15 Li Coefficients on the Critical Line

15.1 Li Coefficients from Hadamard Product

In the previous chapter, " |14 Expression of Li Coefficients by Polygamma Functions|", we derived the Li coefficients ﬂﬂ

from the Maclaurin series of the Riemann & function. In this chapter, we derive the Li coefficients A, from the Hadamard

product of the Riemann f function. To do this, we must first state Li's Criterion.

Li's Criterion ( z=0 )

The Riemann hypothesis is equivalent to the inequality,

(_1)n d" n-1
Ay = (n—l)l [(1 2)" Nogé@) | > 0 forn=1,2,3, .. (1.0)
) 7=0
Where,
z
) z
&z) =-2(1-2)7 2/‘( )Q(Z) = H( —) (1.9)
k=1 £k
foX (k=l,2,3, ) are zeros of £(z) . (1.p)
Regarding these Li Coefficients, the following lemma holds .
Lemma 15.1.1
When /1n are coefficients defined by (1.0) and p are zeros defined by (1.p), the following equations hold.
Ao = Z(l)”( )Z - (1.1)
k=1 A(
% 1
3 -(2))
k=1 £k
Proof
(1) Higher derivatives of (1-z)"*
1
4 (1-2)™ = <(n-1)(1-2)™2
dz
d2
—(1-2)" = (n-2)(n-1)(1-2)"°
dz?
d3
— (1-2)™* = ~(n-3)(n-2)(n-1)(1-z)"*
dz

= -D*{(n-s) - (n-2)(n-1)}(1-2)"*
Pochhammer symbol is

(a),=a(a+1)-(a+k-1)
Using this,

(n-s), =(n-s)(n-s+1)~(n-s+k-1)

Form this,

(n-s),=(n-s)(n-s+1)~(n-1) =(n-s) ~ (n-2)(n-1)

-
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Therefore,

T =(C¢D(n-s),(1-z)" (1.d1)

(2) Higher derivatives of £(z)
Taking the logarithm of both sides of [(1.§)],

= z 3 z
log &(z) =log H(l——) = Zlog(l——)
k=1 o k=1 o
Differentiating both sides with respect to Z ,

d _d g 7 - -1/
Emgf(z)—azlog(l-g) =

0

1
j—log H2) = 3 ——

k=1 Z—/k
d? 5 -
?Iog &z) = kgl on)?
d3 c
W S
- i (_1)3‘1ﬂ (1.d2)
=1 (z-p)°
(3) The n th order derivatives of (1-z)"log &(z)
Leibniz's law is
n n
(f@Qy@I" =X ( . )f Y@@
Applying this to (1.d1) and (1.d2) ,
-3 (” ) (CD*(n-s), (12)7+) § pyrernosLE
s=0 \ S k=1 (Z_Q()”‘S

Since (n -n )n = 0, we change the upper limit of 2 from N to N —1. At the same time, we rearrange the powers of

(-1) . Then,

-2)" log £(2) =(—1)“‘1”21(n ) ((n-s), (1)} 5 LRzt
s=0 \ S =1 (Z—Q()n_s
Further,
IMn-s+s) _ (n) _ (n-1)1
(n 5) ]’(n s) ]'(n—S) - (n—s—l)!

Substituting this for the inner of the { }

n- (n-1)! ynts| @ (n-s-1)0
- 1) (e L5

(—1)“-1<n—1>!”§( )(1 iy
% (2 —m



the differential coefficient at Zz=0 is

:(—1)“'1(n—1>!"2'1(n ) T
dZn s=0

(4) Li Coefficients
Therefore, the Li coefficients become as follows.

z=0

= (E_ll))n- @ —[(1-2)""0gé@) ]
z=0
=((1))“(1)n1(n 1)2( )§+
ols & @D
- ”21(—1)”'3”(”) 5L
s=0 S k=1 o
=Y (-1)3'1( 2 ) > (1.1)
s=1 k=1 Pk

This becomes further as follows.

w280 (-2 -850 -3))

According to the binomial theorem,
w 1\"
k=1 Pk

This is a well-known formula. Q.E.D.

(1.1)

In fact, according (1.1), if the first few are calculated using the mathematical processing software Mathematica,

Z( 1)** Binomial[n, s] Z—

s=1 k=1 Pk

@ 1

Al Z_
k=1 Pk
< 1 < 1

Expand [X;] -y —+2 Z —
k=1 ﬁ k=1 Pk
< 1 = 1 @ 1

Expand [A _ _ —_

pand (A1 31 —-33 —+33

k=1 Pk k=1 Pk k=1 Pk

Expand [A4] —Z—4+4Z—3—GZ—2+4 -
k=1 Pk k=1 Pk k=1 Pi k=1 Pk



15.2 Sum of Powers of Reciprocals of xt iy

The sum of the reciprocals of conjugate complex numbers is expressed as a polynomial whose coefficients are all

binomial coefficients. In this section, we present and prove this as a lemma.

Lemma 15.2.1

2(2x,)°

(x2+y2)’

For complex conjugates X iiyr, the followings hold.
% ) ) =
Xr_|Yr X+|yr X,.2+yr2
( ) (2x,)? 2(2x,)°
st l el GEey?)® o (ey?)!
( 3 1 \3 (2%.)® 3(2x,)*
o ] (@) ()
( 1 \* (2% )* 4(2x.)? 2(2x,)°
- +
( 1 \%  (2x)° 5(2x,)3 5(2x,)*
1\ 1 )6 (2x,)° 6(2x.)*  9(2x)?
- + - - -
X X (x2+y2)® (x2+y2)” (x2+y?)*
S S ls/2 ] _ e 2 s=2t
) Lol (M i
Xr= 1Y, Xr+|yr t t-1 (Xr2+yr2)s
Proof
Sum of 1 st powers and Product of 1 st powers
1 1 2X,
—+ - =
Xp 1Y Xp=1Yy xr2+y|,2
1 1 1
Xr+iyr Xr_iyr Xr2+yr2
Sum of Squares
( 1 1 )2 2 1 \2 1 1
—+ - = - + - +2 - -
Xp+1Yr X = 1Y; Xp+1Yp Xp= 1Yy Xp+1Yr X =1Yr
Substituting (2.1) and (2.1p) for both sides,
2x, \? 1 )2 ( 1 )2 1
= - + - + 2
Xr2+yr2 Xp 1Yy X = 1Yp Xr2+yr2
From this,
( 1 )2 ( 1 )2 (2x)° (2x)°
- + - = -
Xp+iy, Xp=1Y, (Xr2+yr2)2 (Xr2+yr2)l

2.1)

2.2)

(2.3)

(2.6)



Sum of cubes

1, 1 )3_ 1 3+ 1 )3
Xr+iyr Xr_iyr Xr+in Xr_in
1 \? 1 1 1 \?
+3 - — + 3 - -
Xp+1Yr X = 1Yy Xp+1Yr | Xp=1Yr
_ 1 \3 1 3+3 1 1 ( 1, 1 )
Xr+iyr Xr_iyr Xr"'in Xr_in Xr+iyr Xr_iyr
Substituting|(2.1) and (2.1p)| for both sides,
2%\ 1 3+ 1 3+3 1 2,
Xr2+yr2 Xr+iyr Xr_iyr Xr2+yr2 Xr2+yr2
From this,
1 3+( 1 )3_ 2] g (2] 2:3)
Xr+iyr Xr_iyr (X,—2+yr2)3 (Xr2+yr2)2 .
Sum of 4th ~ 6th powers
In a similar way,
O R B S R €O 4 (2%,)* ‘o (2%,)° 2
X iy, Xp= Yy 2, . 2\4 2, .2\3 2, .,2\2 '
(x*+y?) (x*+y?) (x2+y?)
1 5 1 > (2%.)° (2x,)° (2% )*
X, +i " Xp—i T2 25_5 2 24+5 2, .23 (29)
AR N OV A € 0 R S
( 1 )6( 1 )6= (26)° o (2)* o o(2x)° o (24)°
X Y %= lYr (x2+y2)°  (+y2)°  (xZ+y3)" (x2+y?)°
(2.6)

The absolute values of these coefficients on the right hand side are

ll 1’2’ 1’31 1141 21 1lSlSl 1’6’9121 o

When this integer sequence was searched in "The On-Line Encyclopedia of Integer Sequences” ( OEIS ) , [A034807

was found. These are the coefficients of the Lucas polynomial, given by
T(s,t) =C(s-t,t) +C(s-t-1,t-1)
Therefore, the sum of S powers can be expressed as follows using the floor function | X | :

1 S+( 1 )SztjéZ)J(_l)t{(st—t)+(s—t—l)}((2xr)s‘2‘ oe

X +iY, Xe= 1Y, t-1 szerlrz)S-t

Lemma 15.2.1 can be more simply stated as follows

Lemma 15.2.2

For complex conjugates X, =% i V¢, the followings hold.

k) ) - 22

Xr_i)/r Xr"'i)/r Xr2+yr2
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( 121720y
Xp= 1Yy X +iyy (Xr2+yr2)2
( 1\, (1 )3=2(x?—3xﬁyf)
Xp= 1Yy X+ 1Yy (Xr2+YI’2)3
( 14 (12 - ey )
Xr_iyr Xr+iyr (Xr2+yr2)4
( 15 (1 \° 20 - 10k + sy
Xr_in Xr"'in (Xr2+yr2)5
10, (1 )6: 2(x7 - 15x'y? + 15%7y;! - y7)
X+ 1Y, X, = 1Y, (X|’2+yr2)6
1 s 1 ) 2 Ls/2] S
- + . - -1 t( )XS—Z 2t
( Xr_lyr) Xr+|yr) (Xr2+yr2)s t:ZO( ) 2t )" S’r
Proof
( : )1““( : )1 _ () 2x)
Xr iyr Xr+iyr Xr2+yr2 Xr2+yr2
( 12, 1 \%_ (2¢)%  2(2x,)°
Xp— 1Y, X, iy, (Xr2+yr2)2 (Xr2+yr2)1
_ ()7 -2(x+yf) _ 2(xP-y7)
2 2
(x7+y?) (xP+y7)
o) () e e
i —i 3 2
Xt 1Yr Xp= 1Yy (Xr2+yr2) (Xr2+yr2)
_(2x)% - 3(2x) [x2+y2) _ 2(xF - 3xy2)
B 3 B 3
(x2+y?) (x2+y?)
In a similar way,
Co(_ 1t 20 - edy? ey

1
( Xp= 1Yy X +iyy (Xr2+yr2)4

( 1 )5+( 1 )5 2(x7 - 1oxy? + 5xyf)
ol e (x?+?)°

1 )6 _ 2(x7 - 15xy? + 1567y -y7)
X = 1Yr (x2+y2)"

The absolute values of the coefficients in the ( ) on the right hand side are

1,1113,16,1,1,10,5,1,15,15,1, -

6
+

1
Xe+iy,




When this integer sequence was searched in "The On-Line Encyclopedia of Integer Sequences” ( OEIS ) , |]A034839

was found. These are given by

T(s,t) =C(s, 2t) s>0, t=0,1,2,~,]s/2]

Therefore, the sum of S powers can be expressed as follows using the floor function [ x| :

1 S
F=rl
Xp= 1Yy

10 2 Iyl s\ o
. ) - e 5 e
X, iy, (Xr2+yr2) =0 2t

(2s")

Q.E.D.
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15.3 Li Coefficients expressed by xt iy
By combining Lemma 15.1.1 with Lemma 15.2.1 or 15.2.2, the Li coefficients can be expressed as conjugate complex

numbers.

Lemma 15.3.1
When the zeros of the function £(Z) defined in[(1.8)]are X, iy, r=1,2,3,,

the Li coefficients 4, N=1,2,3, - are expressed as follows
w [ n L (n) Ls2] s-t s—t-1 2x, )57
=2 Z(—151( ) Z(-l)t(( )+( ))—( o (3.1)
r=1| s=1 S t=0 t t-1 ()(24_yz>5t
r r

Proof
Let us make the following substitutions in| Lemma 15.1.1

PL=X1=1Y1 , po =Xe+iY, p3=Xo=0Yo , pa=Xo+iYa , p5 =X3—iY3, ps =Xz+iyz ,
Then, (1.1) becoms

y i(—l)S'l(”)i s
s=1 S k=1pk

gl(_l 5_1(2) ( Xr—lyr)s+(xr+liyr)s)

On the other hand, Lemma 15.2.1 was

1

1
||M

S SL/ZJ it 2X s-2t
) S (2 e
Xp=1Yr Xt 1Yy t=0 t-1 (sz_l_yrz)s

Substituting this for the above,

s=1 r=1| t=0 t t-1 Xr2+yr2>s_t
ie.
o [ L (n) szl s-t s—t-1 2%, )52
ZDY E(—l”( ) E(—l)‘(( )+( ))¥t (3.1)
r=1| s=1 S t=0 t t-1 (sz"‘er)s

The first few of (3.1) are expanded as follows

2x4 2x, 2X4

A = 2 2 2. 2 2.2
X1tyr Xotys Xztys

(2)°  2(20)° 2(2x)"
(x12+y12)2 xP+yr  x{+y§
(2x2)°  2(2x5)°  2(2x,)"
(x22+y22)2 X3+y; X5 +y3
2x:)% 2(2x5)° 2(2xs)t
(2x3) . (2x3) + (2x3)

2 2, 2 2, .2
(x2+y2) X3tYys X3t Y3

Ao




(26)°  3(2a)"  3(2x)°  6(2)° 3(2x)°

o (x12+y12)3 (x +y12>2 <x12+y12)2 x2+y2  xZ+y?
L (20)° 3(260) 3(26)7 6(2x)° 3(2x)"
(e32) (3+3)" (+yg)’ xE+9d et
(26)°  3(2x9)"  3(2%5)"  6(2x5)° 3(2xs)"
(x2+y2)” (x2+y2)" (xZ+y2)" xs*ys  xs+tys
= (2a)"  4(2a)" | 4(2x0)°  2(2x)°  12(2x)"  6(2x)°

(x2+y2)* (x2+y2)° (x2+y2)° (x2+y2)° (x1+y)2 (x2+y2)*
12(2x1)0 4(2xy)*
X1"')/1 X12"')/12

(2x,)* . 4(2x,)? . 4(2x)°  2(2x)°  12(2x)"  6(2x)°

(x2+y2)" (x2+y2)® (x2+y2)° (x2+y3)" (x2+y3)" (xZ+y3)°
12(2x,)°  4(2x,)*

+ X2+ 2 + 2+ 2

27T Y2 X2 TYo

(2x9)* | 4(2x9)" | 4(2%5)°  2(2%5)°  12(2x5)"  6(2x5)°
(x3+y2)" (x3+y3)® (x3+y2)® (xZ+y3)" (x2+y2)" (x3+y3)®
. 12(2x3)°+ 4(2x5)*

2 2 2
X3ty3 X3+ Y3
Using [Lemma 15.2.2|, these can be further simplified.

Theorem 15.3.2
When the zeros of the function &(Z) defined i are X, iy, r=1,2,3,,

the Li coefficients A4, N=1,2,3, are expressed as follows
o0 n n 1S~ 1 1s72]
=2 Z Z ( ) ( ) Z (_ ( ) S— Ztyzt (3.2)
r=1\| s=1 \ S (Xr2+ Y, ) t=0

Proof

Let us make the following substitutions in |Lemma 15.1.1|.
PL=X1=1Y1 , po =Xg+tiy1, p3=Xo—1Y2 , pa=Xa+iY2 , ps =X3z=iy3, pg =Xag+iys, =
Then, (1.1) becoms

Iy = s%(—1)5'1(: ) ﬁl(( xr—liyr )S+( Xr’fliyr )S)

On the other hand, Lemma 15.2.2 was

1 1 S 2 ls/2] _
( . . ) = NG )t( )Xf 2y (2:5")
Xp= 1Y,

i (e

S
+




Substituting this for the abowe,
n 2 ls/2]
S

_ N, ays-1 " e Szt S sm2t 2t
ﬂﬂ_sgl( b ( )r=1( (X2+yr2>st;o(1)(2t)xr S/r)

r

n DT s
W=2X1 > (n ) D Lézj(—l)t( S )XrS_ZS’th
= = < 2t

= = 2, 2\s =
r=1 s=1 \ S Xr+yr> t=0
Q.E.D.
The first few of are expanded as follows
2x 2X 2X
M = 2 12+ 2 22+ 2 32+'"
Xy+tyr Xoty, X3tys
R S AN & A =
, = _ _ _
XtV (xey?)’ Xatys  (xZ+y2)° X5tys o (xZ+y3)°
I 3%, 3xZ2-3y?  x2-3xiy?
3~ 2, .2 P 3
Xityi  (xZ+y2)"  (xE+y?)
) 3%, 3x2-3yZ  x3-3x3yZ
+ - +
X3+ys  (xZ+y2)®  (xZ+y2)’
27 Y2 X2 T Yo
‘o 33 3x2 -3y . x3 - 3x3y2
2, 2 2 3
X3ty (xZ+yZ)"  (x3+y3)
Lo 6xi-6yr  4xi-12xyr  Xi- 6x{yi
4= 2, .2 2 3 4
Xityi  (x2+y?)"  (xE+yP) (x2+y?)
2 a2 3 1,2 4 _@au2,2..4
5 4x, 6x; -6y,  Ax;-12x;3y;  X; - 6X3Y5 ty;
+ - + -
2, 2 2 3 2
Xa+ys  (x3+y3)"  (x3+y3) (x2+y3)
2 a2 3 1,2 4_@au2,2..4
5 4x3 6x5 -6ys  4x3-12x3y; X3 - 6X3Y5tys
+ - + -
SHvs o (EeyE)” o (x8+yE) (xEy)

cf.
These are simpler than|Lemma 15.3.1] so we have made it a theorem. This theorem is the most important in this chapter.

-10-



15.4 Li Coefficients on the Critical Line
In this section, as a special case of the previous section, the Li coefficients A, are expressed by the zeros 1/2+t 1Y,

on the critical line.

Lemma 15.4.1
When the zeros of the function £(Z) defined in|(1.&)|are 1/2+iy, r=1,2,3, -,

the Li coefficients A4, N=1,2,3, are expressed as follows

PN SN, (2n—t) (2n—t—1)) 1
A =CD ;lgo( 1)( ‘ + (1 —(1/4+yr2)n_t @.1)

Proof
Let X, = 1/2 r=1,2,3, in the example ofthe expansion of Lemma 5.3.1|. Then, A1, Ao, A3 ,A4 become
A = 1 + 1 + 1 +oe
/4 + y12 /4 + y22 1/4 + y§
A= - - 2t : 2
(1/4+y12> Va+y;
1 4
- 2T 2
(va+y2)” VA+y;
1, 4
2\2 14+ y2
(1/4+ y3> Y3
e 1 6 9
3~ N 2\2 14+ 2
(va+y2)” (va+y?) yi
1 6 9
+ 3 ;T 2
(va+y2)” (va+y3)” VA+y;
1 6 9
+ S - + >
(va+y3)” (va+y3)” VA+ys
1 8 20 16
Ao = - 2t 3 2" 2
(va+y?)" (va+y?)” (va+y?)” Va+y
1 8 20 16
- il 3 2t 2
(va+y2)" (va+yz)” (wa+y3)” VAt+y;
1 8 20 16

- + - +
(va+y2)* (va+y2)® (va+y2)® Va+y;

The absolute values of these right-hand side coefficients are part of the Lucas polynomial coefficients [A061896|( red ).
1,1,2,1,3,1,4,2,1,5,5,1,6,9,2,1,4,7,14,7,1,8,20, 16, 2,

The full sequence are given by
T(2n,t) =C(2n-t,t) +C(2n-t-1,t-1) t=0,1,~,n-1
So, let the rth row of A, be ¢, (Y, ). Then

-11-
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1 4
¢2(Yr) == 2+ 2
(1/4+ yrz) Va+y;

=S| (T[T ) e

¢(Y): 1 _ 6 . 9
e (va+y?)® (wa+y2)® Va+y?

-S| ()55 ) ot

Below, by induction,

hy) = DS D ( = t)+(2”t'_tl‘1) )ﬁ 4
From this, g
aeo
cf.

The general formula in the previous section was
o [ L (n) szl s-t s—t-1 (2%, )52
o= 2 E(—l”( ) E(—l)‘(( )+( )); (3.1
r=1 s=1 S t=0 t t—l (X2+y2)5t
r r

(4.1) is significantly simpler than (3.1). This is because the numerators of the polynomials become integers due to

2Xr: 1 r=1,2,3, -, and the denominators are grouped together.

Polynomials that Compose the Li Coefficient

In the first place, the Li coefficients exist in order to be determined there signs. To do this, let each row of ﬂ,n be
n-1 2n -t 2n-t-1 1
— n-1 t
¢n(yr) =D 20(_1) ( ( t )"'( t-1 ( 2>n—t (4.9)
t= - V4+y
we should start by examining the sign of this.

n
Here, since ( /4 + yrz) > O for any real number Y, , let polynomial obtained by removing this from ¢n(yr) be

Gn(¥r) = D™ 12( D ( (Zn t)+(2nt__t1_1) )(1/4+yr2)t “.9)

As the result, we just need to check the sign of gn(yr) instead of ¢n(yr) .

Lemma 15.4.2

Let N be a natural number, Y, be a real number, and gn(yr) be a polynomial such as:

gn(¥r) = -D™ 12( D ( (Zn t)+(2nt__tl_1) )(1/4+yr2)t “.9)

Then, gn(yr) is transformed as follows due to whether N is odd or even

-12-



2n-1 2
S AS n- 2s _
Oon-1(y) = ( Z D 4 ( )yr ) n=1,2,3, (4.90)
42n 2s
2 2 2
= n 2s
Oon(y) = ( E - 1)545( )yr ) n=1,2,3, (4.ge)
42n 2s+1
Proof

(1) when nis odd

gn(yr) is simplified and modfied as follows.

01(y,) = 1 =

93(yr) =1—16(1—12yr2)2 =%(1-12yr2)2

95(¥r) = 5gg (1-40y; 2 +80y?)° = %(1—40yr2+80yr4)2
0:(7) = 2558 ——_(1-84y2+560y/ -448y°)° = %(1—84yr2+560yr4—448yr6>2

By searching for 1,84,560,448 in OEIS, [A085840|was found. These are given by
45(2n+1)1
(2n-2s+1)1(2s)}
Replacing N with N =1 in the right-hand side,
45(2n-1)1
(2n-2s-1)1(2s)1

T(n,s) = s=0,1,2, - ,n

T(n,s) = $s=0,1,2, - ,n-1

Using this,

#(2n-101 L)\’
D s iz )

1 n-1
92n-1(Vr) =z ;O -
J[2n-1) , 2
an l(y) 2 ( l) 4 yr n:112131 (4-90)
4 2s

(2) when n is even

gn(yr) is simplified and modfied as follows.

2

92(yr) = 4y7 = %(2%0)

2 2)2 y2 2\ 2
94(yr) :yr(l_4yr) 2?(4—16%)

y2 2 4\2 y2
9e(Yr) = a(3-40yr +48y) = Z<6 goy?+96y*)°

2
2

9s(yr) = é(1-28yr2+112y.f4—62yr ) = i—(s 224y2 +896y," -512y7°)

-13-
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By searching for 8,224,896,512 in OEIS, an integer sequence [A229032] containing these was found.

The full sequence are given by

n+1l
T(n,s) = 4° $s=0,1,2, - ,n
2s+1
To skip unnecessary sequences, replacing N with 2N =1 in the right-hand side,
2n
T(n,s) = 4° $s=0,1,2, - ,n
2s+1
Using this,
2 2
Oon(y) = Ir nz_l D # 2n y25 n=1,2,3, - (4.ge)
2n 2202\ &b 2s+1 ] " e '
Q.E.D.
Note
That is, gn(yr) is reduced to a perfect square expression. This is an unexpected and surprising result.
Li Coefficients on the Critical Line
Using Lemma 15.4.2, the Li coefficienst on the critical line can be expressed as follows.
Theorem 15.4.3
When the zeros of the function £(Z) defined in[(1.&) |are 1/2+iy, r=1,2,3, -,
the Li coefficients A4, N=1,2,3, are expressed as follows
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Substituting g, ( Yr) of[Lemma 15.4.2]into this for each odd and even, we obtain the desired expressions.  Q.E.D.

Calculation Example
General formula generating zeros whose real part is 1/2 does not known. But the mathematical manipulation software

Mathematica has a function Y, = Im [ZetaZero [n]] that generates it numerically. When we calculated A ~ A4
by (4.30) and (4.3e) using these 100,000 non-trivial zeros, the results were as follows.

y. i= Im[ZetaZero[r]]
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N[ {0, [109680], de, [100000] , A0, [100088] , Ae, [100000] } ]
[0.0230736, ©.0922575, 0.20744, 0.368437)

These results are close to the theoretical values ( OEIS |A074760|,|A1 04539|, A104540 , A104541 ) .
[8.0236957, ©.9923457, ©.20764, 0.368798}

For reference, this calculation took 14 hours on my computer (Intel Core i7-9750H , 16GB) .

Conclusion
Aoy is a sum of the perfect squares . can also be modified to a sum of squares as follows.
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Therefore, it can be said that Li coefficients 4, N=1,2,3, -, on the critical line are expressed as an infinite sum of
squares. So, naturally, 4, >0 n=1,2,3,, 0.

Furthermore, considering that it looks like ( )2 >0 for |yr| >N, itis likely that ﬂn >0 n=1,2,3,,©.

2025.08.02
Kano Kono

Hiroshima, Japan

Alien's Mathematics

-15-


https://oeis.org/A074760
https://oeis.org/A104539
https://fractional-calculus.com

	15.1 Coefficients from Hadamard Product
	15.2 Sum of Powers of Reciprocals of x±iy
	15.3 Li Coefficients expressed by x±iy
	15.4 Li Coefficients on the Critical Line



