05 Power Series and Semi Multiple Series

Abstract

While studying powers of series, | noticed that this can be expressed as a formula consisting of power series
and semi-multiple series. This expression is not unique, and as the power increases the expression becomes
more diverse. In the midst of all this, | found that these could be expressed in a unified way. we present this in
the first three sections.

In the final section, we present a fast calculation method that replaces the time-consuming calculation of

semi-multiple series with polynomials consisting of power series.

5.1 Head, Body and Tail
The next lemma shows that the product of a polynomial and a power polynomial can be split into three parts:

head, body, and tail.

Lemma 5.1.1

When N, M are natural numbers and @, is a real number, the following holds.

m m n-1 m 0 n-1 ¢ m -t n
Zar Zar = Zar + Z(_l) Zar Ht(m) +(_1) an(m) (1.1)
1 =0 ' =t =2 =1

ry= r=
Where,
m m
Hy(m) = X X ar, ar,
ri=1ry=ry+1
m m m
Hy(m) = > > X ar, 8y, ar,
r=1ry=ry+lrg=r,+1
m m m m
Hi(m) =2 > X -~ X a.a.a, ~a,

ri=lry=ry+lrg=ry*1  ry=r,_;+1

When N < 2, the 2 nd term of (1.1n) is ignored.

Proof

Let a power polynomial as follows.
m
Gy(m) = X ay)
r;=1
Using these symbols, (1.1n) can be written as follows,
n-1
G1(m)G,_1(m) =G,(m) + %(—1)th_t(m) H,(m) + (-D"nH,(m) (1.1,)
t=

We can prove (1.1n") instead of (1.1n).
When N=3, if G; (3)G, (3) is expanded and arranged
G1(G) = (313"‘ as + ae?) +ajay+a;a; +aja5+ayag+ajas +aa;
Here,

2 2 2, .2 2 2
GiH(A) =aja+aja;+a;azg+azag+a;azg+azaz + 3ajapas



So,
2 2 2 2 2 2 _
ajaztajaz tajag+tazagtajaz+azaz = Gi(H(AD- 3Hz3)
Substituting this for the right side of |G; (3) G, (3),
G1(3G2(3) =Gz +GC1(BDH(3) - 3H3(3) (1.15')
Note that this equation holds true for any natural number M .
When N=4 ,if G; (4)G3(4) is expanded and arranged
Gi(DGs(@ = (af+aj+aj+af) +aja,+arad + - +aza;
Here,
Go(DH (D) = ( ajay+a;a; + - +ag af) +afazaz+ajasaz+ - +aa3a,
And
afajaz+a;ajag+ - +aazas =Gi(AHa(@) - 4Hu (D
From these two fexpressions,
afa,+a5ag + -+ +aza; = Gu(DHa(d) - GL(HHz (@D + 4Hu(4D)
Substituting this for the right side of G; (4)G;(4) ,
GC1(DG3(D = Gu(D+ GC(DH2(D - G 1(DH3(d)+ 4Hu(D) (1.14")
Note that this equation holds true for any natural number m .
When N=5,if G; (5)G, (5) is expanded and arranged
CL(®C(® = (af+af+a+al+al) +alaytayad + - +a,al
Here,
Gs(BH(3) = (afaz*' aja; + - + a4a§) +a5ayaz+a, 8583+ +azasas
And
3 3 3
araaz+ajazaz+ +azazas = Ga(5)Hz(®) - G1(BAH4(B)+ SH5(D)
From these two fexpressions,
4 4 4
ajax+ajay + - +agas = Gz(B)H2(5) - G2(5)Hz(B) + G1 (B H4(D) - SH5(D)
Substituting this for the right side of G; (5)G, (5) ,

GC1(DGC4(B) =GO+ G3(DH2(D) - G2OYH3 (D) + G1 (D H4(BD) - SHs (D) (1.15)

Hereatter, by induction, we obtain
n-1
G1(m)Gp_1(m) =Gy(m) + 22(—1)th_t(m) Hi(m) + (-D"nH,(m) (1.10)
t=

Let us run this in the mathematical processing software Mathematica. First, define the functions as follows.

Clear[G, H, a, r]

m
Gn_ [m_] := Z ar'ln
r'1=1

Py=1r,=ry+1



m m m
Ham ) i= D, D, ), ananan
ri=1 rp=ry+1 P3=ry+1

m m m m m m m m m
H9 [m_] = Z Z Z Z Z Z Z Z Z ap, dp, Ap, ap, Ay, Ap, Ap,
ri=1rp=ry+1 r3=ra+1 ra=r3+1 rs=ra+1 Pg=rs5+1 ry=rg+1 rg=rz+1 rg=rg+1
Then, the upper row is input and the lower row is output.
n-1
t
Gy [M] Gn-g [M] == Gn[M] + > (1) G [m] He[m] + (-1)" nHy[m]

t=2

-1+n

m m m m
Dlan| Ylatm = YAl e (-1 Dl ak [ Hetm] + (-1)" nH,m]
F'1=1 r'1=1 r'1=1 t=2 r'1=1

Thus , [(1.1,)| was obtained. Q.E.D.

Example n=5

m moogq m g 5-1 ¢ m 5-t 5
2 ar, ar, = 2 ar, + 2 C¢D ar, H (m) +(=1)"5Hs(m)
ri=1 ri=1 ri=1 t=2 ri=1

If we express each 2’ as Gn(m ),Hn(m ) and verify it using Mathematica, It is as follows.

Both M=6 and M=4 are verified, and these equations are confirmed to be true.

When m=6
5-1

G, [6] G5_1 [6] == G5[6] +Z (-1)* G5+ [6] He [6] + (-1)° 5Hs[6]
t=2

{8y +a; + 83+ a8y +a8s + 8g) (ai+a;+a§+aj+a§+a2) =

5 5 5 5 5 5
aj+a;+aj+a,+a;+al+ (ay+a;+as+a,+as+ag)

ap, ar,

(31 dydsdg +381dyd3ds +d1dydqg ds +dy d3dg ds + 3y A3 dg ds + 31 dpy d3 dg +dy d; A4 dg + dy dy dg dg +

;838,36 +81 Ay A58 +3y1 8335 e+ Ay A3 A5 g + a1 A4 85 A + Ap Agq A5 g + A3 A4 5 dp) -
5{(aya;asa,as+8,8,333, 85 +818,838585 +38y 858,85 8g+8y 838,485 g +ay A3 8,85 8g) —

(al32334—313234+ala3a4+aza3a4+alazas+alagas+aza3as+ala4as+aza4as+a3a4as+

818285+818385+828385+ala485+aza485+8384854—818585+828585+aga5854—848585)

(ai+a§+a§+ai+a§+a§) t(@y@; +@1 83 +32A3+ 3184+ 3,84+ 3384 +31as Az as b

Q385 +q@s + 81 A +az A + A3 g + Ag Ag + A5 Ag) (ai+a§+a§+ai+a§+ag)

Simplify[%]
True
When m=4
5-1
Gy [4] G54 [4] == G5[4] +Z (-1)* G5 [4] He [4] + (-1)° 5Hs[4]
t=2
{8y +a; +a3+as) (a‘1‘+a‘2‘+a‘3‘+ajj = ai+a;+a§+ai+

Q182184 (@1 +as+a83+as) — (@1 82A3+818s a4 +a; a8 +ayasas) (af+a§+a§+aﬁ) r

(a1 @y +ai @z +a;as +ay8,+8ya,+azas) (ai+a;+a§+ai)

Simplify[%]

True



5.2 Spilit of Powers of Series (unified notation)

Theorem 5.2.1

When N is natural number s.t. N>2, M is natural number, and &,, is real number, the following holds.

n m n-2
(Za,) :Zar”+2(2ar) H, (m)

r,=1

¥ "E‘z( Zarl) ( _i (‘1)t( ZanSt)Ht(m)+(—1)”‘5(n—s)Hn_s(m) 2.1,)

r_

Where,

m m

Hy(m) = X X a;a,
ri=1ry=ry+1
m m

Ha(m) = Y X 2 ar, 8, ar,
ri=1ry=ri+lrg=ry+1
m m m m

Hy(m) =2 » X -~ X ar, ar,8r, " ar,

ri=lry=ry+lrg=ry*1  ry=r,_;+1

When N < 2, the 2 nd term of (2.1,) is ignored.

Proof

Let a power polynomial as follows.

Gy(m) = ar,

Furthermore, abbreviate G (m) , H, (m) as G, , H, respectively. Then,
> a, =3 ap +2 D) a, a
ri=1 r=1 ri=1ry=ry+1
is represented as follows
G =G, + 2H,
Multiplying both sides by G,
Gy =GyG3.1 + 2G1H,
From|Lemma 5.1.1],
Sy t 3
G1G3.1 =G5 + ZZ (-1 GgtH + (-7 3 Hj
t=
Substituting this for the first term on the right side,

3-1
G; =Gg + GS( > DGy H + (D33 Hs) + 2G;H,
t=2

Multiplying both sides by G,

Gy =GyGyq + G%( Y (-D'GaH + (D33 Hg) + 2G{H,

-4-

(2.15")

(2.15')



From|Lemma 5.1.1|,

G1Gy1 =Gy + g(‘l)tG4—t H, + (-D)*4H,
Substituting this for the first term on the right side,
Gl =G, + Gf( 11221(—1)%44 He + (-1)*4 H4)
+ Gll( j’i:(-l)teg_t H, + (-1)°%3 H3) + 2G7H, @.14)
Multiplying both sides by G,

4-1
G =G,Gs_; + Gll( > (-D'GyH + (-D*4 H4)

w o~
=N

+ Gf( 2 -1D)'GaH + (-D)33 H3) + 2G;H,
From Lemma 5.1.1, )
G =G,Gs_; + Gll( ?221(-1)%34_t H, + (-D*4 H4)
Substituting this for the first term_on the right side,

5-1
G; =Gs +G£’( I_ZZ(—l)tGS_t H + (-1°5 Hs)
1 & t 4
+ Gy 22(‘1) GatHi+ (D74 H,
t:

3-1
+Gf ( Y (D'GaH + (-D°3 H3) + 2G1H, 2.15)
t=2

The abowve can be unified as follows:

n-1-s

n-3
G:rl] = Gn + ZOG:IS:( 22 (_l)th—s—t Ht + (_1) e (n =S ) Hn—s) + ZGE_ZHZ (2.1,")
s= t=

And, putting (m ) back in place,

m n m m n-2
( arl) :Zar“+2( arl) H, (m)
ri=1 ri=1 r=1
n-3/ m S{n-s-1 m
+ 2 ( arl) 2 (-1)t( aP[S't)Ht(mH(-l)"‘s(n ~S)Hp_s(m) | (21,
s=0 \ ry=1 t=2 ri=1

(2.1,) can be obtained by Mathematica. If you input the top two lines, the bottom two lines will be output.

n-3 n-1-s

Gy [m]" = Gy [m] + > Gy [m]* | > (~1)* Gngoe[M] He[m] + (-1)"° (n - 5) Hyos [m]]
5=8 t=2

+2 Gy [m]""2 Hy [m]

[i an, | = i al + SZT S arl] _12_5 (-1)* [i a:;s't] He[m] + (-1)"* (n-s) Hn_s[m]]
r=1 1

rp=1 5=0 ry= t=2 rp=1
-2+n " "

+2[i‘larl Z Z ar, ar,
ry=1

ry=1 ra=1+r;



Example n=5, m=4

4 5 4 .
( arl) :Zar+2(
1

ri=1

4

5-2
1arl ) H2 (4)

r= r=

$=0 \ ry=

When this is calculated using |(2.1,' )], it is as follows.

G [4]° = Gs[4] + 2 Gy [4]° 2 H, [4]

5-3 5-1-5
+ > 6 [41° | 3 (-1)% G55 ¢ [4] He [4] + (-1)°° (5 - 5) Hs g [41]
5=8

t=2
5 5 5 5 5
(ai+ay+az3+a,)” =8]+a85;+a3+a,+a18,3838, (81 +8y+az+as) +
2(a1+a2+a3+a4)3(a1a2+a1a3+a2a3+a1a4+a2a4+a3a4)—
(a1 @;83+a1 8,8, +31 333, +3;338,) (aj +a3+a3+ay) +
3,3 3 3
(21 8; +81 83 +8; 83 +818s+ 338, +azas) (a1+az+a3+a4)+

(a1+a2+a3+a4)2 {{@y+ap+as3+Aay) {81A;+8183+Q83+818,+Aa8,+3a33a,) -
J{ayaya83+ar1884+81 @384 +Aza384) ) +
(81 +ay +az+ay) (4a1a2a3a4— (A1 +@y+83+38y) (A1 8;83+81853,+2,a38, +8,833a,) +

Q185 + Q133 + 383 +A1 A+ 3584+ 3384) [a%+aZalsal
1 2 3 4

Simplify[%]
True

As a corollary of Theorem 5.2.1 , we obtain the following. However, since this is the original purpose, we will

make it a separate theorem.

Theorem 5.2.2

When N is natural number s.t. N>2, for a convergent infinite series, the following holds.

00 n 0
( arl) :Zar”+2(
1

r;=1

00

n-2
a,, | Ha
1 ! )

r= r=

n-3 00 S{n-s-1 0
+ ( 2 arl) ( tZ (—1)t( ar”[s‘t) Hi+ (D" (n-s)Hps | (220)
=2 1

r=

Where,
ri=1r,=ry+1
Hs = 2 2 2 ar, 8, ar,

ri=1ry=ry+lrg=ry+1

Hy = Z Z Z Z ar, &r,ar, " ar,

ri=lry=r;+lrg=ry*1  ry=r,_;+1

When N < 2, the 2 nd term of (2.2,,) is ignored.



Derivation
In|(2.1,")|, replace [m] with [ ] using Mathematica. Then, the lower two lines are output for the

upper two lines.

n-3 n-1-s
Gy [0]" = Gy [®] +ZG1 [w]® Z (1) * Gn_s-e [0] He[@] + (=1)"° (n =) Hns [co]]

5=8 t=2

+2 Gy [w] " Hy [0]

oo n @ -3+n -l+n-s o
Dlan| =Dl Z Z apl] [ >0t a:;s't] He[0] + (-1)"° (n-s) Hn_s[oo]]
r,=1 ry=1 ry= t=2

ri=1

=2+h o o
(5] 5 5 e

r=1 ry=1lry=l+pg

Thus, we obtain|(2.2,)] Q.E.D.

First expantion
The first expansion of |Theorem 5.2.2|for N =6 is as follows.
w 6 @ V@ f6-1 )
Zapl ==Zaﬁ1+ Zarl Z( 1) HtZa + (-1)% 6 Hg
ry=1 ry=1 \ = Y, \t=2 .
Yt (5.1 h
s Zarl D.(-1) HtZa + (-1)°5Hs
\l1= Y, \t=2 Y,
2

fa-1

(
+ Zam Z( 1) T H, Za“+( 1)4 4H4

Ay =1 1 \t=2

Y3 (31 % 4
+ Zar, D (-1) HtZa3t+( 1)°3H;| +2] > an, | H
\r1= J o \t=2 r1=1

This is a unified notation that looks neat, but it is still a little difficult to understand unless we expand 2’ with

the subscript t . Therefore, in the next section, we will do a full expansion.



5.3 Spilit of Powers of Series (specific notation)
In this section, we fully expand the unified notation in the previous section and provide specific notations.

Formula 5.3.1
For a convergent infinite series, the following holds.

2
S = St So] 5 5w
\l1= Y, rp=1 \ri1=1 J ri=lrp=l+r,
3 @ [ 1 = © @ © @
3
DR I IE N1 )P ol VRS i i F e
\M1= ry=1 \r;=1 J rm=1lrz=1+ry r=1r;=1+r; r3=1+r;
\4
oo o o © o ©
__ 4
S =SS 5] 5 5w (5] 5 5 5 s
\ri= ] ry=1 ri=1 ri=l ra=l+ry r=1 ry=1r,=1+Py P3=l+r,
o © o
w555 3
ry=1 ry=l+pPy P3=1l+ry Py=l+r;
5
o oo o< o o o<
a = a a a’ a> a. a
P - r r r'1+ ry r “r;
ry=1 =1 ry=1 ry=1 ry=1 rp=1+ry

o 5 & e
2
Zan L5el5 5 5 s

ri=1 ry=1rz=1+r; P3=1+r;

@

s[5 55 5 S e,
rp=1 1+

ry=1rz=1+r; r3=1+r; rp=1+r;

o

0 e e -
500 X 2 2 AnAnAnanan

P1=1 Pp=1+r; P3=1l+Py Pg=1+P3 Ps=l+ry

6
6 2 3 2
LA DILE 3[2%] [Z B PILADIL AP DHPWE NS
ry=1 ry=1 rp=1

ry=1 ry=1 ry=1 ry=1 r=1r;=1+ry
o @ o @ o
2 3
apl dar, arl + arl dar, dr, ar,
ry=1 r=1 ry=1 ry=1 ry=1+r; P3=1l+ry
2
w w w w w @
2
DAL DI DND DI NE e
ry=1 ry=1 ry=1r;=1+ry P3=1+r; P=1+r3
@ @ @ @ o @
-6 E ar, E E E E E ar, Ar, Ar, A, A,
r=1 Py=lry=l+pry P3=l+r; Py=l+pry Pg=lsry

o

6555 5 S S e,

r1=1 rp=1+r; P3=1+rz Pg=1+r3 P5=1+rg Pg=1l+rs

Z ar, Z ar,
Fy=
2 3 5
i':l,--1 ar, ar.l + ar, arl arl a ar.l ar, ar,
ry=1 ry=1 ry=1 ry=1

ry=1 =1 ry=1 r=1 ry=l+ry



<@ ) )

ES ES ES ES ES
2 3 4
S P I D3 D DYEH YR DD MDY
1+

ry=1 ry=1 ry=1 ry=1 ri=1 rp=1 ri=1l ra=1+r; r3=l+r;
3
© © © © © o ©
3
+ |5 [Zapl] + [Z‘Ia,.1 Zal+ E a, Z Z ap, a., a,, a,,
ry=1 ry=1 ry=1 ry=1 Pp=1+r; P3=1+P; Pa=1+r;3

2
N5 545 5 5 5 5 s,
ry=1

ry=1ry=1+r; r3=l+r; Pg=l+rs Ps=l+ry

o

© o o o o o
+ 7 Z ap, E Z E E Z E ap, ap, A, ap, Ay, ap,
ry=1 P1=l Py=l+rg P3=l+Py Pa=l+P3 Pg=l+ry Pg=l+Pg

<@ @

IDVDIDID IS TP UL

r1=1 Pz=1+P; P3=1+r; P4=1+P3 Ps=1+Pg Pg=1+P5 P7=1+Pg

4 3
@ @ w w© @ © «

8 2 3
E an, | = E a_ +(3 E ar, | + E ar, E a, + E ar, E ay
r3=1 rp=1 rp=1 rp=1 ry=1 rp=1 rp=1

o 2 a) o o oo < o«

4 5 3
PIEN IR DIEN DIC RIS DaprEars
ry=1 rp=1

=1 rp=1 rp=1 Pi=1lry=1+ry

oo o 2 oo oo o oo < < o«
4 a a a’ a a’ a an a
- F1 L] rt Py r T L1 r T ry ar, ar, ar,
rp=1 rp=1 rp=1 rp=1

rp=1 =1 ry=lrp=1+ry P3=1l+r;
) @ £ « LS «© @
4
Jo (S (5 Zan IR PSS DHP DD VLTS
ry=1 ry=1 ry=1 P1=1 P3=1+ry P3=1+r; Py=1+r3
3
ES ES © © © © ES ES
3
o5 +[Zan S2.505 5 5 5 5 e
ri=1 ri=1 ry=1 ry=1 rp=1+r; P3=1+r; Pg=1+P3 Ps=1+Py

)

2
TS 5|55 5 5 5 S s
ry=1

Py=1Py3=1+Py P3=1+P; Py=1+P3 P5=1+P; Pg=1+rg

ES S @ @ S @ @ £
B2 2 X 2 2 2 2 A aanaa,
ry=1

ry=1 ra=1l+r; r3=l+r; Pg=l+rs Ps=l+rg Pg=l+rs Pr=l+rg

DA A T

P1=1 Pz=1+r; P3=1+rz Pg=1+r3 Ps=1+P4 Pg=1+Ps P;=1+Pg Pg=1+P;

_ 9 2 3 4
S =S [ [S) o (5] S (5] e [5) 5%
r=1 ry=1 ry=1 ri=1 ri=1 ry=1 ry=1

r=1
2
« ) o o ©
5
S PN IDIERA DI DAL Za 21 2y A
ry=1 ry=1 ry=1 r=1 ry=1 ry=ler,
6 4 3
o o « « o
4 2 3
ar, + ar, a,.l + dar, a,.l
rp=1 ri=1 ry=1 ry=1 ri=1
o 2 oo o o« o< o o oo
4 5 6
ap, a, + ar, a. + ar, ap, ap, Ap,
ry=1 ry=1 rp=1 ry=1 rp=1 r1=1r;=1+r; P3=1+r;

5 3 2
@ « « @ @
5 2 3
+ ap, + ar, arl + ap, a,.l
ry=l ry=1 ri=1 ry=1 ry=1
o o d el
a4
R IEES A DD IEEA
ri=1 ri=1

r1=1rz=1+r; P3=1+r; Py=1+r3



4 2
« @ ES ES LS @ @ o © © @
- e a. | + a al + a a> + > at a. a. a, a,, a
ry r ry ry ry ry ry 9r; 9r; 9y 90
rp=1 ry=1 ri=1 ri=1 r=1 ry=1 ry=1rz=1+r; r3=1+r; rg=1+r3z rg=1+ry
o 3 o o« oo oo [+ [+ [+ a3 -3
7 2 3
+ ar, + an, arl + ar,1 ar, ar, ar, ar, ar, ar_
ry=1 ry= ryp=1 ry=1

1=1 rp=1 Pz=1+r; P3=1+P;z Pg=1+r3 Ps=1+P; Pg=1+rg

@ o«

o 2 oo e o <3 <3 o
2
B S DI IS D YD YD WS S
ry=1 r=1

ry=1 Pa=l+Py P3=l+Py Py=l+Py Pg=l+ry Pg=l+rg Py=lerg

@

10308 ISP VD WD MDD DS
rp=1 ry=1

Pz=1+P; P3=1+r; Pa=1+r3 Ps=1+Py Pg=1+Ps P7=1+Pg Pg=1+1;

<

Y S NS NS Y S e,

P1=1 P3=1+P3 P3=1+P3 Pa=1+P3 Ps=1+Pg Pg=1+P5 P3=1+Pg Pg=1+P; Pg=1+rg

Derivation

We use Mathematica to prevent mistakes. Assume Gn( m) ) Hn( m) are defined as shown on
n=2

Substitute N =2 for|(2.1n) in Theorem 5.2.1 |and remove [m] . The 1 st lineis the input and the 2 nd line

is the output.
2-3 2-1-5
Gl =G+ > G| > (1) G eHe+ (-1)77F (2 -5) Hys| +26,°7 K,
5=8 t=2
Gl =Gy + 2H,
Attach [2] to this and verify, then
G [2]% = G,[2] + 2H; [2]
(ap+a;)? =al+2aja;+a;
Simplify[%]
True
Replacing [2] with [],

Gy [@]? = Gy [0] +2H, [w]

o 2 [+a) [+a) oo

2
S| =2ae2 ) 5w
r=1

r=1 r=1rp=1+ry
n=3
Substitute N=3 for (2.1,) and remove [M] . Then,
3-3 3-1-s
G =G+ Zels [ Z (-1} Gyt He+ (-1)27% (3 -s) Hy_| +2G,° % H,
58 t=2

G; = G; +3Gy Hy - 3H;
Attach [3] to this and verify, then

Gy [3]° = G3[3] +3 G [3] Hy[3] - 3H3[3]
(ay+a,+az)> =al+a)-3aja,az+ai+3 (ay+ay+az) (a,a,+aga;+ayas)
Simplify[%]
True

-10 -



Replacing [3] with [©] ,

Gy [@0]? = G3[e0] + 3Gy [0] Hy[o] - 3 Hz[c0]

o

ia,.l Zal+3[za"1 Z Z arlarz‘3i i Z ap, ap, ap,
ri=1 1+

ryi=1 ri=1ry=1+r;

ry=1 ry;=1+r; r3=1+r;
n=4
Substitute N =4 foand remove [M]. Then,
4-3 4-1-5
G,% = G, + ZG;‘ [ Z (-1 Gy ¢He + (-1)%° (4 -s) Hyo| +26G,* % H,
t=2

G: == G4+2G§H2+G2H2+G1 (G1H2—3H3) —G1H3+4H4
Expand [%]
G =G, +3 G Hy +GyH, -4G; Hy +4H,

Summarizing with respect to H2 ,

Gy = Gy + (3G§ +Gy) Hy -4 Gy Hy + 4 H,
Attach [4] to this and verify, then

Gi [4]% = Ga[4] + (3G [4]% + G, [4]) Hy[4] - 4Gy [4] H3 [4] +4H,[4]

(ay +ay+ay+a,)" =
a1+a2+a§+4a1a2a3a4+aj—4 {8y +38y +83+84) (81 8,83+8;8,38,4 +38 838, +85833,) +
(218 +8y 83 +8p 33 + a8y 84+ 3pAas+ Az ag) (ai+a§+a§+ai+3 (a1+a2+a3+a4)2)
Simplify[%]
True
Replacing [4] with [],

Gy [0]® = Ga[0] + (3 Gy [c0] +Gz[°°]) Hz[0] - 4 Gy [0] Hs[e] +4 H [e0]

[sa) 4 [sa)
[Zan =D, [Z Zan Y D anan-
ry=1 ry=1

ry=1rp=1+ry

Z‘Iarl Z Z Z arlarzar3+4z Z Z Z ar, ap, ap, ar,

ry=1lry=1+ry Py=1+r, ry=1ry=1+r; P3=1+r; Py=1+r,

n=5
Substitute N=5 for (2.1,) and remove [M]. Then,
5-1-5
® =G +ZG;‘ D (-1 GsgeHe+ (-1)°7° (5 - 8) Hso| #2657 H,
t=2

Gl == G5+2G H2+G3H2+G (G1H2—3H3) —GzH3+GiH4+G1 (Gsz—G1H3+4H4) —5H5
Expand [%]

G; = Gs+3G; Hy+ Gy GyHy +G3 Hy -4 G2 Hy - Gy Hy + 5 Gy Hy - 5Hy

Summarizing with respect to H, , Hs,
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G; = Gs + (3G; +Gy Gy +G3) Hy - (4G} +Gy) H3 + 5Gy Hy - 5 Hs

Attach [5] to this and verify, then
Gy [5]% = G5 [5] + (3G [5]% + Gy [5] Gz [5] +G3[5]) Hy[5]
- (461 [51% + G2 [5]) H3[5] +5G1 [5] Hy[5] - 5 Hs [5]
(@ +@,+as+a,+as)” =a; +ay+a3+a,-5a;a,asa,as+a.+
S5{aj+ay+ay+as+as) (818,838, +8138,838s+a18,8,48s +31383848s5+ 33384 3s) -
(ala2a3+a1a2a4+a1aga4+aza3a4+a1azag+a1a3a5+a2a3a5+ala4a5+aza4a5+a3a4as)
(ai+a§+a§+ai+a§+4(al+a2+a3+a4+asjz)+
(218, +27 A3 +2, A3 +31 Qs +32A, +A33, +21 85 +35a5 +az As + 3y As)
(aj+a3+ay+a;+ai+3 (ay+ay+ay+as+ras)’+ (ag +a;+as+a,+as) (a;+ay+aj+ag+al))
Simplify[%]
True
Replacing [5] with [«],
Gy [0]® = G5 [] + (3 Gy [0] + Gy [00] Gy [0] + Gy [e0] ) Hy [w]
(4 Gy [20]? +Gz[°°] Hi[w®] +5G1[w] Ha[w] - 5 Hs [w]

o w

2 3
| ZPI”Z**J] (S0 5 50) 5, 5w
1 ri=1 ri=1

ri=1rz=1+r,

rp=1 ry= ry=lry=1l+r; Py=l+r,

s3]

|55 5 5 Seenasd S 55 3 sese.

=1 ry=1+Py P3=1+P; Pq=1l+r3 r=1 Py=1+P P3=1+P; Pg=1l+P3 P5=1+Dy

n=6~
In a similar way to N=4,5, N=6~9 are obtained . It is also possible to calculate N=10~, but this will

not be entered on paper, so we have omitted it.

Note

A feature of| Formula 5.3.1 [is that it is completely splitted into power series and semi-multiple series.
This is thought to be the reason why Formula 5.3.1 was derived in a unified manner from [Theorem 5.2.1|.

Furthermore, Formula 5.3.1 itself could be written in a unified way, but this would seem cumbersome.

Other Exprssions

As mentioned at the beginning of this chapter, Formula 5.3.1 is not the only expression. There are countless
other expressions, many of which have incomplete or excessive divisions into power series and semi-multiple
series. For example,

(za )3:-2§a§j+3(za )za +6Y ¥ 3 a
r=1 1 r=1

r= r ri=1 r2—r1+1r3—r2+1
4 0 2 2 Y 2 o
Za :ZZa Yasl| +4| Ya. | X Zaa
ri=1 r=1 r=1 ! ri=1 !

ri=lry,=r;+1
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—(rz_larl)z S Y aaa+sy ¥ 3 S aaaa,
>

ri=lry=ry+lrg=r,+1 r=lry=r+lry=ry+1lr,=ry+1

00 5 00 00 00 00 00
Ya,| =6Ya’-15 Ya, | Ya,+10( Ya’|Xa;
r=1 . r=1 r;=1 ! r=1 ! r=1 ! r=1 !

00 3 00 00
r20( 2a7) 3 3 ana
r=1 ri=lry=ry+1

[e]

+30(Z > arlarz)z 2 X aa.a,

ri=lry=ry+1 ri=lry=ry+1lrg=ry+1

+30( Zarl) 2 X X X aaaa,

ri=1 ri=lry=r+1lrg=ry+lr,=rg+l

+30% X Y ¥ 3 aaaaa,

r=1ry=r+1lrg=ry+lr,=ro+lrs=r,+1
a,, | =10 Y a°| +15| XY a“| X a, -24( Y a. | X a;
1 = — N — h = =, 1
1 r=1 r=1 r=1 r=1 r=1
+ 30 2 arl Z 2 arl ar2 - 90 Z Z 2 arl ar2 ar3
r=1 ri=lry=ry+1 r{=1ry=ry+lrg=r,+1
+60| Xa, || X X aga,|X X X aja,a
ri=lry=ry+1 ri=1ry=ry+lry=r,+1

-60l Yas|X ¥ X X ajaaca,

ri=1 ri=lry=r+1lrg=ry+lr,=rs+l

- 120( DY arlarz) X X X X2 aaaa,

ri=lr,=r+1 r=1ry=r+1lra=ry+1lr,=ro+1

r120( S| 3 25 23 aaaaa,
r=

ri=1ry=r+1rg=ry+1r,=rz+lrg=r,+1
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5.4 Fast Calculation Method for Semi Multiple Series
In this section, we present a fast calculation method that replaces the time-consuming calculation of

semi-multiple series with polynomials consisting of power series.

Formula 5.4.1 ( Recursion )

When N is natural number s.t. N>2,fora convergent infinite series, the following holds.

1
HZZE(Gf —Gz> 4.2)
D" n-3n-1-s
H, = 2 ( Gl -Gy- 33 (1)1 GGy M
n s=0 t=2
n-3
- Y (D"G (n-s)H, s - 2GI®H,| n>3 (@n)
s=1
Where,
o n
G, = ( s arl)
r=1

00 [¢¢)

Hy=2 X ar, a,

ri=1ry=ry+1
H;=2> 2 X ar, 8y, ar,

ri=1ry=ry+lrg=ry+1

Hn:Z E E E arlarzar3 oAy,

ri=lr,=r+lrg=ryt1l  rp=r,_;+1

Derivation
Rewriting | Theorem 5.2.2| using the symbols G, , H,,,
When N = 2
2 _ _ 2
G2=G,+2H, = H,=(G2-G,)/2
When n > 3

n-1-s

n-3
Gill? = Gn + EOGi 22 (_1)th—s—t Ht + (_1) s ( n-s ) Hn—s) + 2G]r.]_2H2 (2.1n")
5= t=

Splitting this as follows,

n-3 n-1-s n-3
Gl =G+ %G Y (-D'GrsiH + X G(-D"°(n-s)H,_s + 2G{*H,
s=0 t=2 s=0
n-3 Sn—l—s ¢ i n-3 S e L
=G, + ZOGl th D'Grg i Hy + (D "nH, + 21(;1(_1) (n-s)H,  + 2G2H,
S= = 5=
From this,
n n-3 Sn—l—s n-3 S Y
(_1)”an =Gy -Gy~ E Gy E (_1)th—s—t H, - Z Gl(—l)n_s(n —S)Hn_S - 2G; “Hy
s=0 t=2 s=1

Dividing both sides by (-1)"n,
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(_1)” n n-3n-1-s s
H, = N Gy -G, - 2 -D'GIG st H
s=0 t=2
n-3
- X (-D"G3 (n-s)H, - 2G]*H, (4.n)
s=1

Q.E.D.

Executing a Recursive Formula

Since these are recursive formulas, executing them using the mathematical processing software Mathematica
the following results are immediately obtained.

Clear [G, H]

1
H, := — (G,°-G
2 5 ( 1 z)
(_1)" n-3n-1-s n-3
Ho 1= G -Go- > > (D)6 GnseHe - ) (-1 6E (0 - 8) Hog - 26" H,
n s=8 t=2 s=1
1 2
simplify[H,]  — (G; - Gy
2
1 3
Simplify[H;] - (6] -36,6,+26;,
. . 1 4 2 2
Simplify[H,] ” (61 ~6G{G, +3G5 18G, Gy - 6G,
1 5 3 2 2
Simplify[Hs] —— (G;-10G;G; +20G; Gy -20G, Gy + 156Gy (G5 - 2G| + 24 Gs
120
1 3 3 2 2
Simplify[Hs] —— (G -156]G, -15G; +40G; G3 + 45G; (G5 - 26,
720
+90G,G, - 246G, (5G,G; - 66G.) + 40 (657365))
1 3 2 2
Simplify[H,] —— (G] -21G;6G,+70G]G;+185G; (G5 -2G,) - B8B4Gy (5G, G; - 6Gs)
5049

~356G; (36 -8G; - 186, Gy + 24 Gg)

+6 (35G;G3 -70G3 G, - 846G, Gs + 120 G; ) |

Simplify[Hg] (6 - 28G5 G, +112G; 63 + 218Gy (G5 - 26G,) - 224G; (56,63 - 6Gs5)
- 140G (3G -8G; -18G, G, + 24 G
+48G, (356563-706364-34GZGS+1zeG7)

+ 7 (1563-18@6564-16962 (G§—3GG) +12 (15G§+326365-6063)))

Fast Calculation Method for Semi Multiple Series
Using these results, the calculation of semi-multiple series can be replaced by the calculation of power series

polynomials. Although The computational amount of the half multiple series Hm( n ) is as large as nCm , the

computational amount of the polynomial of the power series is small as seen above. Therefore, the effect of this
substitution is enormous.
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Example a, = 1/r?
The calculation for this example in Mathematica is as follows:

Clear|[G, f, g]
m 1 n
G, [m_] := Z [—2]
F‘1=1 r‘1

(1) Semi-Triple Series

R DD N erer

ry=1lry=ry+l P3=ry+l I“1 r‘Z I"3

1
B3] := = (1 [m]> -3G;[m] Gy [m] +2Gy[m])

-y
w
3
[
[

f3(m) is a half triple series, and g3(m) ] is transcribed with [ m | added.
When m=1000, the calculation results are as follows. The two are completely consistent.
N[f3[1688]] N[g3[10860] ]
9.189941 9.189941
The computational amount of f3(1000) is 1000C'3 = 166,167,000, and the computational amount of
g3(1000) is estimated at 3000 . As a result, the calculation time for f 3(1000) was 10 minutes, and the
calculation time for 3(1000) was less than 1 second. FY I, my computer is Intel Core i7-9750H , 16GB.

(2) Semi-Quintuple Seriesi

1

fo[m_] :=
P1=1Pz=r1+1 P3=Py+1 Pa=P3+1 Pg=rg+l I“12 PZZ I"32 I"42 I“52
1
g5[m_] := — (Gy[m]®- 180Gy [m]> G, [m]
120

+20 Gy [m]% Gy [m] - 20 G, [m] Gy [m] +15Gy [m] (Gy[m]* - 2Ga[m]) +24Gs[m])
f5(m) is a half quintuple series, and g5(m) ]is transcribed with [ M | added.
When m=150, the calculation results are as foIIow:ﬁcompletely consistent.
N[f5[158] ] N[g5[158] ]
9.00217652 9.00217652
The computational amount of f5(150) is 150C's = 591,600,030, and the computational amount of

g5(150) is estimated at 1,050 (=150x7) As aresult, the calculation time for f5(150) was 61

minutes, and the calculation time for g 5(150) was less than 1 second.

Furthermore, g5(5000) was calculated as follows. The calculation time was 1 second.
N[g5[5600]] ©.00234086

f5(5000) cannot be calculated. The computational amount is 5000C's = 25,989,619,781,251,000 .
Since the calculation amount 591,600,030 of f5(150) took about one hour ( 61 minutes) , the calculation
time for f5(5000) becomes as follows:
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25,989,619,781,251,000/591,600,030/24/365 ~ 5,015
That is, it would take 5,000 years to calculate f 5(5000) on my computer.

2025.01.22
2025.02.02 Added Sec.4

Kano Kono

Hiroshima, Japan

| Alien's Mathematics |
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