10 Vieta's Formulas on Completed Riemann Zeta

In the previous chapter, Maclaurin series of the completed Riemann zeta was obtained. If we put the series
as 0, it is an infinite-degree equation. As seen in completed Riemann zeta is completely factored by
the roots (zeros) . So, the relationship between zeros (roots) and coefficients is obtained by Vieta's formula.

10.1 Zeros and Coefficients on £(z)

10.1.1 Coefficients of Maclaurin series of £(2)

Maclaurin series of the completed Riemann zeta é‘( Z ) was obtained by Theorem 9.1.3 in [previous chapter|
When this is slightly modified and reprinted, it is as follows.

Theorem 10.1.1

Let completed Riemann zeta f( Z ) and the Maclaurin series are as follows.
z
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Where, l//n(Z) is the polygamma function, Bn,k(fl i PR ) is Bell polynomials, )t is Stieltjes constant,
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When Aq ~ A, are calculated with the formula manipulation software Mathematica, it is as follows
Thly [

-, & ] 1= Table[PolyGamma|[k, =], {k, 0, =1%]

g,_[g} ‘= If[l- -0, 1, gBellr[lr K, Tbldr[l-, EH]

2
Tr-1
¥s := StieltjesGammal s] Cp = If[r =0, 1, ——]
fr-1%1
Zi Log[x]"® (-1)°"g..:[3/2]
Ct
S0t 27 {r-s) ! 25 % (s -ty

SetPrecision[{Ay, Ay, BAs, By}, 12]

{-0.0230595708597, 0.02334386453, -0.00045798385, 0.00025318173}

10.1.2 Vieta's Formulas on £(2)

Theorem 10.1.2

Let completed Riemann zeta f( Z ) and the Maclaurin series are as follows

z
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Then,
(1) The following expressions hold for non-trivial zeros Z, = X, iy , Y =0 k=1,2,3, of {(z) .
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(2) when A, is a coefficient in [ Theorem 10.1.1|, B,=A, n=1,2,3, .

Proof

(1) According to Theorem 8.3.1 in "'|08 Factorization of Completed Riemann Zeta|", when the non-trivial zeros

of Riemann zeta ((Z) are 7, = X, =iy, , Y#0 ( k=1,2,3, ), completed zeta is factored

as follows.
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On the other hand, according to Formula 3.5.1 in "[03 Vieta's Formulas in Infinite-degree Equation I' ( Infinite-

degree Equation ) , such an infinite product f(Z) is expanded in the Maclaurin series as follows
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(2) Due to the uniqueness of the power series, it has to be B,=A, n=1,2,3, .

10.1.3 Proposition1 equivalent to the Riemann Hypothesis

If Riemann Hypothesis is true, the following proposition has to hold.

Proposition 10.1.3

When the non-trivial zeros of Riemann zeta ((Z) are 7, = 1/2+iy, , y,#0 ( k=1,2,3, -

the following expressions hold.
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Where, l//n(Z) is the polygamma function, Bn,k(fl i PR ) is Bell polynomials, )t is Stieltjes constant,
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Proof of equivalence

If the Riemann hypothesis holds, The real part of the non-trivial zeros Z, = X £1Yj of QV(Z) is X, =1/2

(k=1,2,3,~ ) . Substituting this for in Theorem 10.1.2 ,

B]_: _i 1 2
r=1 1/4+y,
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Since B,=A, Nn=1,2,3, from [Theorem 10.1.2 (2)|, replacing B; ~ B4 with A; ~ A, and

substituting a top one by one downward,

= 5 T (]
s = _21322.:+1t§+1<1/4+y3>(1/41+y32)(1/4+yt2) SR
As = gls:i:l i 1u2.:+1 (17442 )(1/4+y52>?1/ 4ry?) (1744)

~3A;- 5(A+A)

From these, we obtain [(1.3,) ~ (1.3,)|. By Theorem 8.2.4 ("|08 Factorization of Completed Riemann Zeta|"),

(1.34)] is equivalent to Riemann Hypothesis. Since (1.3,) ~ (1.33) contain (1.3;) in some way, they must

also be equivalent to Riemann Hypothesis respectively.
Q.E.D.

Direct Calculation
Since [(1.3;)] has already been calculated in the previous chapter[8.2], it is not calculated here. Both sides

of |(1.3,) and (1.33)| are calculated with the formula manipulation software Mathematica, it is as follows,
f5 is calculated in each 3000 terms and is matched up to the 5th decimal place, f3 is calculated in each

300 terms and is matched up to the 6th decimal place
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¥r = Im[ZetaZero[r]]
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falm1] := Z Z

r=ls=r+l i:]-a'" 4+ Y":E) (11" 4+ YSE:I

N[£2[3000]] N[Ay + A;]
0.000240583 0.000248156

f3lm.] := i i

relseeltesel (17 4+ v 2) {174+ y.%) (174+y:?)

1

N[fS[BD‘D]] N[—ﬁ3—2{3.2+ﬂljl]
1.304663x10°° 1.67271x10°°
Indirect Calculation

The direct calculations of |[(1.3,) ~ (1.3,)| are so slow in convergence. So, we calculate these indirectly

using the following formula. ( See Formula 1.3.1 in "[01 Power of Infinite Series|" ( Infinite-degree Equation ) )
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r=0 r=0s=r+1 r=0s=r+1t=s+1
© 4 o o 2 o 2 5 o
(Sa) =28a% - 2a?) +4( La | £ 3 aa
r=0 = r= = r=0s=r+1

00

- 8Zar ZO thzlarasat +8Y Y X Y aaaa (3.4)
r=0s=r+ S+

r=0s=r+1t=s+lu=t+1
Applying (3.2) to|(1.35)|,
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Applying [(3.4)] to ,
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Substituting [(1.31) ~ (1.33)| for the right side,
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If (1.35") ~ (1.3,") are used to calculate the left sides of [(1.3,) ~ (1.3,4)], it is as follows.
f5 is calculated in 500 terms and is matched up to the 9th decimal place, f3 is calculated in 30 terms and
is matched up to the 11th decimal place, and f4 is calculated in 20 terms and is matched up to the 14th

decimal place. The speed of these convergence are much faster than the direct calculations above.

¥y := Im[ZetaZerc[x]]
1 = 1 2 py?
falm ] :=——Z[ +
2301/ 4+ v, ? 2




N[£;[500], 7] N[Ay+ By, 7]

0.0002481558 0.0002481556
1 & 1 3 Ay
fs[m ] :=—Z[— + — - A1 (A1 + A3)
3 l,-"'4+}r,_.2 3
N[ £5[30], 7] N[-A3; -2 (A + Bq), 7]
1.672711x 10°° 1.672714x10°°
1 = 1 4 34 2
fa[m ] :=_—Z[—] +——ﬁl+ﬂl ——ﬂ2]+i+ﬁ1(332+ﬂ3}
453 01/44+ vy, 2 4 2
N[ £4[20], 7] N[RAg+ 3A3+5 {A; +Rq), 7]
8.021074x 1077 8.021073x107°

The abowe indirect calculation also can be represented as follows.

Proposition 10.1.3'

When 2, =1/2*iy, , ¥ #0 ( k=1,2,3, ) are the non-trivial zeros of Riemann zeta (@) and
A r=l, 2, 3, *** are constants given by|Theorem 10.1.1], the following expressions hold.
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( —) =AZ - 2(A;+A,) = 0.00003710063

NgE
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—— | = —A? +3(A;-2)(A;+A,) -3A5 = 0.00000014367786
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1/4+y; 2

+ 2AZ - 20A, - 12A;-4A, = 6.59827915x107°

cf.

Proposition 4.4.1 in "|04 Sum of series equivalent to the Riemann hypothesis|“ ( Infinite-degree Equation ) was

© 1 2 3 1 3
> :7§+270+271_|Og7[+‘//0(_)__‘//1(5)
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(—) = B+358 +630+6y +3y)1 + 72 -3logr

1/4+yr2
3 3 1 3
gl ) el 3

r=1

3
2

+3yo

These are what A; ~ Az are expanded.

The calculation results with the formula manipulation software Mathematica are as follows.
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y¥r = Im[ZetaZero[r]]

2000 1

N[ r 312_2 I:H_1+H_2:I}, T]
T h1/4+y, 7

{0.00003710062 , 0.00003710064}
100 1 3

N[{Z[ . =BT 43 (A - 2) (A +A) -3313}, 7]
mahl/4+vy,.2

[1.436777x1077 , 1.436779x107}

5
f4 := A -4RA] + 4R [—-;12 +4A; {3A;+A;-5)

12—

miv1/4+ .2

+2A7-20Ry - 12 A3 -4 Ay
4
,fd},?]

[6.598267x 107", 6.598279x 107}

As far as the above calculation results are concerned, the Riemann hypothesis seems to be true.



10.2 Zeros and Coefficients on £(z2)

10.2.1 Coefficients of Maclaurin series of =(2)

Maclaurin series of the completed Riemann zeta E( Z ) was obtained by Theorem 9.2.3 in |previous chapter}

When this is slightly modified and reprinted, it is as follows.

Theorem 10.2.1

Let completed Riemann zeta E( yA ) and the Maclaurin series are as follows.
—_ 1
2@ = —( —+z

) (34) S (Bl 3]

= 2 (1+A 2 +A 22 +Ag 23 +A 24 ++)
Then, these coefficients A, =0,1,2,3, - are given by
log™z 95 (5/D) ;
2™-5(r-s)! 25 G-t)1

Where, 1;,(Z) is the polygamma function, Bn,k<f1 o ) is Bell polynomials, J; is Stieltjes constant,

(2.a)

A=Y N ED™

. 1 r=0
(2= g2 2] nf2)) ras
1 ) r=0

oo ﬁgr(—l)r%(i)(%) r=123,

The first 4 are as follows.

_ log°z 90(5/4) .

Ao = oo 2001
1 5/4
A= - Iolg 7z+91(1 )+c1
211 211
_log?zr  9x(5/4) log'z 9:574) | 91(5/4) logr
Ap =+ Ty 1 Q=" a
2221 2221 211 211 2111 2111
3 5/4 2 5/4 2 5/4
A3:_Iog 7z+93( )+C+Iog7r91( )+Iogﬂ +92( )C1

C
2331 2331 ° 2221 olyn 2221 4 2201
log'z 92(5/4) _ Iogl7rC N 91(5/4)C _ log'z 91(5/4) ;
2111 2221 211 2 2lin 2 2l1r olgy

When Aq ~ Ag are calculated with the formula manipulation software Mathematica, it is as follows.
Thl¥[1 , z ] := Table[PolyGammalk, z], {k, 0, r=1}]

¥: := StieltjesGammal =]
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gr [E] :=If[1- 0,1, 239111{[1-, k, Tbla.lr[l-, E]H

E=1
9 1000 N a1 1 s-1
cy = If[r =0,1, ——— {-1) —— Binomial([s, r] [—] ]
- Zeta[ly 2] [s=171 2
L= N Log[x] " ~° gs-t[5/ 4]
Ay FZZ{_H__S . - Ct

S=0 t=0 25 ({r-s)t 25t sty

SetPrecision[{As;, Ay, Ay, Az}, 13]
{0.02310499312, 0.000248334054, 1.674353x107%, 8.0307x 10%}

SetPrecision[{A;, Az, A5, A7}, 13]
[0.x107, 0.x107", 0.x107*, 0.x107"}

10.2.2 Vieta's Formulas on =(2)

Theorem 10.2.2

Let completed Riemann zeta E( YA ) and the Maclaurin series are as follows.

1/ 1
0 =-{ 3] 20} 220 o 2
u(z)——< 2+z)( 2—2)7: I 5| 52 ‘] S5 +2 (2.0)
=E(O)(l+Blzl+BZZZ+8323+B4Z4+"')
Then,

(1) The following expressions hold for non-trivial zeros Z, = X, 1Yy , Y #0 k=1,2,3, of {(z).

e V) e R S AN
2= 11 or? 47[1/41*( Z)cj( E) = 0.9942415563 -
o  2(X.—1/2
By= -2 sy 2 ) 2
=1 (X, = 1/2) 4y
5w 22 (X, =1/2) (X, 1/2) . 20
BZ:r2=1:2+ - 24y2 - 2+2+2= - 24y2
1=t {(Xrl 1/2) le}{(xrz 1/2) yrz} =t {(Xrl 1/2> yl’l}
B % § 0§ 2% (X, =1/2) (Xe,=1/2) (Xr,~1/2)
° =L g { (Xr,=1/2 )2+yé} { (xr2—1/2)2+yr22} { (X,=1/2 )2+yr23}
i S 21{(X,—1—1/2)+(X,—2—1/2)}
wteen { (x,m1/2) 4y (%,m1/2) 74y
5w o 2% (X, =1/2) (X = 1/2) - (X =112
% § .8 (%0=1/2) (x,-1/2) = (.- 1/2)

r=lry=r+l  r=rg+l { (Xrl_]'/z)z"'yrzi} { (Xr2_1/2)2+yr22} { (Xr4_1/2)2+y51}
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+ i i 3 22{(Xr1_1/2)(xr2_1/2)+ +(Xr2_1/2)(xr3_1/2)}
r=1ry=r;+1rg=r+1 { (Xr1_1/2)2+yr21} { (Xr2_1/2>2+yr22} { (Xr3_1/2)2+yr23}

© 20
"B [tz [ (e 1/2) )

(2) when A, is a coefficient in[Theorem 10.2.1], B,=A, n=1,2,3, .

Proof

(1) According to Theorem 8.4.1 in "|08 Factorization of Completed Riemann Zeta [, when the non-trivial zeros

of Riemann zeta ((Z) are 2, = X, iy, , Yx#0 ( k=1,2,3, ), completed zeta [[Z.0)] is factored

as follows.
_ P 2(x-1/2)z 72
@) :“(O)U{l_ ; 2.2 2.2
n=1 (Xo=1/2)"+yy  (X,-1/2)+y,
o (X4=1/2)2+y7 1 1 1
Where, Z(0)= [] b . ) == 1/4r( —)cj( —) = 0.9942415563
n=1 Xn+yn 4 4 2

On the other hand, according to Formula 3.5.1 in " 03 Vieta's Formulas in Infinite-degree Equation|" ( Infinite-

degree Equation ) , an infinite product
f() ﬁ 1 2(Xn—1/2)2 22
Z) = - +
n=1 (x=1/2)%+y2  (x-1/2)%+y7
is expanded in the Maclaurin series as follows

f@) = 1+Byz 1 +B,7z2+B3z3+B, 24+

Where,
o 2(X,—1/2
B1= _E_ %, 2 ) 2
=1 (X, = 1/2) 7y
5w 22 (X, =1/2) (X, - 1/2 o 20
82:2 3 (Zrlz)(rz )2 . + 3 —
et { (,m12) 4y (x,m1/2)7 42} 0o {(,m12) 4y )
N 23 (X, =1/2) (Xe,=1/2) (X~ 1/2)
Dt { (x,-172) 2+ y2 H (6,m12) 4 2 H (x,-172) 2+ yE)
¢ s 2Hlu2)(now2)
r=lry=r;+1 { (Xr1_1/2)2+yr21} { (sz_]'/z)2+y"22}
® = 2% (X, =1/2) (X,=1/2) - (X, =112
- 5 .5 (x,-1/2) (.- 1/2) = (1~ 1/2)

el el { (Xn=172) 24 Y2 H (x,-172) 24y 2} - { (x.-172)2+y 2]
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+ i i y 22{(Xr1_1/2)(xr2_1/2)+ +(Xr2_1/2)(xr3_1/2)}
Pt { (X V2) 4y H (0,172 2y (% 1/2) 4y

© 20
"B E a2y (o2 4y

since Z(z) =.5(0)f(z) ,[(1)]holds.

(2) Due to the uniqueness of the power series, it has to be B,=A,, n=1,2,3, .

Q.E.D.
10.2.3 Proposition2 equivalent to the Riemann Hypothesis
If Riemann Hypothesis is true, the following proposition has to hold.
Proposition 10.2.3
When the non-trivial zeros of Riemann zeta ((Z) are 7, = 1/2+iy, , y,#0 ( k=1,2,3, ),
the following expressions hold.
< 1
> — =A; = 0.0231049931 2.3,)
=1y
00 00 l
> Y — 5 =As=0.0002483340-- 2.3,)
=1+l e Ve,
[oe] [ee] [oe] l
D > — 5 5 =As = 0.00000167435- (2.3¢)
rleqﬁlgqflyquy%
00 00 00 00 1
X X X XY —5— 55 =As=8.030697x10"° (2.34)
rle#ﬁlgqfluwflyHyQy%w4
o0 00 00 1 _
X X v X 55— =hAg
ri=lry=r+1  ryp=ry_;+1 yrl yr2 yr2n
_ 2n Zs ( 1)2n_5 IOg 2n—57z. gS—t(5/4) c 23
$=0 {=0 22" 3(r=s)1 2571 (s-t)! t N
Where, (//n(Z ) is the polygamma function, Bn,k(fl , f2 y e ) is Bell polynomials, }; is Stieltjes constant,
1 r=0
5 - r
o[ %)= gl 2) 5) vd3)) reaa
= r,k 4 ’ 1 4 y ety r-1 4 1 &y Iy
1 r=0
“lam i anliliG)
———— Y (-1 = r=123,-
v 2 G ) 2
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Proof of equivalence
If the Riemann hypothesis holds, The real part of the non-trivial zeros z) = X, 1Y) of C:(Z) is X, =1/2

(k=1,2,3, ) . Substituting this for each expressions in |Theorem10.2.2|and replacing Br with Ar’ we

obtain the desired expressions. According to Theorem 8.2.4 ("|08 Factorization of Completed Riemann Zeta | ),

(2.3,)| is equivalent to Riemann Hypothesis. Since |(2.3,) ~ (2.3,,)| contain (2.3,) in some way, they must also

be equivalent to Riemann Hypothesis respectively.

Direct Calculation
Both sides of (2.3,), (2.34) and (2.35) are calculated with formula manipulation software Mathematica, it is

as follows, 82 is calculated in 100,000 terms and is matched up to the 3th decimal place, B4 is calculated
in each 3,000 terms and is matched up to the 5th decimal place, 86 is calculated in each 300 terms and is

matched up to the 6th decimal place

v, = Im[ZetaZero[r]]
N[B;[100000]] N[ As]
B [m ] Z —
=) }r 0.0230829 0.023105
N[By [3000 N
By [m ] Z Z [Bg [ 11 [ A4]
S1serel Vi© ¥s? 0.000240759 0.000248334
m m m 1
N
Be[m ] ::Z Z Z — N[Bg[300]] [ Ag] E
r=1s=r+l t=3+1 ¥r ¥z ¥t 1.30603x ]_{}_'E 1.67435x 107
Indirect Calculation

Here, (2.3,) is not calculated and B, = A, =0.02310499311 - is assumed. And using this, the left

side of (2.34) ~ (2.3g) are calculated indirectly.

According to Formula 1.3.1 in "|01 Power of Infinite Series|" ( Infinite-degree Equation ) ,

( iar)z = Zar 23 Y a, as (3.2)

r=0s=r+1

00 3 00 00 00 00 00
(Zar) = Zar +32ar 2 2 aas-32 X X aasd (3.3)

=0 r=0s=r+1 r=0s=r+1t=s+1
( Zar) =2Ya/ —( Yaf ) +4( Zar) D IDIE-W- &
r=0 r=0 r=0 r=0 r=0s=r+1
- 82ar > X Y aaatsy Y Y Y aaaa, (3.4)
r=0s=r+1t=s+1 r=0s=r+1t=s+lu=t+1

Replacing =0 with r=1 and &, with 1/yr2,
0 1 2 00
y=| =X
r=0 yr r=0 yr r=0s=r+1 y y
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1 2 & & 1
"8l 2 2o

00 1 3 00 1 3 00 l 0 00
2o TEl ] PR e e
r=0 yr r=0 yr r=0 yr r=0s=r+1 yr ys r=0s=r+1t=s+1 yr ys yt
2
51 \4 a1\t e 1)? 21\ g a1
=1y, =Yy =LYy =1y, r=1s=r+l yryg
0 l oo 0 o 1 o 0 0 o 1
_82_2'ZZ 2 222+822 PIRp) 22 2 2
r=1 yr r=1s=r+1t=s+1 yr ys yt r=1s=r+1lt=s+lu=t+1 yr ys yt yu
Substituting [(2.3,) ~ (2.3g)| for these,
(w4)

= 1
Az = X — + 2A
r=0 yr
T
Az = X — +3AA, - 3A (W)
=0y,

5 1 5 1 0\?
A=2> — - X = | +4A%A, - 8A,As +8Ag
r=1 yr8 r=1 y
00 1 2
=23 = - (AZ-2a,)"+4AZA, - 8A A +8Ag
=1/
i.e.
o 1
Ad = 3 = - 2AZ +4AZA, - AA,Ag +4Ag (w8)
r=1 yr
From (w4), (w6), (w8) ,
1o 1 1, 1 1 1 4
Ap=—7= 2, — + ZA , A= =2 — - A tAA
4 2r§Oyr4 22 6 3r§0yr6 32 274
151 1 1
Ag=-—= 2 —+ A+ ZAZ-AZA,+AAg
4 751 y8 4 2
Since A,=B, n=1,2,3,,
1eg 1 01,
= —— 4+ —
1 =1
Bs = 5 X5~ A tAA
=0y
151 1 1
Be=-— X o+ A+ SAI AT At AL Ag
45,8 4 2
We should just calculate (2.3,"), (2.3¢") and (2.3g") instead of
00 00 l 00 00 o0 1 00 00 o0 00 1
Ba=2 2 ——  Be=2 X X 55 B=X X X X 555
r=0s=r+1t=s+1 yr ys yt r=1s=r+1t=s+lu=t+1 yr ys yt yu

r=1s=r+1 yr yS
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The calculation results with the formula manipulation software Mathematica are as follows.
B4 is calculated in 500 terms and is matched up to the 9th decimal place, 86 is calculated in 30 terms and
is matched up to the 11th decimal place, and 88 is calculated in 20 terms and is matched up to the 13th

decimal place. The speed of these convergence are much faster than the direct calculations above.

12 1 Ay? N[B,[500]] N[ Ay4]
Ba[m. ] 1= -— —_— + —
2 3 v, ° 2 0.000248334 0.000248334
1 .n 1 Ay’ N[Bg[30]] N[ Ag]
Bg[m ] := — —— + Ay Ay - B}
34 y.6 3 1.67435x 107° 1.67435x10°°
m 4 2
1 1 Ay Ry N[Bg[20]1] N[Ag]
Bg[m ] := - + -
45 y,°8 4 2 8.0307x10° 8.0307x107°
= Rp” Ay + Ry Rg

[ (w4), (wB) and (w8)| also can be represented as follows.

Proposition 10.2.3'

When z, =1/2+iy, , ¥ #0 ( k=1,2,3, ) are the non-trivial zeros of Riemann zeta (@) and
Ar r=1, 2, 3, *** are constants given by |Theorem 10.2.1], the following expressions hold.

5 1

21—4 =AZ-2A, = 0.00003717259-

=Y,

5 1

Y, — =A; -3A;A;+3As = 0.00000014417393

r=1y,

|

21_8 =A; +2AF —4AZ A, + 4A,As- 4Ag = 6.6303x1071°
=Y

The calculation results with the formula manipulation software Mathematica are as follows. Higher precision
is required for calculation of the right side.

vy = Im[ZetaZero[r]]

2000 9 5
4r Aj _Qﬁé}r T]

{2

{0.00003717258, 0.0000371726}

100 1
-, B>~ 32 g+ 32}, 7

X

[1.441738x1077, 1.44174x 107"}
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N[{iiﬁ, az4+2342—432234+4aga{—433}, 1{}]
r=1 ¥r

{6.63030429x107'%, 6.63032x 107’}

As far as the abowve calculation results are concerned, the Riemann hypothesis seems to be true.

2018.09.12
2018.09.19 Added the 4th power and the 8th power.
Kano Kono

Alien's Mathematics
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