13 Probability that the Riemann Hypothesis is false

Abstract
(1) The completed Riemann Zeta function §( z ) is expanded to Maclaurin series, and the values of coefficients Ar r=1,2,3, - are obtain.

(2) Present the Vieta’s formula for the completed Riemann Zeta function 5( Z).

(3) If the Riemann Hypothesis holds, then the semi-multiple series consisting of zeros on the critical line are equal to the polynomial of Ar .

(4) If the Riemann Hypothesis holds, then the power series consisting of zeros on the critical line are equal to the polynomial of Ar .

(5) Using (1) and (4), we calculate the probability that the Riemann Hypothesis is true, and obtain the probability that it is false.

13.1 Maclaurin Series of ()
The Maclaurin series of the completed Riemann Zeta function f( z ) is given in Theorem 9.1.3 of | 09 Maclaurin Series of Completed

Riemann Zeta ". This is rewritten in a slightly different form as follows.

Theorem 13.1.1
Let the completed Riemann zeta function é"(Z ) and the Maclaurin series be as follows.
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Where, l//n(Z) is the polygamma function, Bn,k<fl ) f2 ) e ) is Bell polynomials, }; is Stieltjes constant,
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The contents of (, are polygamma functions, so further expanded, it is as follows
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Finally, these values are as follows.
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13.2 Vieta's Formula in §(z)

13.2.1 Infinite-degree Equations and Vieta's formula

Reprinting Formula 3.2.1 from "[03 Vieta's formula in Infinite-degree Equation|" ( Infinite-degree Equation ), it is as follows:

Formula 3.2.1 (Vieta's Formulas) ( Reprint)

Assume that the function f(Z ) on the complex plane has zeros Z1,Z5,23,Z4, " andis completely factored as follows.
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Then, f(z ) is expanded to a power series as follows.
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Using this formula, the following theorem can be proven.

Theorem 13.2.1 ( Infinite-degree Equation with Conjugate Complex Roots )
Assume that the function f(z ) on the complex plane has zeros Z =X xiyy Y= 0 (k =1,2,3, ) and is completely factored
as follows.
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Then, f(Z ) is expanded to a power series as follows.
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In addition, the binomial coefficient on the right hand side is the number of terms in the numerator of each semi-multiple series.
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Returning to the original symbol, we obtain @1 ~ a4 . And we obtain a,,_1, do, by induction. Q.E.D.

13.2.2 Relationship between zeros and coefficients of §(z)
Theorem 13.2.1|can be applied to the completed Riemann zeta function f(Z) , Yyielding the following theorem.

Theorem 13.2.2

Let the completed Riemann zeta function §(Z ) and the Maclaurin series be as follows.
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Then the following expressions hold for non-trivial zeros Z, = X, iy, , Y #0 k=1,2,3, of {(z).
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In addition, the binomial coefficient on the right hand side is the number of terms in the numerator of each semi-multiple series.

Proof
According to Theorem 8.3.1 in" |08 Factorization of Completed Riemann Zeta l when the Riemann Zeta Function is ;(Z ) and the non-
trivial zeros are Z, = X, +iy, N=1,2,3,~, The completed Riemann Zeta function &(z ) can be factorized as follows.
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Therefore |Theorem 13.2.1] is applicable, the desired expressions hold. Q.E.D.
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Note

This theorem holds true regardless of whether the Riemann hypothesis is true or not.

13.2.3 Case where the Riemann hypothesis is true

In this case, the only zeros are 1/2+Yy, . So By ,B,, Bz, = in become as follows.
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13.2.4 Case where the Riemann hypothesis is false
In this case, in addition to 1/2+Y, , there are also 1/2+ o+ S, (0 << 1/2 ) as zeros.

So By, By, B3,  inTheorem 13.2.2 become as follows.
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(1) Itis known that there are an infinite number of zeros on the critical line, but the number of zeros off the critical line is unknown.

(2) B,

r=0,1,2, -

are the sum of 2 semi-multiple series, one with zeros on the critical line and the other with zeros off the critical line.

(3) Since O < a, < 1/2 | semi-multiple series with zeros outside the critical line cannot cancel each other out to O .



13.3 Proposition equivalent to the Riemann Hypothesis - 1

As seen in the|previous section 13.2.3|, if the Riemann hypothesis holds, then the following equivalent lemma holds.

Lemma 13.3.1

Let the completed Riemann zeta function é"(Z ) and the Maclaurin series be as follows.

Q) = —z(l—z)ﬂ/( cw=zsp 02

Then the following expressions hold for non-trivial zeros z, = /2 iy, ,y,#0 k=1,2,3,- of {(z).
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However, this lemma is complicated. If we assume the Riemann hypothesis, a better proposition can be presented.

Proposition 13.3.2

Let N be a natural number, A, be the constant obtained in[Theorem 13.1.1{ and Yr, be a zero on the critical line of the Riemann Zeta

function ((Z ) . Then the following expression hollds.
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Hn—go . ( i )(n‘k)An-k
Where,
& 1
M= r=1 1/4+yr21
Hy= > 3
2 rlzzl rrrt (1/a+y2)(va+y2)
00 00 0 1
Hsy =
2T B (var g2 vans [ varyd)
=% $ 5§ . % .
" =l rmrptlrg=rotl  rp=ry g+l (1/4+yr21)<1/4+yr22)< 1/4+yr23) <1/4+yr2n)
Proof

In{Lemma 13.3.1], the binomial coefficients can be placed before X', 22, -

. So, if we abbreviate the semi-multiple series according

to the provisos of the proposition, each equation in Lemma 13.3.1 can be written as follows.

B1 = -H;
B, = H, +1CoH;
B3z = —Hz -2C1H,
By = Hy +3C2H; +2C0H,
Bs = —Hgs -4C3sH,; -3C1Hg
Bg = Hg +5CaHg +4C2H, +3CoH;
B; = -H; -6CsHg -5C3Hs - 4C1H,
Replacing the binomial coefficients with numerical values and swapping BIr and H,
Hy =-B;
Hy = B, -H;
Hs = -B3 - 2H,
Hy= Bs-3H3-H,
Hs = -Bs - 4H, - 3H3
Hg = Bg - 5Hs - 6H, - Hj
H; = -B; - 6Hg - 10Hs5 - 4H,
Substituting H, from the top in order using the recursive function of Mathematica,
H, =-B;
H, = B;+B,
Hs = —2( B, + Bz) -B;



Hys= 5(By+B;) +3B3 +B,

Hs = -14(By+B;) - 9B3 - 4B, - Bs

Hg = 42(By+B,) + 28B3 + 14B, + 5B5 + By

H; = -132(B;+B,) - 90B; - 48B, - 20Bs - 6B - B,

Here, according "The On-Line Encyclopedia of Integer Sequences"”, these coefficients are the constituent sequence of the Catalan triangle

(|OE!S A009766]) and are given by
TO,M) =0mCo ((-m+LD)/(n+1) 0<m<n

Using this, above formulas can be expressed in general form as follows:

o (-D" (n-1+k
o= > D (N-K)B,,  n=1,2,3,-
k=0 N n-1

Finally, since the Maclaurin series of the completed Riemann Zeta function £(Z) is unique, B, =A, r=1,2,3, . So, replacing
B, with A, , we obtain the desired expression. Q.E.D.
Example

The first few of |(3.2)] are,

o 1

— = -A; = 0.0230957089 -
r;=1 1/4+yr1

@ o 1

» 3 5 oy = A; +A, =0.000248155568 -
ri=lr,=r+l (1/4+ yrl)( /4 + yrz)

© o o 1

Foi (wanZ] wang)wens]
5 @ 1
Erns B et [1aey ) ey (e yZ) (Vaeyl)

= -2(A;+Ay) - Ag=1.672713713x10°°

5(A1+Ay) +3Az +A,

= 8.021073428x107°

RPN -

22, r3:r2+1.., r5:2r4+1 (1/4+yr21)(1/4+yr22>(1/4+yr23) (1/4+yr25) = —14(A1+ Az) - 9A3; - 4A, - Ag

= 2.936055872x1071*

Semi-multiple Series and Theoretical Values

The left-hand sides of these expressions are semi-multiple series consisting of zeros on the critical line, and the right-hand sides are
theoretical values consisting of Iog 7, Stieltjes constants and the polygamma functions. To verify the validity of the Riemann hypothesis,
we can take several zeros on the critical line, calculate the value of the semimultiple series, and compare it with the theoretical value.

The theoretical value can be calculated in an instant. However, calculating the semi-multiple series Hr is not easy. When the calculation
of the half multiple series is truncated at M , the amount of calculations for Hr becomes mC'r. For example, when the calculation is

truncated at M=100, the amount of calculations for Hg becomes 100Cs = 186,087,894,300. This is not a quantity that can

be calculated on a laptop computer. We hawe to think of another way.
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13.4 Proposition equivalent to the Riemann Hypothesis - 2

As mentioned at the end of the previous section, calculating semi-multiple series is not realistic. So what | came up with was to transfer
the calculation of semi-multiple series to the calculation of power series. For example, in the case of a half double series, the following
equation holds:

0 l 2 0 l 2 o0 0 1
Taez | Tl AT TR 2 2
ri=1\ 1/4+ yr, =1 1/4+ Yr, r=lr,=r;+1 ( Va+y: )( 1/4+ yrz)
Here, obtained in the previous section
© 1 © 0
—="A , X X 5 = ALtA,
r=11/4+ Yr, ri=1ry=r;+1 ( 1/4 + yr1>( /4 + yrz)
are substituted for the rhighr hand side,
© 1 2

S| = AT -2(A +A,)

r;=1 1/4+y"1
Thus, the calculation of a half-double series is transferred to the calculation of a square series. The latter converges much faster than the
former. This example is 2 nd order, but the higher the deree the faster the convergence. Finding such a general formula is the purpose

of this section.

Theorem 5.2.2 in "[05 Power Series and Semi Multiple Series|" ( Infinite degree Equation ) was as follows:

Theorem 5.2.2 ( Reprint)

When N is a natural number s.t. N>2, the following holds for a convergent series.
. n o . n-2

(rl:larl) = Z_la,” + 2( —1ar1) H,

r= r=

+ n_s( ) arl)s(n_fl(—l)‘( )y arnl's't) He+ (D" (n-s)Hy_s 2.2,)
t=2

r;=1
Where,

H3 = Z E 2 arlarzar3

r=1r=rHlrg=r,+l

H, a

i i i i arla .

o
1.2 Z _ 3
r1=lry=r+lrg=r+1  rp=r,_ +1

2
When N < 2, the 3 rd term of (2.2,) is ignored.
From this theorem, we obtain the following lemma.

Lemma 13.4.1

When N is a natural number s.t. N>2 and Yr, t=1,2,3, - are non-zeoro real numbers, the following holds for a convergent series

n-3 n-s-1
Gf =G,+2G{*H,+ ¥ G} ( DG H +(-1)" (-5 )Hy s @.1)
s=0 t=2
Where,
o0 1 n
G=X | —— n=1,2,3, -
r=1 :|/4+yrl
Hy, = i i
it (1/a+y2 ) (va+y2)
0 0 0 1
Hy=Y X X

=1 rp=ry+lrg=ry+l < 174+ yr21 ) ( /4+ yé )< 174+ yé)
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—_ 3 - .ee 3 1
fn = r12:1 rzzzrlﬂ rﬁ%.ffl (va+y2)(va+y2) - (v/4+y2)

When N < 2 |the 3 rd term of (4.1)|is ignored.

Proof
1 o 1 n
a,=—— , G=3%|—— n=1,2,3,-
1/4'")/1'n r=1 1/4+yr1
Then,
e 1
Gi= X ——— =H,

r=1 1/4+ yrz1

Therefore, and the belows are expressed as follows.

n-3 n-s-1
GI =G,+ 2G] *H,+ X Gj ( 2 CDIC T, +(—1)“'S(n—s)Hn_s)

s=0
Where,
00 0 1
Hy= 2 X =~ X > > ST =234,
Felrar L rp=rg+l (V4+le)(V4+yr2> <1/4+an)
Q.E.D.
Example
The first few of |(4.1) | are,
Gf = G2 + 2H2
Gf :G3 + 3Gl H2 - 3H3
Gy =G, + 3G?H, + Gy Hy — 4G, Hg + 4H,
Gf =Gsg + 3G:H, + G GyH, + GgH, — 4G2H; — Gy Hg + 5G; Hy — 5Hs
Problem with Lemma 13.4.1
For given Yy, t=1,2,3, -, these equations can be checked, but the computation speed of Hn slows exponentially as N increases.

The best way to solve this problem is to eliminate Hn . In general, we do not expect such luck. But if Y, are zeros on the critical line of

the Riemann Zeta function é( Z), wecan replace Hn with a constant using | Proposition 13.3.2 |in the previous section. Thus we obtain

the following proposition, which is equivalent to the Riemann hypothesis.

Proposition 13.4.2
When N is a natural number s.t. N>2 and An is the constant obtained in | Theorem 13.1.1|, the following expression holds.

n n-1 RN it t n-s
G, =Gy - 2G] H, - X Gy IZ (-1 GysHi + (D) (=) H, s (4.2)
$=0 =2
Where,
0 1 n
G=X|—— n=1,2,3, -
r;=1 :[/4+y|,1
n (-1D" (n-1+k
H, = zu( )(n—k)An_k n=2,3,4, -
k=0 N n-1

Gi=-Ar (=Hyp)

When N < 2, the 3 rd term of (4.2) is ignored.

Proof
In the formula of |Lemma 13.4.1], exchange Gf and G,,. And replace H,, with the formula of [Proposition 13.3.2| in the previous section.
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At this time, replace Hy = =A; with G; = -A;.  QE.D.

Example

If this proposition is computed as a recursive formula using Mathematica, the first few of are as follows.

Clear[G, H, A]

n-3 n-1-s
Gn = Gln—ZGls Z (-1) " Grs_e He + (-1)"° (n - 8) Hoos| -26," H,
5=0 t=2
0, (1)
H, := Z Binomial[n-1+k, n-1] (n-k) A,
- n
k=8
Gy 1= -A

Expand [G;] -2A; + A7 -2 A,
Expand [G3] -6A, +3AT —A —6A, +3A A, - 3 A,
Expand [Gy] -20A; +10A7 - 4A7 + AT - 20A, « 12A A, -A4AT A, - 2A3 - 124, + 4 A A; - 4A,

Expand [Gs] -70A; +35AZ - 15A7 + 5A] -A] -70A,+ 45A, A, -20AZ A, + SAS A, +
10A; -SALA; 458, 120A Ay - 5ATA; + SA Ay - 20A, 1 5AA, - 5A

Expand [Gg] - 252 A; + 126 A2 - 56 A7 + 21 A] - 6A] + AY - 2527, + 168 A; A, - B4AZ A, + 30A7 A, -
BAT A, +42A -30A AZ+ QAT AT -2 A] - 168A; +84A; Ay - 30AT A, + 6 AT A, +
30 A A3 - 12A1 Ay A3 + 3A -BAA, +30 A Ay - BAT A+ 6 A Ay - 30 A5 + B A1 As - 6 A

Expand [G,¢] -155117 520 A; + 77558768 A2 - 37442160 A] + 17 383860 A} - 7726 160 A + 3268760 A -
1307504 A] + 490 314 AY - 170544 A] + 54264 A}® - 15504 A]" + 3876 A]” - 816 A}” + 136 A}" -
16 A]® + Al® - 155117520 A, + 112326480 A, A, - 69535440 A2 A, + 38630800 A] A, -
19612560 A A, + 9152528 A A, - 3922512 A% A, + 1534896 A] A, - 542640 A% A, +
170544 AJ A, - 46512 A% A, + 10608 A" A, - 1904 A2 A, + 240 A% A, - 16 AL* A, + 34767720 A -

The middle parts were omitted

3808 AL A, Agy + 720 A2 A, Ayy - BAAT Ay Agy - 240 A3 Agy + 48 AL AZ A1, + 1904 Ag Ay - 480 A Ay Apy ¢
48 AZ A3 Ay — 32 A5 Ay Agy + 240 A, Ayg — 32 A1 Ay Ay + 16 Ag Agy — 46512 A, + 10608 A Ap, -

1904 AZ Ay, + 240 A3 A, - 16 AT A, + 1904 A, A, - 48O A Ay A, + 48 AZ A, A, - 16 AS Ap, +

240 A3 A - 32 A Az Ags + 16 A, Agp - 10608 Ags + 1904 A; Ags — 240 A2 Ags + 16 AT Ags = 240 A, Ags -
328 A; Ays + 16 A3 Agy - 1984 Ay, + 240 Ag Agy - 16 AT A + 16 Ay Ay - 240 Ags + 16 Ay Ajs - 16 Agg

Note
The last Gg is a long list of 3.3 pages, but it took about 2 seconds to output.
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13.5 Probability that the Riemann Hypothesis is false
According Theorem 13.1.1 and Proposition 13.4.2 , we calculate this probability using Mathematica . The tools are as follows.

Tbly[r_, z_] := Table[PolyGamma [k, z], {k, 8, r-1}]
¥s_ = StieltjesGamma [s]

gr_[g] = 1¢[r =0, 1, gsem[r, ) Toly[r, %m

hr‘ = I'F[I“ =0,1, -

¥r-1 ]
(r-1) 1!
r&, Log[m]™* (-1)°"gs[3/2]

S e

tete 2 T (r-s)! 25-F (s-t) !

yr_ 1= Im[ZetaZero[r]]
The first 5 lines are a tool to find the theoretical value A; according to | Theorem 13.1.1] The last Y, is the zero point on the critical line.

Using these, the values of Ar and Y are obtained quickly. Hereafter, calculations are performed for each degree according to the equation

of |Proposition 13.4.2|.

5th degree

m

f5[m_] := Z ;]5

roa V1 /44 yr‘2
g5 := -78A; +35A2 - 15A +5A] - A3 -70A, + 454, A, - 20A2A, +
S5AJA; +18AZ -5A; A2-45A;+28A; A3 -5A A3 +5A, A3 -20A, +5A; Ay - 54
f5(m) is the sum of the 5 th power, and g5 is the righ side of Proposition 13.4.2 . In fact, this is a copy and paste orom

the previous section. If we take 30,000 zeros on the critical line and calculate them, it is as follows.

SetPrecision[f5 [366060], 58]
3.193891860867324232312252874264050295312571859744 x 10 12

SetPrecision[g5, 58]
3.19389186086732423231225287429394519 x 18 12

The 29 digits on both sides are the same. So, dividing the left side by the right side,

3.19389186086732423231225287426408562953125718597438417652668513391" 49.15846414601467 % -
~-12/ 3.1938918668673242323122528742939451943793138898" 35.60665719166085x"-12

9.9999999999999999399999999999990639978
That is, the sum of the 5 th powers of 30,000 zeros on the critical line is 0.99999999999999999999999999999 (29 Nines )
of the theoretical value. On the other hand, calculating the complementary event.

1-%

9.36002 x 107

This includes residual zeros on the critical line and possible zeros off the critical line. Therefore, the probability that the complementary event

contains zeros outside the critical line is less than 1072° . i.e. Probability that the Riemann Hypothesis is false is less than 107%°.

6 th degree

In a similar way, calculating for 30,000 zeros on the critical line , it is as follows.
-]
fe[m_] := i[;]
ra\l/4+y,?
g6 1= -252 A, +126 A2 -56A) + 21A7 -6 A] + AS - 2524, + 168 A A, - BAAZA, +
30AJ A, -6ATA, +42A2-30A A2+ 9AZ AL -2A3-168A; +84A A; -30AZA; + 6A] A; +
30AA; -12A; Ay Ay +3A2-84A, +3BA; Ay -6A A, +6A Ay - 30 A; + 6 A As - 64
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SetPrecision[f6 [36666], 66]
1.5758900881660589337799692874508976343743641494459995396006 x 10

SetPrecision[gé6, 68]

1.575890088166058933779969287450897638052892 x 10

1.57589060881660589337799692874508976343743641494459095396005637869169155469583604299" -
59.871222085853604x~-14 /

1.575896088166058933779969287450897638652891561323866834559201321°42.71887662746259« -
~-14

9.9999999999999999999999999999999999976657462
1-%
-36
2.334254 <10
That is, the sum of the 6 th powers of 30,000 zeros on the critical line is 35 nines (35N) of the theoretical value. So, the probability
that the Riemann Hypothesis is false is less than 10_35. The precision of the calculation is 6 digits higher than that of the 5 th degree.

This is due to the faster convergence speed of the 6 th degree.

16 th degree

Finally, jump and perform this calculation. The number of zeros on the critical line is 30,000 , the same as in the previous two examples.

g16 := -155117520 A, + 77558 760 AZ - 37442160 A; + 17383868 AT - 7726168 A + 3268 760 AS -
1307564 A + 498314 AT - 170544 A7 + 54264 A7° - 155084 A" + 3876 A]® - 816 A]® + 136 A}* -
16 AT° + Al® - 1551175208 A, + 112326486 A; A, - 69535440 A% A, + 38630800 A7 A, -
19612560 A A; + 9152528 A7 A; - 3922512A5A; + 1534896 A] A, - 542640 A5 A, +
176544 A7 A, - 46512 A° A, + 10608 AT A; - 1904 AT2 A, + 248 AT A, - 16 A1 A, + 34767720 A) -
38630800 A; A2 + 29418 840 A2 A - 18305056 A; A + 98062808 A} A; - 4604688 A AS +
1899248 A5 AS - 682176 A] A2 + 209304 AT A2 - 53848 A A2 + 10472 A1° A2 - 1448 AT A2 +
104 A72 A2 - 6537520A3 + 9152528 A, A] - 7845024 A7 A5 + 5116328 A7 A - 2713200 AT A; +
1193808 A; AS - 434112 A5 A2 + 127 296 A] A - 28560 A° A> + 4400 A7 AS - 352 A7° A2 + 980628 A; -
1534896 A, AT + 1356 600 A2 A] - 852720 A3 AT + 406980 AT AS - 148512 A% A} + 39984 AS A) -
7200 A] A3 + 660 A> A - 108528 A + 170544 A; A3 - 139536 A2 AS + 74 256 A} A - 26 656 A AS +
6048 AS A3 - 672 A5 A; + 7752 A5 - 18608 Ay A5 + 6664 AT AS - 2248 A2 AS + 336 AT AS - 272A] +
248 A; Al - 64AZA] + 2 A5 - 112326480 A; + 69535440 A; A; - 38630800 A2 A; + 19612568 A2 A; -
9152528 AT A; + 3922512 A5 A, -1534896 A5 A, + 542648 A7 A; - 170544 A5 A; + 46512 A7 A, -
10608 A° A; + 1904 AT A; - 240 AT A3 + 16 A1 A; + 38630800 A, A; - 392251204, A, A; +
27457584 A1 Ay A; - 15690048 A7 A, Ay + 7674480 AT A; A; - 3255840 A A, A; + 1193808 A A, A; -
372096 A] Az A; + 95472 A5 A, A; - 19648 A] A, A; + 2648 A1° A, A; - 192AT A A; - 9152528 A2 A; +
11767536 A, A5 A; - 9209376 A2 A A, + 5426400 A; AJ A; - 2558160 A% A2 A; + 976 752 A5 A A, -
297024 AS A2 A, + 68544 AT AZA; - 10800 A A2 A; + BRB A AZA; + 1534896 A3 A; -
2170560 A, A3 A; + 1705440 A2 A3 A; - 930240 A7 A A; + 371280 AT AJ A; - 106 624 AS A A; +
20160A° A3 A; - 1920 A7 A3 A; - 1706544 A5 A, + 232560 A; AJ A; - 159120 A2 A% A; +
66648 A3 AT A; - 16 808 AT A Ay + 2016 A5 AT A; + 10608 A3 Ay - 11424 A; A Ay + 5848 A2 AS A; -
896 A2 ASA; - 240 A5 A, + 112 A, AS A; + 9806 280 A2 - 9152528 A, A2 + 5883768 A2 A -
3069792 A3 A2 + 1356600 AT A2 - 511632 A; A2 + 162792 A° A2 - 42432 A7 A2 + 8568 A AZ -
1200 A] A3 + 88 A1® A2 - 3922512 A, A2 + 4684688 A; A, AL -3255848 A2 A, A5 + 1785440 A7 A, A; -
697 688 A] A, A2 + 222768 A Ay A2 - 53312A5 A, A2 + B648A] Ay AL - 720 A5 A, A2 + 813960 A2 A2 -
1823264 A5 A2 A + 697688 AT A2 AS - 318248 A2 A2 AL + 99960 A7 A2 A2 - 20160 A5 AZA] +
2016 AS A2 A2 - 93624 A3 A2 + 106080 A; AS A5 -57128A2 A A2 + 16800 A1 A3 A2 - 2240 AT A3 A2 +
4760 A3 A3 - 3600 A, A A + 840 AT AJ AL - 4B A AL - 511632 A; + 542640 A, A; - 341088 A2 A] +
155848 A> A - 530848 A] AS + 13328 A; A} - 2248 AS A + 192 A] A + 176544 A, A - 186048 A; A; Al +
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166 080 A2 A; A; - 38080 A} A, A + B4BB AT A, A - BIG AT A, A - 21216 A2 A + 19840 A, A2 A -
7200 A2 AZ A3 + 1120 A2 A2 A2 + 880 A3 AS - 320 A, A3 A + 11628 A - 18608 A, A} + 4760 A2 A] -
1200 A AS + 140 AT A - 1964 A, A] + 1200 A, Ay A; - 240 A2 A, AT + 40 A2 AS - 48 A + 16 A, A; -
69535440 A, + 38630800 A, A, - 19612568 A7 A, + 9152528 A3 A, - 3922512 AT A, + 1534896 A A, -
542640 A5 A, + 170544 A7 A, - 46512 AT A, + 10608 A) A, - 1904 A1° A, + 240 AT A, - 16 AT% A, +
19612560 A, A, - 18305056 A A, A, + 11767536 A2 A, A, - 6139584 A3 A, A, + 2713200 AT A, A, -
1023264 A5 Ay Ay + 325584 A5 A, A, - 84864 A] Ay A, + 17136 A5 Ay A, - 2400 A7 A, A, +

176 AP A, A, - 3922512A2A, + 4684688 A, A3 A, - 3255848 A2 A2 A, + 1705440 A7 A2 A, -

697 680 A7 A3 A, + 222768 A A3 A, - 53312 A5 A2 A, + B64BA] A2 A, - 720 AT A2 A, + 542648 A5 A, -
682176 A AJ A, + 465120 A7 AJ A, - 212160 A A3 A, + 66640 AT A5 A, - 13440 A AJ A, +

1344 A5 A3 A, - 46512 A5 A, + 53048 A; A A, - 28560 A7 A A, + 8480 AL AT A, - 1120A AS A, +
1904 A5 A, - 1448 A, A5 A, + 336 A] A A, - 16 A5 A, + 9152528 A3 A, - 7845024 A; A3 A, +

4604688 AT As A, - 2170560 A; As Ay + 852720 A7 Az A, - 279072 A7 Az Ay + 74256 A Az A, -
15232A7 A, A, + 2160 A A A, - 160 A A, A, - 3869792 A, A, A, + 3255848 A, A; A A, -

2046528 A2 A, A A, + 930240 A3 A, Aj A, - 318240 AT A, A A, + 79968 A% A, Az A, -

13440 A° Ay Az Ay + 1152 A7 Ay Az Ay + 511632 A3 Az A, - 558144 Ay A2 Az A, + 318240 AZ A2 Az A, -
114248 A2 A2 A; A, + 25200 A7 A2 A; A, - 2688 A AZA; A, -42432A5A; A, + 38880 A, A A A, -
14400 A2 A2 A3 A, + 2240 A7 A A3 A, + 1200 A5 Az A, - 480 A, A5 Az A, - 542648 A2 A, +

511632 A; AZA, - 279072 A2 A2 A, + 106080 A; A3 A, - 28560 A7 AS A, + 5040 A5 A2 A, -

A48 A2 A2 A, + 139536 A3 A2 A, - 127296 A Ay Al Ay + 57 120 A2 A, A2 A, - 14400 A5 Ay Al A, +

1680 A7 A, ASA, -11424A2A7A, + 7200 A, A2 AJA, - 1440 AT A2 A2 A, + 160 A5 AZA, + 16688 AS A, -
7616 A; A3 Ay + 2408 AT AS A, - 320 A5 AS Ay - 960 A, A3 Ay + 320A; A, AL Ay - 16 A5 A, + 1961256 A) -
1534896 A, AL + 813960 A2 A2 - 341 888 A; A2 + 116 280 AT AL - 31824 A7 A + 6664 A5 A2 -

960 A7 A2 + 72 A0 A2 - 542640 A, A2 + 511632 A, A, A2 - 279072 A1 A, A2 + 196080 A} A; A2 -

28560 A7 A, A2 + 5040 A5 A, A2 - 448 A° A, A2 + 69768 A2 A2 - 63648 A, AJ A2 + 28560 A2 AJ A2 -
7200 A; A3 AL + BAB AT AS A2 - 3808 AJ A2 + 2400 A, A3 A2 - 488 AZ A3 A2 + 40 AT A2 - 178544 A, A2 +
139536 A; A; A2 - 63648 A2 A; A2 +19048 A2 A3 A2 - 3680 AT A3 A2 + 336 AT A; A2 + 31824 A, A3 A2 -
22848 A; A, As AL + 7200 AT A, As AL - 968 A; A, Az A - 1440 A5 Az A2 + 480 A; A A; A2 +

2856 A2 A2 - 1446 A, AZ A2 + 240 A2 A2A2 - 96 A, AZA2 - 15504 A7 + 16608 A, A - 3888 AZ A2 +

800 A2 A} - 80 ATA] + 1984 A, A2 - 960 A; Ay AL + 16BAZ A, AD - 32 A2 A2 + 240 A3 A} - 64 A; A AL +

4 A} 38630800 A; + 19612560 A A, - 9152528 A2 A, + 3922512 A3 A, - 1534896 A A, +

542640 A5 A; - 176544 AS A; + 46 512 A A; - 10608 AT A + 1904 A7 A; - 248 A1° A; + 16 AT A +
9152528 A, A; - 7845024 A A, A, + 4604688 AZ A, A; - 2176568 A2 A, A, + 852728 A7 A, A; -
2790872 A Ay As + 74256 AS Ay Ay - 15232 A Ay A; + 2168 A5 Ay A; - 168 A7 A, A; - 1534896 A2 A +
16279204, A2A; - 1023264 A2 A2A; + 465120 A2 A2 A, - 159120 AT AZ A, + 39984 AT AZ A -

6720 A5 A2 A, + 576 A] A2 A, + 178544 A3 A, - 186048 A) A2 A + 186080 A2 A3 A, - 38080 A2 A2 A +
84008 A} A3 A; - B96 AJ A2 A, - 10608 AT A; + 9520 A AT A; - 3600 A2 AT A, + 560 A2 AS A, +

248 A5 A, - 96 Ay A3 A + 3922512 A5 A, - 3869792 A; A A; + 1627920 A2 A3 A, - 682176 A3 Az A +
232560 A7 As As - 63648 A5 As A + 13328 A° Az A - 1920 A7 As As + 144 AZ A; A; - 1885280 A, As A +
1023264 A; A, A; A - 558 144 A2 A, A Ag + 212160 A2 A, Ay A; - 57128 A% A, A; A + 18B8B AS A, A; A; -
896 AS Ay Az As + 139536 A2 A3 A; - 127 296 Ay A2 Az As + 57120 A2 A2 A3 A; - 14400 A2 A2 A3 As +

1688 AT A2 A3 A, - 7616 AJ A3 A; + 4800 A; AJ A3 A; - 960 A AS A A, + BBAT A A; - 178544 A2 A, +
139536 A; A As - 63648 A2 A2 A; + 19040 A7 A As - 3600 AT A2 As + 336 A] AS As + 31824 A, A2 A, -
22848A A, A2 A, + 72002 A, AZA; - 960 A3 A, A2 A - 1440 A2 A2 A + 48D A, A2 A2 A + 1904 A2 A, -
960 A; As As + L6BAZ AT A; - 64 A; AJ A + 1534896 A  A; - 1085286 A; Ay As + 511632A2 A, A, -
186048 A A, A; + 53040 AT A, A - 11424 A5 A, A; + 1680 A5 A, A; - 128 A7 A A, - 341888 A; A, A +
279072 Ag Ay Aj A - 127296 A2 A; Ay As + 38888 A; Ay Ay As - 7200 AT Ay Ay As + 672 A7 Ay Az A +

-16 -



31824 A2A, A; - 22848 A, AS A A, + 7200 A2 A2 A, A; - 960 AS A2 A, A; - 968 A3 A, A +

320 A, A2 A, As - 93024 Ay A A + 63648 A Ay Ay As - 22848 A2 A; A, A + 4800 A2 Ay A, A -
ASB AT Az Ay As + 11424 Ay Az Ay As - 5760 Ay Ay Az Ay As + 968 A2 Ay Az Ay As - 192 A3 A3 A Ag +

720 AIA, As - 192 A AJ A, A; - 10608 A A; + 5712 A, AJ A; - 1440 A2 A2 A, + 168 A2 AZA; +

720 A3 A2As - 192 A; Ay A2 As + 48 A3 A2 As + 271320 A2 - 170544 A A2 + 69768 A2 A2 - 21216 AT A2 +
4760 A A2 - 720 A5 Al + 56 AS A2 - 46512 A, A2 + 31824 A A, A2 - 11424 A2 A, A2 + 2408 A] A, AZ -
248 AT A, A2 + 2856 A3 A2 - 1440 A A2AZ + 240 A2 AZ A2 - 32 A0 A2 - 10608 A3 A2 + 5712 A; Az A -
1448 A7 A; A2+ 160 AJ A3 A2 + 720 A, A3 A2 - 192 A A, A; AL + 24 A5 A2 - 1984 A, A2 + 720 A, A, AL -
96 A2 A, A2 + 48 Ay AL A2 - 8O AL + 16 A; A) - 19612560 A + 9152528 A3 Ag - 3922512 A2 A +
1534896 A] Ag - 542648 A7 A, + 170544 A A, - 46512 AS A, + 106088 AT A, - 1964 A A, +

248 A2 Ag - 16 AJ° Ag + 3922512 A; Ag - 3869792 A; A; Ag + 1627920 A2 A; Ag - 682176 A A; Ag +
232560 A% A; A - 63648A% A; A + 13328 A% A, A - 1920 A7 A, A + 144 A A, A - 542640 A2 A, +
511632 A; A2 Ag - 279672 A2 A2 A; + 186680 A; A3 Ag - 28560 AT A2 Ag + 5640 AT A3 A, -

448 AS A2 Ag + 46512 A) Ag - 42432 A, A) Ao + 19848 A2 A A, - 4800 A2 AS A + 5608 AT A3 A -

1904 A3 Ag + 1280 A; A A - 240 A2 AJ Ag + 16 A5 Ag + 1534896 A; Ag - 1085280 A, A; A +

511632 A2 A3 Ao - 186 848 A; A3 Ag + 53840 A7 A3 A, - 11424 AT A; A, + 1688 AS Az A, -

128 A7 A; A - 341888 A, Ay Ay + 279072 Ay Ay Ay A, - 127296 A2 A, A; Ag + 38080 A2 A, A; A, -

7200 A7 A; A3 Ag + 672 A5 Ay A Ag + 31824 A2 A3 Ag - 22848 A; A2 Az Ag + 7200 A2 A2 A; A -

960 A2 AZA; A - 968 A3 As Ag + 320 A, A A Ag - 46512 A2A; + 31824 A, A3 A - 11424 A2 A2 A, +
2400 A} AL Ag - 240 AT A3 Ag + 5712 A, AS Ag - 2880 A; A; Al Ag + 480 AT A, AL Ag - 96 A3 AL A +

248 A3 A - 64 AL AS Ag + 542648 A, Ag - 341088 A; Ay Ag + 139536 A2 A, A - 42432 A% A  Ag +
9520 A7 Ay Ag - 1440 AT Ay Ag + 112 A° A Ag - 930824 Ay Ay Ag + 63648 Ay Ay Ay Ag - 22848 A% Ay Ay A +
4800 AS A, A, Ag - 48O AT A, Ay Ag + 5712 A2 A, A - 2880 A, A2 A, Ao + 4BB A2 AZA, A - 64 A) Ay A, -
21216 A3 Ag A + 11424 A1 Az Ay Ag - 2880 AT A3 As Ag + 320A; Az Ay Ag + 1440 A, As Ay A -

384 A; A, Az Ay Ag + 48 A2 A, A, - 1904 A2 Ag + 720 A, AZ A - 96 A2 AZ Ag + 4B Ay A2 Ag + 170544 A A -
93824 A, Ag A + 31824 A2 A A, - 7616 A2 Ag Ag + 1200 A% A Ag - 96 A As Ag - 21216 A, Ag A +
11424 A, A, As Ag - 2888 A2 A, A Ag + 320 AT A, Ag Ag + 720 A2 Ag Ag - 192 A, AZ A A -

3808 Az Ag Ag + 1448 A; Az Ag Ag - 192 A2 A3 Ag Ag + 96 A; Az As Ag - 480 A, Ag Ag + 96 Ay Ay A Ag -

16 AZ A + 23256 A2 - 18608 A, A2 + 2856 A2 A2 - 480 A3 A2 + 40 AT A2 - 1904 A, A2 + 720 A, A, A? -
96 AZ A, A2 + 24 A2 A2 - 240 A; A2 + 4B A A3 AZ - 16 A, A2 - 9152528 A, + 3922512 A A, -

1534896 A2 A, + 542648 A5 A, - 176544 A% A, + 46512 AT A, - 18608 A° A, + 1904 A] A, -

240 A3 A, + 16 AJ A; + 1534896 A; A; - 1685280 Ay Aj A; + 511632 A2 A, A; - 186 4B A Ay A +
53040 A7 A, A, - 11424 A5 A, A, + 1680 A5 A, A, - 128 A A, A, - 170544 A2 A, + 139536 A; A2 A, -
63648 A2 AZA; + 19048 A3 AJ A, - 3600 AT A2 A; + 336 A5 AZA; + 18608 A A; - 7616 Ay A A; +

2400 A2 A3 A; - 320A° A A, - 240A% A, + 8BAL A A, + 542640 Ay A, - 341088 A, A; A, +

139536 AZA; A, -42432 A3 A, A, +9520AT Az A, - 1440 A3 A A, + L12AS A A, - 93024 A A3 A, +
63648 A; A, A; A, - 22848 A2 A, As A, + 4800 A A, Ay A, - 48B AT A, A; A, + 5712 A3 Aj A, -

2888 A; AJAs A, +48BAZ AT A A, - 64 A A A, - 10688 AT A, + 5712 A, A2 A, - 1440 A2 AL A, +

160 A; AA; + 720 A, A2 A; - 192 A; A, AL A; + 16 A3 A; + 170544 A4 A, - 93024 A1 Al A; +

31824A2 A, A, - 7616 A2 A, A, + 1208 AT A, A; - 96 A5 AL A, - 21216 A, A A; + 11424 A, Ay AL A, -
2880 A2 Ay AL A; + 320A7 Ay Ag Ay + 720 A2 A A, - 192 Ag A2 A, A; - 38BB A3 AL A; + 1440 Ay Az Az A7 -
192 A2 A; A A; +96 A, A3 Ay Ay - 24BA2A; + 48 AL AZ A, + 46512 Ag Ay - 21216 A A A; +

5712 A2 Ag A; - 960 AZ Ag A; + BB AT Ag A; - 3808 A, Ag A; + 1448 A, A; Ag A, - 192 A2 A, Ag A, +
ARAZAS A, -A8B A3 Aj A, +96 Ay A3 A A; - 32 A, A A; + 18608 A A, - 3888 A; A A, + 720 A2 A A, -
64 A3 Ag A, - 488 Ay Ag A; + 96 Ap Az Ag A; - 32 A3 Ag Ay + 952 A% - 240 A; A2 + 24 AZ A2 - 16 A; A2 -
3922512 A + 1534896 A; Ag - 542640 A2 Ag + 178544 A Ag - 46512 A} A + 10608 A Ag -
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1904 AS Ag + 24B Al Ag - 16 AS Ag + 542640 A; Ag - 341088 A; A; Ag + 139536 A2 A, Ag -

424323 A; Ay + 9520 A7 A, Ag - 1448 A; A, Ag + 112 A5 A, Ag - 46512 A Ag + 31824 A, A Ag -
11424 A2 A2 Ag + 2400 A3 A2 Ag - 240 AT AZ Ag + 1984 A3 A - 960 A; A3 Ag + 160 A2 A3 A, -

16 A5 Ag + 1706544 A3 Ag - 93024 Ay A3 Ag + 31824 A2 A; Ag - 7616 A2 A; Ag + 1200 AT A; Ag -

96 A3 Ay Ag - 21216 A, As Ag + 11424 A, Ay As Ag - 2880 A2 A, A Ay + 320 A2 A, A3 Ag + 720 A2 A5 A -
192 Ay A2 A3 Ag - 1904 A2 Ag + 720 A; A2 Ag - 96 A2 A Ag + 48 A, A2 Ag + 46 512 Ay Ag - 21 216 A; Ay Ag +
5712 A2 Ay Ag - 960 A> A, Ag + BB A A, A - 3BB8 A, Ay Ag + 1440 A, A, A, Ag - 192 A2 A, A, Ag +

A8 A2 A, Ag - 480 Az Ay Ag + 96 Ay Az Ay Ag - 16 A2 Ag + 10 608 A; Ag - 3808 A; As Ag + 720 A2 As Ag -
64 A3 A; Ag - 480 A, A Ag + 96 Ay Ay Ag Ag - 32 Ay Ag Ag + 1984 Ag Ay - 48B A, A Ag + 48 A2 A A, -
32A; Ag Ag + 248 A; Ag - 32 A A; Ag + 8 A2 - 1534896 A + 542648 A; Ag - 178544 A2 A, +
46512A7 A, - 10608 AT Ay + 1904 AS Ay - 240 A° A, + 16 A7 A, + 170544 A, A, - 93024 A, A, Ag +
31824A2A; A - 7616 A Ay Ao + 1208 AT A, Ay - 96 A5 A; Ag - 10608 A3 Ay + 5712 A, A2 A, -

1448 A2 A2 Ay + 168 A7 A2 Ay + 24B A2 Ay - 64 A, A] Ag + 46 512 Ay Ay - 21216 Ay Ay Ag +

5712 A2 A; Ay - 968 A3 Az Ag + BB AT Az Ag - 3808 A, Az Ay + 1440 A; Ay Az Ag - 192 A2 Ay Az Ag +
ABAZA; Ay - 240 A2 Ay + 48 AL A2 A, + 1B6BBA, Ay - 3808 A Ay Ay + 720 A2 A4 Ay - 64 AT Ay A, -
480 A, Ay Ag + 96 A Ay Ay Ag - 32A3 Ay Ag + 1904 Ag Ay - 480 A, As Ay + 48 A2 As Ay - 324, Ag A, +
240 Ag Ag - 32 A; Ag A + 16 A; Ag - 542640 Ajg + 170544 A; Agp - 46 512 AT Agg + 10 688 A2 Ay -
1904 A} Ajp + 248 A5 Ay - 16 AS Ay + 46512 A, Ajg - 21216 Ay Ay Ajg + 5712AT A, Agp -

960 A} Ay A + BB AT A, Ajg - 1904 A2 Ajp + 720 Ay A2 Ajg - 96 A2 AJ Agg + 16 A Ay + 1B 688 A3 Agp -
3808 A; Ay A + 720 A2 A As - 64 AT A Afp 480 A, As Ajg + 96 A Ay Az A - 16 A2 A0 +

1904 A Agp - 480 Ay Ay Agg + 48 A2 Ay Ajp - 32 A; Ay Ajp + 240 A5 Ajg - 32 Ag As Agp + 16 Ag Agp -
170544 A, + 46512 A, Ay - 10608 AZ A, + 1984 A2 Ay, - 240 A2 Ay, + 16 A Ay; + 10608 A; Ay -
3808 A; A; Ayy + 720 A2 Ay Ayg - 64 A2 Ay Ay - 240 A5 Ag; + 4B Ay A Agq + 1904 Az Ayy - 480 Ay Az Ay +
ABAZA; Ay -32A; A3 Ay +240 A Ay - 32A; Aj Ay + 16 A Ay - 46512 A, + 18688 Ay Ay, -

1904 A2 Ag; + 248 A; Ay; - 16 A Ao + 1984 A, Ag; - 488 A Ay Ao + 48 A2 A; Ao - 16 A2 Ags +

240 A3 A5 - 32A; A3 Ay, + 16 Ay Ay - 10608 A3 + 1984 A, A3 - 248 A2 A5 + 16 A5 Aj; + 240 A, A ; -
32A; Ay Aps + 16 Ay Ayy - 1984 Ay, + 240 A; Ajy - L6 AZ Ay, + 16 Ay Ay, - 240 Ay + 16 Ay A - 16 Agg

SetPrecision[fl6[38668], 185]

1.52095375313428790416691125096776570270017381985973087702928876918849976318838048230 -
446715281948097135528 x 10>

SetPrecision[gl6, 158]

1.52095375313428790416691125096776570270017381985973087702928876918849076318838048230 -
446715281948071235606 < 107

1.52695375313428790416691125696776570270617381985973687702928876918849076318838648236-
4467152819488713552776152151427781° 1863.64525271813926%x"~-37 /
1.52695375313428796416691125689677657627061738198597388770292887691884967631883864823+
B8446715281948067135606634755589948988° 163, 841568417936863x~-37
0.99999999999999999999999999999999999999999999999999999999999999999999999999999999999 .
999999999999999999483
1-%
5.2x 1077
That is, the sum of the 16 th powers of 30,000 zeros on the critical line is 101 nines ( 101N ) of the theoretical value. Therefore,
the probability that the Riemann Hypothesis is false is less than 10_101.
For reference, on my computer ( Intel Core i7-9750H , 16GB), it took 3.5 hours to calculate f;5(30000) and 2 seconds

to calculate J1¢6.
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The precision of the calculation appears to increase by 6.3 digits as the degree increases by one. That is, the degree of exponent and
the precision of the calculation are roughly proportional. If so, may be 1071%% 4t the 160 th degree and 1071999 4t the 1600 th degree.

Such calculations are possible using the formulas presented in this chapter. Therefore, the probability that the Riemann Hypothesis is false

is very close to zero.

2025.01.29

Kano Kono

Hiroshima, Japan
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