08 Power Series of Completed Dirichlet Beta
When é( Z, a) is the Hurwitz zeta function and H YA ) is the gamma function, the Dirichlet beta function ﬁ( VA )

and the Completed Dirichlet Beta function a)(Z ) are expressed by the following equations, respectively.

ﬂ(z):i—i+i_i+...:i[é’(z’i)_é’(z’§)] (0.0)
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Obsening the two equations, we can see that 2% and 4% in ,B( z ) owerlap. That is, if we simply expand (0.1) to

o(z)

a series, it will contain unnecessary series. This has a significant impact on the speed of the calculation. Therefore,

Z .
we process (01) as follows to remove 4° in advance.

Lemma 8.0
When é( Z, a) is the Hurwitz zeta function and 1—( z ) is the gamma function, a)( z ) is expressed as follows:

v =of = | ez ) 4o3) )45

Proof
Substituting (0.0) for (0.1),

2\ 14z ) 1 { 1 3 }
=| — I — | — — | - —
o =[] A5 e lded )42
2 1+z 41+Z 2 1+z 1 1 1+z
R = | — =4 +z
(«/?) 41+Z(«/?) (2«/?)
Substituting this for the right side,

o= 2] 2402422
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Here,
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Q.E.D.

8.1 Taylor series of @(z) around1
We expand each of the 3 functions that consist of (0.1') into a Taylor series, and let their Cauchy product be the

Taylor series of a)( VA ) .

Lemma 8.1.1

The following holds on the whole complex plane:

1+z _ r
(%) SRR ¢ 1) (I092+%Iog7r) (z-1)" ©.1)
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Proof

1 _ Iogziﬁ =e—I092—%I0g7r
N
Then,
1 1+z _(log2+%|og;z)z— (|0g2+%|09ﬁ)
f(z) = ( ) =e
27

According to Formula 9.2.2 in my paper "{09 Higher Derivative|" ( SuperCalculus ),
-n
(n) 1
(eax+b) - = eax+b
a
Applying this to the above equation,

1 1
f(")(z) = (_1)r( log 2 +i|og ﬂ_) r e—( |092+E|0g7r)z - ( I092+E|ogﬂ-)
2

When z=1,
1 "o + -Df 1 r
f(r)(l) - (_1)!’( Iogz +_|Og 72') e (|094 |0g7r) - g ( |092+_|Og ﬂ-)
2 4 2
Therefore,
s £ ) 1 a DT 1 r
= - — +— -1)"
f(z) ;0 - (z-1) 47“;0 - (Iogz 2Iog7r) (z-1)
Q.E.D.
Lemma 8.1.2
The following holds on the whole complex plane:
1 3 = (-1 1 3
C(z,z) —é(z,z) = ;0—“ [%(z)-%(z) }(Z-l)r 9.2)

Where, y,(a ) is Generalized Stieltjes constant defined by the following expression.

[ n log'(k+a) log"™*(m+a) } r=0,1,2-

— 00

n(a) = lim
m

Proof

The Hurwitz zeta function é( Z ,a) can be expanded to a Laurent series using the generalized Stieltjes constant

n(a ) as follows:

From this,
1\ 1 o (1) (z-1)
C(Z’z)—ﬁ@o(‘l)%(z) 1
3) 1 i [ 3) (z-1)"
4(2’2) =72 EED %(z)—r!

Calculating the difference between the two, we obtain the desired expression.
Q.E.D.
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Lemma 8.1.3
When [(Z) is Gamma function, l//,.(Z) is Polygamma function, and Bn,k(fl , f2 ) e ) is Bell polynomial ,

then, the following holds within a circle of radius 2 centered at z=1.
1+z | _ i 9:(D
2

r=0 2"r1

A

(z-1)" (9.3)

Where,
1 r=0

o) = [ B (vD pAD D) T =123

Proof

According to Formula 12.1.1 in my paper "i2 Series Expansion of Gamma Function & the Reciprocal [' (Alacarte) ,

when 1—(2 ) is Gamma function, l//n(Z ) is Polygamma function, and Bn,k(fl , f2 y oo ) is Bell polynomial ,

& Cn(a)

I(z) =ITa)+ X - (z-a)" a=0,-1,-2,-3,
n=1 -
Where,
c(a) :Ha)élek((//c{a) A e undd)) n=123 -

Using this, 1—{ ( 1+z )/2} can be expanded to Taylor series as follows.

o rN r
|- § 20 (2

r=1 r !

1+z
2

) =1'(a)§18r‘k(1//((a) @) e wda))  r=1,2,3,

Putting a=1,

A

1+z ) _ s 7O [ z-1)\"
50 =roe 5 525 .
rOW =1 SBu(vkD v D) 1123
Here, let g,(1) be
1 =0
9D = ( ésr,k(w(l) VD D) =123,
Then
@ =g @ r=0,1,2,-
So, substituting this for (9.4),
1+z \ _ = gr(D [ z-1)'
F(T) EACAROP Ty (T)
F( 122 ) = ID gy =
r=0 2°r1
Q.E.D.
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Combining all of the above, we obtain the following theorem.

Theorem 8.1.4 (Taylor series of @(z) around 1)

Let the Completed Dirichlet Beta Function a)(Z ) and its Taylor series be as follows.

o(2) :(%)m ( S )ﬁ(z) = XB (2-1)" (1.1

Then, these coefficients B, r=0,1,2,3, - are given by,

e DT T EDT 1 3)]9@D
S5z ger) il )(3) 150 o

7z
r=0

=0t=
1
o) = [ 2 Bu(vdD pAD D) T =123

Where, {z) is the Polygamma function, Bn,k(fl i PR ) is the Bell polynomial and () is Generalized

Stieltjes constant defined by the following.

log"(k+a) log™*(m+a) } r=012,-

n(a) =rgignw[ >

k=0 k+a r+1 a¢0,—1,—2,
Proof
From[Lemma 8.0],
1\ 1 3 147
o0 =4 5z | {deg) A 2) A5 o

From |Lemma 8.1.1| |Lemma 8.1. 2| and |Lemma 8.1.3|,

( zj;)m Z (_?) (I092+%Iog7r)r(z—1)Ir

47Z'r0

{0325 U oo
L) -5 2D

r=0 2"r 1

A

Where,
1 r=0

9@ = ( kgrlBr,k(w(l) WD e v D) r=1,23-

Substituting the three lemma formulas for the right-hand side of (0.1"),

oz )—4Er20 (_1) (I092+%Iogfr)r(z—l)r
AFULG g

According to Formula 1.1.2 in my paper "[01 Power of Infinite Series|" ( Infinite-degree Equation ) ,

]
SN
1
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therefore, let

ar = (_1)r(I092+%Iog7z)Ir b, = (_1)r{%(%)_%(%)} 6= 9-(D

rt rt 2"'r1
Then
_lg e 9 D™ 1 “EDT R B S
A8 = T 2 5 & (rs)] 1092+ 100 (s-)1 i 7 )l 7))
y 9:(D (2-1)"
21
So, putting
g = lyg D™ Lioane ) SEDT (1) (3)] 9D
By = ﬂ'gg (r-s)! (|092+2|0gﬂ) (s-t)! {%_t( 4) %_t( 4)] ot (12

we obtain the right hand side of.
Q.E.D.

Examples

In (1.2), B, is expressed by the generalized Stieltjes constant 7r( a) and the intermediate constant g,
but since g (1) is a polynomial of the Polygamma w{(1) , B, is ultimately expressed by %(a) and y(1) ..
Using the mathematical processing software Mathematica, the first few are as follows.

s (-1)°F 1 3.y 8:[1]
— [xs-t[z] -m[;]) ;t!

g [1] := I-F[r' =0, 1, » BellY[r, k, Thly[r, 1]]]
k=1
Tblg(r_, z_] := Table[yy [2], {k, 8, r-1}]

108 (-1ys 1
(Log[Z] + — Log [71'])
! 2

o (el wB)
s (- ((eomtar e =) (e Z - GT)) oG] w31 e (e 5 -l ]) o)
o (3 (s 25 (3] -w[3]) - (s« 257 (w[5] - [2))
13 ()] -5 s - =) (WG] w5 e
3Tl e g (G 5]) et o)
o 22 fone o 25 (ul]w[2)

+

oo LY 2] 2] w58 22
(w[5]om ]]+—[Log[2]+L°gm] (n[ | -va[2]] ot

ot 82 (2 2 o o] 2




] % [Log[Z] L“%] (n[%] -}’e[%]] (o [11% + w1 [1])
% [n[%l -*1[%]](%[11“%[11)

1 1 3
v [n,[z] —Ya[z]] (o [11° +3 o [1] ¥ [1] +w2[1])]

Figure
Both sides of |(1.1)|are drawn as follows. The left side (function) is blue and the right side (series) is orange.

The right side is calculated up to (Z —1)8 , but both sides overlap and the left side (blue) is not visible.

sol — w(2)
f(z, 8)
25
20
15
2 ] > 4 §

The singular points of the Gamma function|(9.3)|are cancelled out with the trivial zeros of the Dirichlet beta function

(0.0)] As the result, the convergence radius of this series is o .



8.2 Maclaurin series of »(z)

Maclaurin series of @(z) is surprisingly easy to obtain from the Taylor series around 1 using functional equations.

Theorem 8.2.1 ( Maclaurin series of () )

Let the Completed Dirichlet Beta Function a)( z ) and its Maclaurin series be as follows.

1+z
a)(Z):(%) ( S Z)ﬂ(Z)-ZAz (2.1)

Then, these coefficients A, r=0,1,2,3, - are given by,

s D Liogn | “EDT [ (1) (3)]9D
=2 S ez gioon | R 3 )l 1) 5 e

1 r=0
kgrlBr,k< D, viD o A D) r=1,23,

g =

Where, t//n(Z ) is the Polygamma function, Bn,k(fl ) f2 y oo ) is the Bell polynomial and 7/r( a) is Generalized
Stieltjes constant defined by the following.

{ n log'(k+a) log™*(m+a) ] r=0,1,2,-

EO k+a r+l aioa_la_za

n(a) = lim

m — o

Proof

ros r-s ¢ qys-t 3 tl
122((1)) (Iog2+%log7z) . {%—t(%)_%—t(Z)}g() (1.2)

s=01=0 (s-t)1 2t
2 \M? [ 14z )
co(Z)—( ﬁ) F( )ﬂ(Z)—ZB(z 1) (1.1)
Replacing Z with 1=2 in (1.1),
(2 \Mr 1412 I )
oA1-2) = | ﬁ) 257 s = S (-2) 05

According to Formula 4.1.1 in my paper "|04 Completed Dirichlet Beta|" ,

2\ (1 ) ( 2 )2‘2 (1 1-7
— A = I —+ 1-z
(2 ) 2oL =) A 2+ )
So, the middle sides (functions) of (1.1) and (9.5) are equal, and the following functional equation holds on the whole
complex plane .

az) =a(1-2)

Therefore, the right-hand sides (series) of (1.1) and (9.5) become as follows.

B (2-1)"= XB,(-2)" = X (-1)'B,z" = YAz
r=0 r=0 r=0 r=0

Thatis A, = (-1D'B, r=0,1,2,
So, if we multiply (1.2) by (—l) r , the first sign on the right hand side becomes,
D'EDT=EDT

Thus, we obtain (2.2) .
Q.E.D.
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Examples
Using the mathematical processing software Mathematica, the first few of A, are as follows.

Compared to Br in the previous section, we can see that the signs of the odd terms are reversed.

15L& (-1 1 s (-1)® ge[1]
Ar:=—zz—.[|-08[2]+;|-°g["]) T[St[ ] XSt[ ]) ot 1

g [1] := I-F[r' =0,1, iBellY[r', k, Tbly[r, 1]]]

Tbly[r_ , z_] := Table[#y[2], {k, B, r-1}]

1 1 3
A~ (w[2]-%[])
f = ([rorr2r « 25 (w[3] -we[2]) e [5] -ws (2] - 2 (el 2] vl 2]) wern)
. (mwL°imr(n[§]-w[;])+(mww°i“1 (-2
2 (m[5]-n[3]) - 2 [roetar « =2 (w6 [5] - w6 [2]) wora
2 (al5] w3 e 2 (w[5] -0 [2]) et i)
A, 1[1 (Log[2]+Log[ﬂ]) [n[i ) ]
T 4
1 Log[r] y?2 1 Log [] 1 3
o= (rop21+ 2] ([ 2] [ 2] + = (ror2 « 2 ([ 2] - [2])
2 4 2 2 4 4
1 1 1 Log [7] }2 1 3
;(ﬁ[z - ]_Z (Log[z] + (}’e Z] -Ye = ]'ffe[l]
1 Log[7r] 1
‘;(L°8[2]+ ](}'1 ] }’1 ]'er[j-]- (}’2[ ] }'2 ]‘Ife[i]
%(Log[2]+Log[ﬂ]] (‘b’a [-]- n[:]] (#o (112 + ¥ [11)
%(n [=] -] ]] Yol11% + 4 [11)
i (Xa[%] n[%]] (o [11% + 3 4o [1] 2 [1] +w2[11)]

Confirmation Calculation
Left hande side

2 1+z 1
wlz_] := [F] Gamma[
T

N[Series[w[z], {Z, ©, 8}]]

1.-0.0977784 (2 +0.) +©.0803502 (z+0.)%-0.00518246 {2z +0.)°
0.00271685 (z +0.)" - 0.000152607 (z +9.)° + 0.000053991 (2 +0.)° -
2.71502x10° (z+0.)’ +7.27982x10" (z+0.)%+0[z+0.]°

z
] DirichletBeta[z]



Right hande side
Unprotect [Power]; Power [0, 8] =1;

m
flz_,m_] := ZAF z"
r=8

15 (-1~ 1 res o (-1)°F 1 3.Y) 8:[1]
A i= ;éé o (Log[Z] + ;Log[n]] o7 [xs-t[z] —xs-t[z]] e,

g [1] := If[r- =0, 1, y BellY[r, k, Thly[r, 1]]]
k=1

Tbly[r_, z_] := Table[PolyGamma [k, z], {k, 8, r-1}]
¥s [a_] := StieltjesGammal[s, a]
N[f[z, 8]]

1. -90.077784z + 0.0803502 z° - ©.00518246 z° + ©.00271685 2" -
0.000152607 z° + 0.000053991 z° - 2.71502x107° 2 + 7.27982 x 107" 2°

Note
Based on the Maclaurin series, a)(Z ) is as follows:
a(z) = A7 = 2A(1-2)"= X (-2)'A(z-1)" = X B, (z-1)"
r=0 r=0 r=0 r=0

That is, the Maclaurin series of a)( z ) with Z replaced by 1-27 is the Taylor series of a)( z ) around 1. And
the coefficients of both are the same for even terms, and differ only in sign for odd terms. It is an interesting property.
What is even more interesting is that the central points O, 1 of the expansion of both series are left and right edge
points of the critical strip.

These are derived from functional equations. Therefore, these relations also hold for the completed Riemann zeta
function &(z) .
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