) (5
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o2+l g 2n -2k 2kl
c@nd = o S0 s 5

k
22" % (—1)k (z)kf<2n—k>( E)
22n+1 -1 k=0 k! 2 2

+ (D"
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5.6 Termwise Higher Integral of csch x
Since both zeros of CSCh X and the primitive function logtanh(x/2) are X =+00, the latter seems to be
a lineal primitive function with a fixed lower limit. On the other hand, the Fourier series of csch X is known for

X >0 . Then, we assume zeros of the second or more order primitive function are also X =00 .

5.6.0 Higher Integral of csch x

X X
/ csch x dx = log tanhi

00

X X
/ / csch xdx? = non-elementary function

5.6.1 Termwise Higher Integral of Taylor Series of csch x
The Taylor series of CSChX is known as follows.

CSChX = 3 ~ & 2K @k-D! *

However, this can not be integrated with the lower limit X =00,

21 0<x<z

5.6.2 Termwise Higher Integral of Fourier Series of csch x

Formula 5.6.2
The following expressions hold for x>0.
/x e > e—(2k +1)X
CSCh X ax
. T

X [ X 5 o e—(2k+l)X
//cschxdx = 2y ——
0o J oo k=0 (2k+1)

o @ @K+
///cschxdx ——22—
0 (2k+1)°

-2k +1)x

X X o @
/OO/OO cschxdx"= (-1)"2 2o @D

Proof
csch x can be expanded to a Fourier series as follows. (See the figure of the following page.)

=X
eX_2e-X - 1—22‘2x = Ze_x(l +e_2X+e_4X+e_6X+"')
— Z(e—1x+ e—3x+ e—5x+ e—7x+___) 2.0
= 2(cosh 1x+cosh 3x+cosh 5x+-) - 2(sinh 1x+sinh 3x+sinh 5Sx+-)
= 2(coshix+cosh 3ix+cosh 5ix+-) - 2i(sinh ix+sinh 3ix+sinh Six+-)
(- coshx =cosix, sinhx = =isinix )

cschx
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X
Integrate the both sides of with respect to X from © to X, then
X X
/ cschxdx = / 20+ e+ e ™+ e M+ )dx
-X -3x -5x -7x X
= 2[ € + € + € + € +
1 3 5 7 }
ie.
X " e—(2k+1)x
cschxdx = -2
/oo k;l 2k+1
This is consistent with the real number part of the Fourier series of logtanh >
Next, integrate both sides of this with respect to X from © to X, then
X X - -(2k +1)x . e—(2k+1)x X
2
csch x dx :/{ -2 }dx: 2 ——
/oo/m . 2 2k 2 k+1)?
ie.
-2k +1)x

/X/X hxdx2= 23 <
| eschxdx®=23% @)

Hereatfter, in a similar way we obtein the desired expression.

5.6.3 Dirichlet Lambda Function
Substituting X=0 for Formula 5.6.2, we obtain Dirichlet Lambda Function immediately.

Formula 5.6.3
1
When /I(n) 2 (2k 1) , the following expressions hold.
0 rx 5
//cschxdx = 212

Op,xrx 3
/// cschxdx™ = -24(3)
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0rx X '
/// cschxdx"= (-D"24()

5.6.4 Riemann Zeta Function
n

Applying £(n) = A(n) for Formula 5.6.3 , we obtain Riemann Zeta Function.

2"-1
Formula 5.6.4

(@ = 2 [ [oschxan

-43-



5.7 Termwise Higher Integral of sec x

1+sinx
Since the zero of the first order integral E Iog ﬁ of SecX is X =0, we assume the zeros of

the second or more order integral are also X =0. Where, since the zero of SECX is T i , these seem
to be a collateral higher integral.

5.7.0 Collateral Higher Integral of sec x

/X g —il 1+ sinx
o eeX X = 5100 inx

X[ X
/ J secx dx% = non-elementary function
0

5.7.1 Termwise Higher Integral of Taylor Series of sec x

Formula 5.7.1
When Eg=1, Eo=-1, E,=5, Eg=-61, Eg=1385, - are Euler Numbers, the following expressions

hold for X< z/2.

X _ 8 | Eox| 2k+1
/Osecxdx —EOWX

I o _a Bl o
/0/0 secx dx _go—(2k+2)! X

XXX s _a  |Bxl ss
/O/O/o sec x dx —;—(2k+3),x

X X 00 |E2k|
n — _ Imekp  2k+n
/O /O secx dx k§:0: Ck+n)! X

Proof
SeCX can be expanded to Taylor series as follows.

|E2k| 2k IXI < £
Cor* >

Integrating both sides of this with respect to X from O to X repeatedly, we obtain the desired expression.

secx = 2

(1) Termwise Higher Definite Integral of Taylor Series of sec x
Substituting X = /2 for Formula5.7.1 , We obtain the following expressions.

5 X 0 |E2k| Vs 2k+2
2 _ iad :
/O/Osecxdx —; (2k+2)'( ) (1.2)
X[ X 00 |E2k| 7T 2k+3
/// secxdx> Z kD)1 (7) (L.3)
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/ //secxdxn =3 &(z)zkm (1.n)
k 0 (2k+n)l -

(2) Taylor Series of the 1st order Integral of sec x
The 1st order Integral of sec x is as follows.

X 5 |Ba|  pa 1, 1+ sinx 4
= AT A~ = = -_— < —
/o secxdx =2 o1y T X 51007 Gy KIS 3

From this, the following expression follows immediately.
| Ex| 1+sj
e k SIN X T
Y ooy X2 = —| 05— XI< = wy
izo k+1)! 1-sinx 2
Substituting X=1 for this , we obtain the following special value.
$ | Eox| _ 1IO 1+sin1
& @kt 2971 5in1

Reference : Euler Number , Tangent number, Bernoulli Number
Euler Number is defined as follows.

0

E
sechx=Z k—l,(x" Ix| <§
As aresult, Eop_q = =0 n=123,:

When Euler numbers , Tangent numbers and Bernoulli Numbers (all non-zero) are listed, it is as follows.

B 1 1 1 1 _ 5
Bo_la 82_61 B4__%1 BG_Ei BS__%i BlO_E1

According to Mr. Sugimoto (| http://homepage3.nift/y_sugi/gf/gfl7.htm ) , the following equations holds
between Euler Numbers and Tangent Numbers.

2n
Z Dk ( ok-1 ) T t1 n=1,23, - @
On the other hand, between Tangent numbers and Bernoulli Numbers, the following equations hold.

22“ 22”_1
Tons = (—1)"'1%32,1 n=1,2,3, - o

Therefore, the following equations hawe to hold between Euler Numbers and Bernoulli Numbers.
E ~ i 22k(22k 1) 2n
= R 2k-1
In fact, for example,
2%(2%-1 2:3) 2%2%*1 2:3) 26(28-1 2:3
e 1| B2 (23) 2121 (23) 221
2 1 4 3 6 5
_,_ (481 6) 1615 1 (6) 6463 1 (6)] _ 61
B 2 6\1 4 30\3 6 42\5)]
On the contrary, the following equations between Bernoulli Numbers and Euler Numbers are shown by
Mr. Nishimura. ([http://www1.ocn.ne.jp/~oboetene/zeta.pdf|).

n=1,2,3, ®
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2n n-1(2n-1
Bon = 2n( »2n Z( 2
2°"(2%"-1) w0\ 2k

The following example shows the formula is right.

B. = 2-3 {(2'3—1)E +(2-3—1)E N (2-3—1)E}
6 — 22.3(22.3_1) 0 0 2 2 4 4

“wresl o]t o)1+ [a)s) =22

In addition, Mr. Nishimura expressed Even Zeta with the Euler numbers using this equation.

) Eax n=1,23, @)

5.7.2 Termwise Higher Integral of Fourier Series of sec x

Formula 5.7.2
When Ezk ) ﬂ(n) , + denote Euler Numbers, Dirichlet Beta Function, floor function respectively,
the following expressions hold for |X | <z/2.

/Oxsecxdx = 22 2}(_”'_( cos{ (2k+1)x—%}

/stecx dx? = éo (2(; 1;2 COS{(2k+1)x 227r} N 2€(IZ) 0
/0// secxdx® = kmo(z(_—i;cos{(zkﬂ)x_%} N 2?('2) 1
/ /secxdx kooo (2(; )1;4cos{(2k 1)x—%}

N 2ﬂ2(|2) 2 2P o

! o1
ANk
/ /secxdx kooo (2( )1)5003{(2k+1)x—%}
N Z,g('Z) 3 2,81('4) !

/ /secxdx”— kooo (g )1; cos{(2k 1)x—M}

n/2. 2ﬂ(2|()
+ kgl (‘1)k ' ( 2k)' 2

Proof
sec X can be expanded to Fourier series in a broad meaning.as follows.

2 2¢! _
SeCX = iX _iX - —_— Ze|x 3|X 5|X _ e7|X +_“')
e'te l+ e?
= 2(cosx- cos3x+ cos5x— cos 7x+--)

+ 2i(sinx - sin3x+ sin 5x - sin 7x+--) (2.0)
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sec x is the locus of the median (central line) of this real number part. (See the figure)

y A

40 T

30 T

-14 -1.2 -10 -08 -06 -04 -02 00 02 04 06 08 10 12 14

& 1/cos(x) ‘
@ 2*Cos(X) - 2*C0S(3*x) + 2*c0os(5*X) - 2*cos(7*x) +

Howewer calculus of the right side of may be carried out, the real number does not turn into an imaginary
number and the contrary does not exist, either. Therefore, limiting the range of sec x and the higher order
integral to the real number, we calculate only the real number part of the right side of (2.0) .

Although the Dirichlet Odd Beta is obtained from calculation of the imaginary number part, since it is long, it is
omitted in this section.

Now, integrate the real number part of both sides of (2.0) with respect to x from 0 to x, then

X X
/ secxdx = / 2(cosx— cos3x+ cos5x— cos 7x+--)dx
0 0

_ 2[ sinlx sin3x+sin5x _ sin8x +____}X
1 2 3 4 0

_ 2( sinlx_sin3x+sin5x_sin8x e )
1 2 3 4

/ secxdx =2 3, 2}(31 sin{ k+1)x}

. T
Here, since SIN X = COS( - ) , we obtain

2
X - 1z
/O secxdx = Z 2k+)1 cos{(2k+1)x——}

1 1+sinx
This is consistent with the real number part of the Fourier series of =

2Iog 1-sinx ’

Next, integrate both sides of this with respect to X from O to X, then

/(]())(secxdx2 /{ Z 2}(+1kcos{(2k+1)x—l—}}dx

_ e _CD 2z
= [zkg k+ 1)2005{(2k Dx ”o
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o (DX 2z G
= ZkZO k)2 cos{(2k+1)x— } - ZkZ k)2 ————=—cos(-n)
Here, let ﬂ(n) i (_ )k , then we obtain
i D 2ﬂ(2)
X[ X _ 0 —_ 72'
/O/O secx dx® = ZI(EOWCOS{(ZkﬁL)X } x°

Next, integrate both sides of this with respect to X from O to X, then

KX _ ¥ a D 27 | 26
/0/0/0 secxdxs—/ {ZKZOWCOS{(ZK+1)X— 5 } + =50 xo}dx
k X
[ i ) 3cos{(2k +1)x - 3”} + 2/;(!2) x1]

=0 (k+D) 2 0
_oa D 37 2(2)
"2 ke 1)3C°S{(2k+1)x =

Hereafter, in a similar way , we obtain the desired expressions.

(1) Termwise Higher Definite Integral of Fourier Series of sec x

Substituting X=7/2 for Formula 5.7.2 , We obtain the following expressions.

/og/oxSecx = %( %)0 2.2)
/ 7/7 ‘eoxd’= 2@ (%) ) 2;1 ‘B .
/ 7 / secxdx* = Zﬂ(lZ) (%)2 - 2ﬂ(|4) (%) @.4)
/O 70/0 o 2@(!2) (%)3- Zﬂl(!4) (%) 2;1 ‘o

[ seonon =8 o 22O 2)™ 1 n 2 ooy

(2.n"
Proof
Since
cos{ (Ck+1) ﬁ—% } =0 for n=2,4,6, -
T I"I7Z' k+1 n:113151
cosi (Ck+1 ———} =+(-1 for
{( ) 2 D k=0,1,2, ...
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giving X=7/2 to[Formula 5.7.2] and substituting these for them,
T

/7Xsecx dx2 = i (_1)k2003{(2k 1)_‘E} " 2@ =25@

0 (Zk+1)
//X/Xsecxdx =2 (2(_ )1)3003{(2k 1)- g_%} Z,i(IZ)( 2)
S i
3
-2l 2R (2]

Hereatfter, in a similar way we obtein the desired expressions.

(2) Fourier Series of the 1st order Integral of sec x
The 1st order Integral of sec x is as follows.

Ck+Dx} 1 1+ sinx

X _ o R a3k SIN{ _1 K4
/O secxdx = Zkgo( D o) = 2Iog 1= sinx IxI< >
From this, the following expression follows immediately.
S ANk sin{ k+1)x} _ 1 1+ sinx K4
D A eE 41997 ginx IxI< 3 @9

Substituting X=1 for this, we obtain the following special value.
Nk sin(k+1) _ 1 1+sinl
2D o0 =219 gt

5.7.3 Dirichlet Even Beta

Comparing Taylor series of secx and Fourier series of secx, we obtain Dirichlet Even Beta. Although the
general expression by the Euler Number is known about Dirichlet Odd Beta, the general expression of
Dirichlet Even Beta is not known. The following formula shows this by the easy Euler series.

Formula 5.7.3
When Ezk ) ﬂ(X), 4’(x) denote Euler Numbers, Dirichlet Beta Function, Riemann Zeta Function

respectively, the following expressions hold.

po= 3% arptl5)

@< 55 aeyil5) 2

P = -5 mo (2||<E+22|)' (g)M* o (g)z

56 - %kzo%(%)m+ﬂz(i‘)(%)z-@(%)
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p) = %kzo(z'ff;').(%)2k+6+ ﬂ@(g)z ﬂ(z)( )4

3!
26
._ (_1)n- o |E2k| o 2k+2n 1 ﬂ(2n—2k) ju 2k
pen) = 2 Z (2k+2n) 1 (7) +1§1(_1) DY (7)
DM . |Ex| x| A@n-2k) [ x
pEN) = 5 X @K+ &3 PR ED” 1W(7)

. 2271 1 q2n+1)

24 3
Proof
//Secxdx kmo (2|kEjk2|)| (g)zmz
/7Xsecx dx® = L(IZ) (2.2)
. | 2k| z 2k+2

PR =7, Z kD)1 ( )

//Yxsecxdx kooo (2||<Ef§|), (1)2k+3 .
//7Xsecxdx = - oz 4“(3) 2'8(2)( ) 2.3)
=45 g (5] 50

Hereatfter, in a similar way we obtein the desired expressions.

c.f.
Mr.Sugioka expressed Dirichlet Even Beta by definite Reamann Odd Zeta and infinite Reiamnn Even Zeta

using his "[Taylor System]". B(4), B(6) which he calculated are as follows.

2

2% 1 (z\!
PO =17 (5 )
3( log2 2%2-1 24-1 26-1 51
_%{ 2t31 22 éV()225l 24 éV()z“7l 2 <© 269!_"'}
24_q 1 524 3
O =175 ) - 5 @3r (5]
7 [ log2  2°-1 11 2%-1 2°-1 }
24{ 251 2 D ;()249| 2 g()Zell'_
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5.7.4 Riemann Odd Zeta
Riemann Odd Zeta can be conversely obtained from the half of Formula 5.7.3 . The following formula shows
the relation between Riemann Odd Zeta and Dirichlet Even Beta by the easy expression.

Formula 5.7.4

When Ezk ) ﬂ(X), QV(X) denote Euler Numbers, Dirichlet Beta Function, Riemann Zeta Function
respectively, the following expressions hold.

(=12 2) . Es a2
=55 5P 5) - 525
2% o |Ex 7\
T 51 & k)t (7)
7 1 3 >
=222 (5) - 22 (5) 22 (5

) 26 - | E2k| ( 1 )2k+7
2710 @Rk+7)1\ 2

22n+1 n-1 2 —2k 2kl
cerd = i SO GEES? ()

2n E 2k+2n+1
D o (5
22+l _q & @k+2n+1)!1 1\ 2
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5.8 Termwise Higher Integral of sech x

. . . -1
Since both zeros of S€Ch X and the primitive function 2tan (ex) —7T are X=00, the latter seems to be
a lineal primitive function with a fixed lower limit. Then, we assume zeros of the second or more order primitive

function are also X =00,

5.8.0 Higher Integral of sech x
X
/ sechxdx = 2tan"*(e*) - 7

00

X[ X
/ / sechx dx?= non-elementary function

5.8.1 Termwise Higher Integral of Taylor Series of sech x

When E2k denote Euler Numbers, the Taylor series of S€Ch X is known as follows.

2k T
< _
IxI< 5

However, this can not be integrated with the lower limit X =00 ,

sechx = i ix
= !

5.8.2 Termwise Higher Integral of Fourier Series of sech x

Formula 5.8.2
The following expressions hold for x>0.
X ) e—(2k+1)x
/ sech x dx = —22 (G)) okl

e -(2k+1)x

/X/Xsech x dx? 2% (D —
o J o = (2k+1)?

XXX 3 © ‘ e—(2k+1)x
/// sechxdx"=-2Y -D'———

k=0 (2k+D)
— ks
- [ sechxdx"= (D" 22 -Df'—
o o k+1D)"
Proof
sech x can be expanded to a Fourier series as follows. (See the figure of the following page.)
2 2e7% _ _ _ _
sechx = ——— = — =2e7(1 -e+e - +-)
e’ +e 1+e
— 2(6—1x_ e—3x+ e—5x_ e—7x+_m) 2.0)

= 2(cosLix - cos3ix + cos5ix - cos7ix +— )
+2i(sin Lix - sin3ix + sin5ix - sin 7ix +- ~)
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0.0 * f + + +
0 1 2 3 4 5

'

@& 1/cosh(x)
@& 2*(exp(-x) - exp(-201*x))/(exp(-2*x) + 1)

Integrate the both sides of with respect to X from 00 to X, then

X X
/ sech x dx =/ 2(e - e ¥+ - e ™ +— ) dx
_ _2[ e e . e e . X
a 1 3 5 7

0

X —(2k+1)x
/sechxdx —22( )X ol

This is consistent with the real number part of the Fourier series of 2tan _1( eX) /2

Next, integrate both sides of this with respect to X from o to X, then

X[ X 5 [ e e e-(2k+1)x . ) e—(2k+1)x
hxdx“=|2 - =2 - —
/OO/OO sechx dx Z( D'~ kD)2 2 D Ck+1)°

Hereafter, in a similar way we obtein the desired expressions.

5.8.3 Dirichlet Beta Function

Substituting X =0 for Formula 5.8.2, we obtain Dirichlet Beta Function immediately.

Formula 5.8.3
_CDE
When ﬂ(n) Z o is the Dirichlet Beta Function, the following expressions hold.
o (2k+1)
0
/ sech xdx = -2

/o/ooxsechxdx2 = 2802

LO/OO)ZOXsech xdx>= =253

8

-53-



LO/OO%--/OOX;eChxdx% D"280)

Note
O
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