Proof of Riemann Hypothesis for Dirichlet Beta using Li Coefficients

Abstract

(1) The Li coefficients for the Completed Dirichlet Beta Function w(Z ) can be defined at the left edge of the critical strip.
And this can be derived from both @(z ) and the Hadamard product. If these are written as OAN and OunN respectively,
then oAn = ojn must be true.

(2) The Li coefficients can also be defined at the right edge of the critical strip. And this can also be derived from both a)(z )
and the Hadamard product. If these are written as 1An and 1un respectively, then 1An=1jn must be true.

(3) The Li coefficients from a)(z ) becomes oAn = 1An by functional equation and the definition. On the other hand, opn, 1Un
obtained from the Hadamard product can be expressed by the conjugate zeros X+ iyr r=1,2,3, - . However, according
to this, opn # 1un in generally.

(4) A necessary and sufficient condition for on = 1un is that the zeros of @(z) are on the critical line x=1/2 . Only in this
case, oAn=oMn=1ln=1An is completed. And these Li Coefficients satisfy Li's Criterion. Thus, the Riemann hypothesis for

the Dirichlet Beta Function £3(z) holds as a theorem.
Introduction

Functions studied in this paper
In this paper, we study the Dirichlet Beta Function ﬁ(z ) and the Completed Dirichlet Beta Function ®(z), which are
defined as follows.

B(2) i_i+i_i+...:i{;(z,l)_§(z,§)} ©0.0)
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In addition, it is known that these zeros are equivalent in the critical strip (0 < Re(z ) <1).

()

Notation for zeros of £(z) and w(z)
In this paper, the zeros o of the ﬂ(z ) and the a)(Z ) are described as follows:

(1) Complex number notation

(2) Real and imaginary parts notation
Putting por-1 =X, =1y, , por =X +iy, r=1,2,3, (yr > O) ,

@ 1 1 3 z z
—+ - 1-——— || 1-———
rgl( Xe=1Ye  XeH1Y, ) ’ rlle( Xp= 1Yy ) ( Xe+1Yy )




1 Li Coefficients at the Left Edge of the Critical Strip

The Li coefficients in this chapter are defined at the left edge of the critical strip Z=0 .

1.1 Li Coefficients from the @ function oAn

The Li coefficients in this section are derived from the Completed Dirichlet Beta Function a)(Z )

Theorem 1.1

Let us define the Li coefficient Mn using the following two formulas.

—(_—1)” _n _-\n-1
%= 1) { o (172)" o a’(Z)LO (1.1a)
1+z
w(z):(%) F(l—;)ﬂ(z) 0.0)
Then, (ﬂn is expressed as follows:
1 no(n s ) Bst(w(l), 0@ .. ’w(s))
= -1 S -1 t-1 1)1 ) .
o (n-1)!§1(s )(S)”‘S( ) [tzl( >T(t-1) oA2)! . (1)

Where, (a )k is the Pochhammer symbol and Bn,k(fl , f2 ) e ) is the Bell polynomial.

Proof
(1) Higher-order Derivatives of (1-z )n_l
d 1
dz*
2

L (12)™ = (n-2)(n-1)(1-2)"
dz

d3

dz3

(1-2)"* = -(n-1)(1-z)"?

(1-2)"* = -(n-3)(n-2)(n-1)(1-z)"*

L1 = (n¥{(n-5) - (n-2)(n-1))(2-2)"

Pochhammer symbol is
(a),=a(a+1)-(a+k-1)
Using this,
(n-s), =(n-s)(n-s+1)~(n-s+k-1)
From this,
(n-s),=(n-s)(n-s+1)~(n-1) =(n-s) - (n-2)(n-1)
Therefore,
4s

S

(1-2)"" = (-D*(n-s),(1-2)""
dz

Replacing S with N =S,

n-s

(1-2)"* = (D" (s) ¢ (1-2)* (1.1)

dZ n-s



(2) Higher-order Derivatives of 10g a(z )

According to 22.2.3 in my paper "[22 Higher Derivative of Composition]" , when B ; (fl i PR ) is Bell polynomial

{log f(x)}(M = Z( D Hr-1)18,,(fy,fo, . F)f " n>1
So,
s B (a)(l) a)(Z) a)(s))
=Y ED(t-1) 1 = S >1 .
t;l( )TH(t-1) e s (1.24)
(3) Higher-order Derivatives of (1-z)"*log a(z)
Leibniz's law is
n n
(f(2)g(2))® = 3 ( . )f“'”(z)g‘”(z)
Substitute[(1.1)]and (1.24) for this. Then since N, >1,
n
(1 2)"Yog af(z) = Z ( ){(—1)”'s(s)n_s(l—z)s'1}
dz" =1\ S
s ) Bs,t(w(l): w(Z), ,a)(s))
x t221(—1)t Yt-1)1 ) (1.32)
(4) Li Coefficients 04n,
Substituting (1.34) fo
— (_1) " 4\ N-s _o)s-1
Mn_ (n 1) [g( ){(1) (S)n_s(l Z) }
s (a)(l) w(2) w(S)) T
~D(t-1) 1 = S
xtgl( ) (t-1) e .
- [ s L B t(a)(l) w(Z) a)(s)) i
_1\$S L s ! o
Mn_ (n 1) sgl( )(S)n—s( 1) tzzl( l) (t l)! C()(Z)t 1,5 a-4)
Q.E.D.
The first few are
_ D e'(2)
o= oy M
B -D? .. 2w'(2) (1-2)0'(2)? (1-2)@"(2)
2=y 11“3{' o) w? | w2) J
3 ' ' 2 2 3
o = -1 hm{ 60'(2)  6(1-2)e'(2)>  2(1-2)°0'(2)
21 -0 az) a(7)? a(2)3
6(1-2)a' (2) _ 3(1-2)°' ()& (2) | (1—2)20)(3)(2)J
2) (2)? o(2)
Further, when we calculate these using the mathematical processing software Mathematica, it is as follows.


https://fractional-calculus.com/higher_derivative_composition.pdf

fin_,z_] = z)“lLog[w[zJ]

wl[z_] : [ ] Gamma

Unprotect [Power]; Power[8, B8] = 1;

z
] DirichletBeta[z]

-1yt
oA = 2 Limit [FullSimplify[&,f[1, z]], z » 8]
e!
N[oA ] 0.8777839899617847"
(-1)*
oAy = Limit [FullSimplify[&,8,f[2, z]], z » ©]
11

N[oA;] 0.31021808946399876"

(-1)3

Limit [FullSimplify[8,8,8,F[3, z]], z » ©]
21

N[oA;] 0.6945704213216022°

4

oX, = Limit [Simplify[8,8,8,8,f[4, 2]], z » ©]
31

N[oA,] 1.2263597364285356°

A1 is equal to the sum of the reciprocals of the zeros on the critical line of the Dirichlet Beta Function. ( OEIS [A360807/).

1.2 Li Coefficients from the Hadamard product opn

The Li coefficients in this section are derived from the Hadamard product.

Theorem 1.2

Let us define the Li coefficient gis, using the following two formulas.

_1 n n
:_( )||: d (1 Z)n 1I0ga)(z)] (1.2
(n_l) ) dZ z=0
o(z) = If{ ( 1‘&) where, p, (k=1,2,3, ) are zeros of axz) ©0.p)
Then, Qi is expressed as follows:
0 1 n
w527 (0
Proof

(1) Higher-order Derivatives of (1-z)"*
This is the same as |1.1 (1) | That is,

(;jn S (1-2)"t= (D" (s),(1-2) A.1)
z

(2) Higher-order Derivatives of l0g a(z)
Taking the logarithm of both sides of (0.p),

log a(z) =log ﬂ(l—i) = ilog(l—i)
k=1 yon k=1 Pk

-3-
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Differentiating both sides with respect to Z ,

iloga;(z)——Zlog(l—E) ﬁ_llﬂ(

d d k=1 /pk
i.e.
R
—logw(z) =- %
k=1 —Z
2 00 1
—log (z) = - % 5
dz* 1 (p-2)
el 2
—log o(z) =-2 3
dz*® k=1 (p-2)
s = (s-1)1
—log a(z) = -3 (s-2) (1.21)
dz 1 (p-2)°
(3) Higher-order Derivative Coefiicients (2=0) of (1-z)"*log a(z)
Applying the Leibniz's law to“and (1.2u) ,
ca-m g =< (1 enme),, e g CE
dz" k=1 (p-2)°
Since (0O-1)! is not possible, changing the initial value of the first X subscript from O to 1,
d" no(n ) o (5-1)1
(12 g otz) = - 3 [ enms), (1m0 3 B
" S & (p-2)°
Further,
B _(n-1)1
(S)n—s —S(S‘l‘l)"'(n—l) - (S—l)l
Substituting this for the above,
d" _ no(n s (n=1)1 & (s-1)0
1-2)"tlog af(z) = - ( ) DS L (1-z7)5tY — —
dz”< ) J sgl s ( (3-1)!< ) g‘l (p-2)°
i.e.
n 00 n n _1 S
d <1—z>“-1|oga><z>=-(—1)”<n—1>!2z( )(1—z>8-1¥
dz" k=1s=1\ S (pk—z)s
The derivative coefficient of this at Z=0, the left edge of the critical strip, is
00 n n _1 S
- z>“|ogw<z>] - g £ [1)
dz =0 k=1s=1\§ A(s
oo () (D’
SRENIT wz(z( | £ -1)
k=1\ s=0 \ S yo
1 n
=-(C-D"(n-1)! ((1——) —1)
k=1
i.e.
dn 0 1 n
(1-2)"tlog &(z) =(—1)‘”(n—1)!2(1—(1——) ) (1.3u)
dz" =0 k=1 A



(4) Li Coefficients QK

Substituting[(1.322)| fof (1.2d)],

0 1 n
oun=k21 1—(1—;) (1.40)
1.3 od1 and qu

For the Li coefficients od,, , g, the following lemma holds especially when N=1.

Lemma 1.3
Let g, k=1,2,3, - are zeros of the xi function, and let pPor_1 =X, —1Y,, Ooy =X, 1Y, r=1,2,3, .
Then,

y 1 1 D' . 0 (2)
= l =0.
rgl( X =Y, * X +iy, ) o1 21513 o(2) 0.0777839

Proof
In especially when N=1,

w33 )-

”MS

k=1 k=1

1
P
Let Por_1 =X, =1Yp, Por =X +iY, r=1,2,3,~ . Then
< 1 1
= —+ -
¥ rg1( Xe=1Yr Xr+|yr)
On the other hand, in , especially when N=1,
-t "(z
_ D e (@)

0! z-0 a)(Z)
Since 041 = aqu1,
ST 1 D' w'(2)
—+ - = ] =0.0777839--
r;( Xp=1Y, xr+|yr) 0! 11{2 a(2)

Q.E.D.

Note

When a((z) = 1+Aqz 1+A22 2+A324 +-- , the following holds according to Theorem 8.2.1 in my papaer

"|08 Power Series of Completed Dirichlet Beta|". This is the Vieta's formula .

@ 1
2 —
k=1

= _Al

-2 ( (109242287 ) (10 2) s 2) a2 ) 2) - YE2 (10 2 )

- (-0.0777839--)

Alw

)


https://fractional-calculus.com/power_series_completed_dirichlet_beta.pdf

2 Li Coefficients at the Right Edge of the Critical Strip
The Li coefficients in this chapter are defined at the right edge of the critical strip Z=1 .

2.1 Li Coefficients from the @ function 1An

The Li coefficients in this section are derived from the Completed Dirichlet Beta Function a)(z )

Theorem 2.1

Let us define the Li coefficient (yln using the following two formulas.

_ 1 dn n-1
1}“n_ (n_l)!|:dznz Ioga)(z)}

=1
2 \1 [ 14z
a)(2)=(—) l‘( )ﬂ(Z)
N3
Then, 1A, is expressed as follows:
n s ) B t(w(l), a)(Z)’ ,a)(s))
=gy s )<s>n_5[ S (o)1
(n- 1) =} =1 &2)t
Where, (a )k is the Pochhammer symbol and Bn,k(fl , f2 ) e ) is the Bell polynomial.
Proof
(1) Higher-order Derivatives of "+
ds n-1 _ n-1-s
2" ={(n-s) ~ (n-2)(n-1)}z
dz®
Using the Pochhammer symbol (a) K
° 1 1
2" =(n-s) z"°
dz® )
Replacing S with N =S
dn—s n-1 _ s-1
dZn_Sz =(5) 2
(2) Higher-order Derivatives of 10g @ (z)
This is the same as That is,
s B (a)(l), a)(2), ,a)(s))
=2 D (t-1) 1= s>1

dz® t=1 a(z)t

(3) Higher-order Derivatives of Z n-1 Iog a)(Z )

Leibniz's law is

H2)g(2)}™® = 3 (2 )f“‘”(z)g‘”m

s=0

Substitute (2.1) and (1.24) for this. Then since n,s > 1,

B, (0@, 6@, ..

L og w(z) = Y (n )<s>n_szs-lzs D (t-1)!
S t=1

dz s=1

o(z)"

2.1d)
0.w)
=1
2.1)
(1.22)
&)
2.32)



(4) Li Coefficients 141,

Substituting|(2.31)] for,

] B. (0@ @, . o) ]
4= s-1 t-1 S't ! ! !
O T [2( )(S)“ 3 D) o2 -
- i [ i ~ B, (0@, 0@, - &) ]
Wy = (n 1) 1 sgl( )(S)n—s t;l(‘l) (t_]')! Ct)(Z)t =1 @4
Q.E.D.

The first few are

et o5
=y | 25 -2 2
1 . | 60'(z) 610'(2)% 27%0'(2)°
1/13—312151{ oaz) X2)? + D)
J(z) 3% () (2)  2209(2)
ao(7) a(2)? ao(2)

Further, when these were calculated using the mathematical processing software Mathematica, they were in perfect

consistent with the result in]1.1.(4)|.

2.2 Li Coefficients from the Hadamard product 1un
The Li coefficients in this section are derived from the Hadamard product.

Theorem 2.2
Let us define the Li coefficient 144, using the following two formulas.
1 d" o1
Uh = _—,l 2" "log (7) (2.2d)
(n l) ’ dz" z=1
= z
o(z) = 11 ( 1-— ) where, p, (k=1,2,3, ) are zeros of a(z) ©0.p)
= P
Then, 14, is expressed as follows:
00 1 -n
wn = 2 1'(1'_) @.u)
k=1 Yo
Proof

(1) Higher-order Derivatives of ™+

This is the same as|2.1 (1) | That is,
d™
7 n
dZ n-s

l:<s)n_szs—1 (2.1)



(2) Higher-order Derivatives of l0g @(z )

This is the same as J That is,
(-1
(ﬂK z)?

However, in this section, we use the following formula, where Ok —Z is replaced with Z = .

(s-1)!

2 151
¢ (z-p)°

(3) Higher-order Derivative Coefficients (Z=1) of Z n-1 Iog a)(Z )

Applying the Leibniz's law to|(2.1)land (2.2x) ,

d" .- n _ s-1
—z”lloga;(z):Z( )(s)n5312(1)51( !
dz" s=0 (z-p)°
Since (O-1)! is not possible, changing the initial value of the first £ subscript from O to 1,
d" .- no(n 1R 4 (s-1)1
—2" g w(z) = ¥ ( )(S>n_32”2(—1)s 1(—)5
dz s=1\'S k=1 (z-p¢)
Further,
(n-1)!
S =s(s+1 n-1 I a—
( )n—S ( ) ( ) (S—l)!
Substituting this for the abowe,
n 0 n n —1 S
d—z”'llog o(z) =-(n-1)1% > ( )25'1—( )
dz" k=1s=1 \ S (Z—,Dk)s
The derivative coefficient of this at Z=1, the right edge of the critical strip, is
n B 0 n n —1 S
{d—z”llogco(n} =—(n—1)!22( )g
dz" -1 k=1s=1 \ S (1‘A<)S
n _ S
( ) (GO
k=1| s=0 \ S (1_pk)5

I T
| |
~~ ~~
> >
| |
[ [
N—r N—r
Ds Ds
—_—

M=

dz =1

(4) Li Coefficients 14n

Substituting (2.34) for](2.2d)]
0 1 n
w=g (1]
k=1 - A

Now, for any complex number P, , the following holds:

=

Therefore, 144, becomes further as follows.

{d—nnz”"llog a)(z)} =(n-1)1 i (1—(1

|

£

/JK—l)'”

|

-

(2.2u)

(2.3u)



2.4)

Q.E.D.



3 Inequality of Left and Right C oefficients

3.1 Li Coefficients from the @ function oAn & 1An
|Theorem 1_1|and |Theorem 2.1 | give the Li coefficients oAn » 14, from the @ functions at the left and right edge of the critical

strip. The question here is whether oln and 14, are equal. The conclusion is that they are equal. This is shown below as a

theorem.

Theorem 3.1
Let the Li Coefficients Mn , l/ln at both edges of the critical strip be as follows:

L oafn s B, (0 0@, o)
= ), (-D° - (t-1) 1= 1
o (n—l)!§1(s)( Jo-sCD) [tEl( ) o(z)" 2=0 "
1 nn s B t(a)(l), w(Z)’ ,a)(s)) ‘|
Ay = —— s -DFH(t-1)1—= 2.
Yo (n—l)!sgl(s)( )n_sltgl( >t-1) o(z)" =1 7
Where,
2 \M? [ 14z
o =[] e o
Then, the following equation holds.
oAn = 1, n=1,2,3, (3.1)
Proof
(1.%) and (2.A) can be rewritten as follows:
1 no(n d*
=— (s)._ —15[—Io a)(z)]
oty (n—l)!sgl(S) s D) dz® J o
1 a(n d°
An = >~ S —1Ilo z
o (n—l)!sgl(S)()n_s{dZS ga)():|2:1

By the functional equation a)( YA ) = a)( 1-z ) , a)( z ) is line symmetry with respect to Z =1/2 . So, Iog a)( YA ) is also
line symmetry with respect to Z =1/2 . And the higher-order derivatives of |Oga)( z ) become as follows.
Odd-order derivatives: Point symmetry with respect to Z=1/2 (example: left figure) .

Even-order derivatives: Line symmetry with respect to Z=1/2 (example: right figure) .

Log(uizy'" Log{w(z))'”?

005

=005+

So, the following equation holds for the higher-order derivative coefficient (red dots) of Ioga)( Z)at S=0and s=1.

dsslog w(z)] =[ d” log a;(z)] fors=1,2,3, -

s
dz s=0 dz s=1

(-1)5[

Thus, Cﬂn = 1/1,1 - That is, this holds unconditionally based on the functional equation and the definition.

Q.E.D.

-10-



3.2 Li Coefficients from the Hadamard product opn & 1un

[Theorem 1.2]and [Theorem 2.2|give the Li Coefficients in » 14y from the Hadamard product at the left and right edge of the

critical strip. The question here is whether 04y and 1, are equal.

Lemma 3.2.1

Let p K=1,2,3, " are zeros of the e function, and let Por_1 = X, =Y, Por =X, +iY, r=1,2,3, . Then,
(1) Odd order

e 1 2n-1 © 2 n-1 -1 5 5 2641 o _en
Z(l——) = —Z -1 n—s—l( ) x2+y2_x n-2s

k=1 A< r=1 (Xr2+yr2)2n—1 5:0( ) 2(n—S—l) ( r yr r) yr

3 1|\ end 2 =t —s- 2n-1 2541 on_oe_
2(1‘_) = o 2 DT (xF+y2-x) "y
A ((1-%)2+y2)" " =0 2(n-s-1)

Proof

Since the imaginary part of p has T, assign g as in the assumption. Then,

1 1 1 1
S R e N = T M e
P2r-1 P2r Xp= 1Yy Xp+ 1y,
1 -1 1 -1 1 -1 1 -1
) ) ) )
P2r-1 P2r Xe=1Yr Xt 1y,
Making the denominator on the right hand side real,
(l— 1 ) +(1_ 1 ) _ Xrz"'yrz_xr i Yr + Xr2+yr2_xr + Yr
Par-1 Por X2 +y? X2 +y2 X2 +y2 X2 +y2
(1 1 )-1+(1 1 )'1_ X2+ = X%, i Yr
P2r-1 Pa2r (1_Xr)2+yr2 (l—Xr)2+yr2

+( Xr2+yr2_xr + Yr )
(1-x,)2+y/? (1-x,)2+y/?

These are complicated, so we will abbreviate them as follows.

X|'2+Yr2_xr _ Yr _ X|'2+Yr2_xr _ Yr _
2., .2 =A 2 2_Br ' 2 2_Cr’ 2 2—D,
XP +Yy X£ +Yy (1-x)"+yy (1-x)"+y;
Then,
When n=1
(1— )+(1— )=(Ar—iBr)+(Ar+iB,)=2Ar
Por-1 Por
1 \71 1 \71
(1— ) (1— ) = (C, -iD,) +(C, +iD,) = 2C,
Por-1 Por
When N=2

-11-



(1- L P 2:(A-iB)2+(A +iB,)? = 2(A? -B?)
pzr_]_ %)zr T r T r T r
1 \72 1\ s 2 > 2
1- +1- = (C, -iD,)2 +(C, +iD,)? = 2(c?-D?)
Por-1 Por
When N=3

34+ (A +iB,)%=2(A° - 3AB?)

|_\

= (C, -iD,)® +(C, +iD,)® = 2(c? - 3¢,D?)

= (A -iB)* + (A +iB,)* = 2(A* - 6A?B? +B})

—_
|_\
T e
AR
N —— — —~— —
+
—_— _  ~ _  ~
|_\
|
N
N
w
11
—~
>
|
o
SN—

-4 -4
(1- = ) +(1— ) = (C, -iD,)* +(C, +iD,)* = 2( ¢/ - 6C2D? + D))
P2r-1 P2r
The absolute values of the coefficient in 2( ) on the right sides are
1,1,1,1,3, 1,6,1, 1,10,5, 1,15,15,1, -
This integer sequence matches QEIS and is given by the following formula
T(n,k) =Binomial (n,2k), for n>0 & k=0,1,2, -

Using this,
Odd order
( - 1 ) 2n-1 .\ ( . 1 ) 2n-1 . nz_l(_l) n-1-s ( 2n-1 )A23+1an_23_2
Por-1 . s=0 2(n-s-1)) = "
( 1 1 ) -(2n—1)+( 1. 1 ) —(2n—1): X nz_:l(—l)”_l_s( 2n-1 ) 2t 2n-25-2
Por-1 Por 50 2(n-s-1)) = '
Even order
1 2n 1 2n n 2n _
oot e a2 ) g 2, o
P2r-1 P2r s=0 2(n-s)
-2n -2n 2n
(1_ 1 ) +(1_ 1 ) — Zi(_l)n s( )CZSDZH 2s
P2r-1 Por 5=0 2(n-s)
Here
0 1 n o0 1 n l n
Slo-a) =2l ) ()]
k=1 Jox r=1 P2r-1 P2y

S(ea) sl an) e a )

So, changing A, , B, , C,, D, back into their original symbols,

Odd order
2s+1
ﬁ(l_i)z“ o I | vy I
k=1 P r=1s=0 2(n-s-1) xr2+yr2 xr2+yr2
i 1 —(2n—l) i Z— nsl( 2n-1 )
1-— -
k=1( m() r=1 s=0 ) 2(n-s-1)

Xr2"'yr2_xr = Yr 2n-2s=2
| —mM - -
(1_Xr)2+yr2 (1_Xr)2+yr2

-12 -
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. 1 |21 © 2 B 2n-1 25+1 o0 oo
2(1——) :2—2“12(1)“ ( )(Xr2+yr2_xr)s yFr?

k=1 P =1 (sz"‘)’rz) =0 2(n-s-1)
. 1\ @D 2 n-1 N 2n-1 25+l op_oc_
E(l__) =2 o 2 DT (%7 +y7-x) "y
k=1 Px r=1 ( (l X ) +y; ) s=0 2(n-s-1)
Even order
S o) sos ey 2| [ X )T v |
- - T o4 £ D _ 2, .2 2, .2
k=1 A r=1 s=0 2(n-s) XS+, XS+,

o 1 \-2n w 2n xZ+y2-x | Yr 2n-2s
1-—| =2 -~
gl( M<) 5500 (Z(n—s))( (1—xr)2+yr2) ( (1_XI‘)2+Y|‘2)

Q.E.D.

Using this lemma, the Li Coefficients Ot » 144n can be obtained as follows:

Theorem 3.2.2
Let the Li coefficients qt¢,, , 144, at both edges of the critical strip be as follows:

w© 1\"
w13 ] (1
0 1 \™"
lun:Z(l—(l—E) ) (= on) (2.0)
k=1
Where,
wo(z) = lfll(l—é) oy (k=1,2,3, ) are zeros of a(z) 0.p)

Then, when por_1 =X, = 1Yy, por =X +1Y, r=1,2,3, - the Li coefficients qu,, , 14, can be rewritten as follow.

(1) Odd order

% 1 2n-1 25+1 on_os-
Y RS T
(Xr2+yr2) $=0 2(n-s-1)

2n-1 25+1 on_oe
_1{1— - 2“20( 1)”“(2( 1>)(><3+yr2—><r)s y?”z”}
r= ((1'Xr) +yr> s n-s-

(2) Even order

3 ; n-s 2n 2 2 _ 2n-2s
22[ ey 2 (z<n_s))(Xr+yr ) ]
o n 2
“‘2””5[1‘((1 Eee L N At
r=1 -X, +y; s=0 -
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Proof

Li Coefficients are

s ] e[ 2]
w8112 - e[ 2]

Here, using|Lemma 3.2.1|,

(1) Odd order

® 1 n-1 o 2n-1 25+l on_oe_
W21 =2 2, 1_—2“2(_1)“1( )(Xr2+yr2-xr> yore
r=1 (Xr2+yr2) s=0 2(n—s—1)
o n-1 o 2n-1 2s5+1 —Deo
a1 = 20 {1 - 2n_12(—1)”“( )(Xr2+yr2_xr) yore
r=1 ((1'Xr) +yr2) =0 2(n-s-1)

o0 l n _ 2 -
e I [

r=1 (Xr2+yr2) s=0 2(n—S)

o 1 _ 2n 2 _
iz = 2% |1 - 2nE(—l)“( )(sz"'yrz_xr) Ty

AU (@x)rey?) e o L2nes)

Remark

As seen inand, the zeros o, k=1,2,3, of az) are values that satisfy the following equations.
OMn = Oln , 1Hn= 1j'n n=1,23,
And, since oy = 1y n=1,2,3, from OHn= 1My N=1,2,3,- mustbe true.

However, obsening [Theorem 3.2.2[ if Xr2 # (1_Xr)2 r=1,2,3, theningeneral
O,Lln¢ 1,l'ln n=112131

This means that the following four-step logic does not hold in general.

olln =0y , 1Hn=%n , An=1dy, = OHn= 1ty
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4 Condition for Equality of Left and Right Li Coefficients

In this chapter, we will find the necessary and sufficient condition for 04 = 14, N=1,2,3, -, thereby proving that the

Riemann hypothesis for the Dirichlet Beta Function ﬁ( Z) holds as a theorem.

Theorem 4.1

Let the Li coefficients qt¢,, , 144, at both edges of the critical strip be as follows:

0 l n
oun=2(1—(1——) ) (1.40)
k=1 Jo¥
0 1 -n
Wy = 1-(1-—) ( =oun) (2.0)
k=1 o %
Where,

_[ 2\ 1 _ff 2 103
a)(z)—(ﬁ) l‘(T)ﬂ(z)—kIJl(l—pk) o (k=1,2,3,-) arezeros of aXz) (4.0)

Then, the necessary and sufficient condition for 04n = 14 N=1, 2,3, is Re(ﬂ) =1/2 k=1,2,3,.

Proof

First, the nontrivial zeros of the Dirichlet Beta function /;’(z ) are same as the zeros of the Completed Dirichlet Beta function

a)(Z) Further, ppr_q = 1/2_iyrvp2r= 1/2+iyr r=1,2,3,-.

l. Sufficiency
PRe(p) =% = V2 1=1,2,3, rom [Fesemazd]
QHan-1 = 1l2n-1
oo 1 n-1 N -1 2s+1 on_os-
=2y l——MZ(—l)”Sl( )(yrz—1/4) Tyl gy
=1 (Yr2+1/4) s=0 2(n-s-1)
Qld2n = 1H2n
00 l n _
=23 {1-—> X (—1)”‘5( ) (y2-1sa)%y2n2 “.2)
r=1 (yr2+ 1/4) s=0 Z(H—S)

Thatis, O4n=14n n=1,2,3, .
As the result, 0An = 0ty , 140 = 14y and together complete the following.

Oln = 0Hn= 14y = ]_/In n:1’2’3’ 4.3)
Especially when N=1, from,
oo 1 1 D w(2)
—+ - = lim = 0.0777839-- 4.3
;1 1/2-iy, 1/2+iy, o' ;o0 w(2) (4-34)
Il. Necessity

Now, suppose that in addition to the zeros on the critical line, there are also zeros off the critical line.
It is known that a set of such zeros should consist of the following four.

V2-qtiffy , V2+atiffy (0<as<1/2, 5,>0)

Then, from Lemma 1.3, the following equation has to hold .

00 1 1 1 1
> —+ . + ) —+ .
=1\ /2-1y,  U2+iy, s\ W2-o,—1f, 1U2-a,+if

1 1
+ —+ .
5:1( 12+o,—-if; 12+ o +if;

_ DL w'(2)
= o1 UM
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% 1-2 1+2 -n? '
2( t 1 )+2 % L orew | _CEDT gy 0 @)
r=1 1/2_|yr 1/2+|yr s=1 (1/2_a5)2+ﬂ52 (1/2+as)2+ﬁ52 O! z-0 a)(Z)

= 0.0777839- (4.3,)

However, since 0 < 1-2¢ < 142a, < 2 for 0< o< 1/2,
1-2¢, 1+2¢,
e Wty R
S (U2-05)+fs (U2+as)“+p5

Therefore, (4.3,) contradicts |(4.3;)] Thus, there should be no zeros outside the critical line within the critical strip.

As the result, 04n = 14y N=1,2,3, holds only if Re(,q<) =1/2 k=1,2,3, .
Q.E.D.

Theorem 4.2 ( Riemann)

When the nontrivial zeros of the Dirichlet Beta Function (2 ) are p, k=1,2,3, -, Re(pk) =1/2 k=1,2,3,.

Proof

Where the Riemann Hypothesis holds, it must naturally be the case that 04n = 04n = 14n = 14, n=1,2,3, . .
The necessary and sufficient condition for this is Re(A() =1/2 k=1,2,3,, as proved in[Theorem 4.1]
Furthermore, all of these Li Coefficients are non-negative and satisfy Li's Criterion. ( See .)

Thus, the Riemann Hypothesis for the Dirichlet Beta Function ﬂ( YA ) holds as a theorem.
Q.E.D.
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Appendix
According to the Proof of Theorem 4.1, if Re(g() =X, =12 r=1,2,3,~ then

Ollon-1 = M2n-1
o 1 n-1 L 2n-1 25+1 o 96—
:22 1——2n_12(_1)n51( )(yr2_1/4>5 yr2n252 @1
r=1 (yr2+1/4) s=0 2(”—3—1)
QU2n = 1H2n
o 1 n _ 2n 2 _
=22 1-—%2(-1)“( )(yrz—1/4) Sy @2
r=1 (yr2+ 1/4) s=0 2(n—S)

Calculation Example
The formula for generating the zeros of the Dirichlet Beta Function with real part 172 is unknown, but the first 10000 are
provided by Tomas oliveira e Silva ( http://sweet.ua.pt/tos/zeta.html (004-001) ).

So, we calculate 4 ~ tiy using these according to (4.1) and (4.2) , it is as follows.

Loading Zeros of Dirichlet Beta Function
SetDirectory[NotebookDirectory[]];

y := ReadlList ["BetaZeros.prn", Number]

2n-1
m 1
ou, [m_] :=2 1- kS
r-l[ (yiIr11?+1/4)*""
n-1
> (-1)"*" Binomial{2n-1, 2 (n-5-1)] (yI [r]]z-1/4)25*1y[[r]]2"'“'2]
5=8
2n
m 1
ey, [m_] :=2 1- %
r-l[ (yirr112+1/74)*"

Z (-1)""*Binomial[2n, 2 {(n-5)] (y[ r112 —1/4)25y[ [r']]“'zs]

5=8

N[ {ou, [106008], ey, [186000], ou, [16600], ey, [106660] }]
[0.0776004, 0.309484, 0.692918, 1.22342)}

Comparing these with|the calculation results in 1.1|, we can see that they match to 2 significant digits.

cf.
According to Theorem 9.3.3 in my paper "|09 Li coefficients for the Completed Dirichlet Beta|",
when Re(g() =1/2 k=1,2,3,

> 1 (n_l( 1)545(2n_1) 25)2 12,3
_ = - n: , , ,...
A 422 (/a4 y2) @ 02) L0 s )"
r

00 y2 n-1 s s 2n 25 2
Won = 2 | 2 D4 yr n=123,-

r=1 42n—2( 1/4+ y2> n s=0 23 +l

r

Since these are sums of squares of real numbers, they satisfy Li's Criterion. In fact, these are equivalent to (4.1) and (4.2) .

For example,
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B D i C R Vit 2
¥fs = r=1 2 3 =T 3 r=1 42(.,2
(y2+1/4) 42(y2+1/4) 42(y2+1/4)
o5l yi-6y? (v ) +(yP )" | Y o8y 16y o y7(4-16y7)
ola r=1 2 4 r=1 2 =1 42(.,2
(y2+1/4) (y2+1/4) 42(y2+1/4)
So,also satisfy Li's Criterion.
2026.02.20
Kano Kono

Hiroshima, Japan

Alien's Mathematics
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