Proof of Riemann Hypothesis for Dirichlet Beta by Factorization

Abstract

(1) Completed Dirichlet Beta Function a)(Z ) and a)( 1-z ) are factored into the Hadamard products as follows.
o(z) =1(1-2/p) , o(1-z) =T1(1-(1-2)/p)
(2) @(z) = @(1-2) holds on the whole complex plane..
(3) Despite (1) and (2), 1 (1-z/p) # 11 (1-(1-z)/p) in general.
()11 (1-2/p)=T1(1-(1-z)/p) holds on the whole complex plane if and only if all Re(p) are 1/2 .
Thus, only if all Re(p) are 1/2, the four-step logic IT (1-z2/p) =a(z) = 1-2 ) =T1(1-(1-2)/p)

complete on the whole complex plane, and the Riemann Hypothesis holds.
Introduction

Functions studied in this paper

In this paper, we study the Dirichlet Beta Function ﬁ(z ) and the Completed Dirichlet Beta Function a)(Z ) ,
defined as follows.
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In addition, it is known that these zeros are equivalent in the critical strip (O < Re(z ) <1).

(0.1) ()

Notation for zeros of 3(z) and w(z)
The zeros p of the ,B(Z ) and the a)( Z ) described in this paper as follows.

(1) Complex number notation
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(2) Real and imaginary parts notation
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1 Two Hadamard Products

Theorem 1.1 ( Hadamard product )
Let the Completed Dirichlet Beta Function a)( Z ) be as follws.
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Then @(Z) and @(1-2) are factorized by their zeros o k=1,2,3, respectively as follows:
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(1.2) o(1-2) —H(l—%)

Proof
According to Formula 5.1.1 in my paper "[05 Factorization of Completed Dirichlet Betal|", a)( Z ) is expressed as

the Hadamard product as follows.
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Further, if we express X,+iy, N=1,2,3, whose real parts are 1/2 as 1/2+iy, r=1,2,3, and

those whose real parts are not 1/2 as /2t +if; (0< a,<1/2) $=1,2,3,, then (9.1 becomes
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Substituting Z=1 for both sides of (9.1') and (9.1") ,


https://fractional-calculus.com/factorization_completed_dirichlet_beta.pdf

3logr  y 3
- = -log2-4logll = | o 2%, -1 2 ———
9.2) a)(]_): 1=¢e 2 2 l{ 4)1—[(1_ r >.er=1Xr+yr

(9.2") o()=1

3logz y 3
2 'E"092'4'091(Z) y H{1+ 20, }[1_ 20, }
1 (U2-ag)24f57 (V/2+a,)%+57

o 1 1-2a 1+20
2+ 2 2 2+ 2 2
e LAty ST (V2-a) B (WR+og )+
From these,
e3  II[1- L) [ 1+ 2% ][ 1- 2a ]
r=1 X2 +yP s=1 (V/2-a)?+p57 (1/2+a5) 2+ 2
© 1-2 1+2
2Xr 2 - 2+2 { az 2+ i az 2 }
04 e XPry? _ o LAy ST (V2-a)+fs  (V2+ag)+f5
Here, conveniently,
2a. 2a
[ 1+ : 2 2 }{ 1- : 2 2 }
(1/2—-c) “+ps (1/2+a5) “+ps
1 20 20, 20 20
= + - -
(1/2-c) 2+ﬂ32 (V/2+a) 2+,852 (1/2—-c) 2+ﬂ32 (1/2+e) 2+ﬁ'32
— 14 2a, 2a, 20 20

(1/2-c) 2+ﬂ32 (1/2+e) 2+ﬂ32 (1/2-«) 2+ﬂ52 (1/2+e) 2+ﬂ52
=1
Then, (9.3), (9.4) becom

o ﬁ(l_ e  RERER S (B = A R AR (R

=\

i 2X, 1+20; 1-2¢; ]
9.4') — +
=L xZ+yS L UA+yE 1| (124020 (U2-ay) P+

Substituting (9.3") for (9.2'),
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Substituting this for the right side of [(9.1)],
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Since both sides are holomorphic on the whole complex plane, replacing Z with 1-2

(0.2) o(l-2) = klj]l ( 1_% )

Q.E.D.

Note
When a(z) = 1+A;z 1 +Aoz 2 Azz i , according to Vieta's formulas, the following holds.
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2 Functional Equation

Theorem 2.1 ( Functional Equation )
Let the Completed Dirichlet Beta Function a)( Z ) be as follws.

1+z
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Then, the following expression holds on the whole complex plane .

@1)  o(z) =w(l-2)

Proof

The following functional equation is known for the Completed Dirichlet Beta Function a)(Z ) .

1-z
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Here,
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Multiplying both sides by (2/+/7 )",
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Since a)( Z ) is holomorphic on the whole complex plane, (2.1) also holds on the whole complex plane.
Q.E.D.



3 Inequality of two Hadamard Products

From , a)(Z ) and a)( 1-z ) are factorized by their zeros k=1,2,3, - respectively as

follows:
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And, from|Theorem 2.1|, the following equation holds on the whole complex plane.
@)  o(z) =e(1-2)

The question here is whether the following equation holds on the whole complex plane.
@ z e 1-z
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Putting por-1 = X =1Yr, por =X +iY; r=1,2,3, -,

z z 0 1-z 1-z
(- s | = T ) (e
1 Xy = 1Yy Xp+ 1Yy r=1 Xy = 1Yy Xp+ 1Yy
Expanding the ( )( ) on both sides,
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Observing this, both sides are different series generally. That is, this equality does not hold on the whole complex
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plane generally.

Remark

The above means that the following four-step logic does not hold unconditionally.

M(1-2/p)=az) , oz) =(1-2) , o(1-2)=T1(1-(1-2)/p)

U
M (1-2/p) =T1(1-(1-2)/p)



4 Equality Conditions for two Hadamard Products
In this chapter, we will find the necessary and sufficient condition for I1 (1-z/p) =T1(1-(1-2)/p) ,
thereby proving that the Riemann hypothesis for the Dirichlet Beta Function ﬂ( z ) holds as a theorem.

Theorem 4.1 ( Functional Equation for Hadamard Products )
Let Completed Dirichlet Beta Function co( Z ) and a)( 1-z ) are factorized by their zeros Oy k:1, 2,3,
as follows.

© YA
. =11 1-=
an  az) ( )

=1

=

(1.2) o(1-2) :ﬁ(l—%)

k=1
Then, if and only if Re(pk) =1/2 k=1,2,3,-, The following equation holds on the whole complex plane.

o )0

k=1

Proof

Express the zeros o as follows, with separate real and imaginary parts:

Por1=Xe=1Yy , Por =X +iy, r=1,2,3, - (yr> O)

Then (4.1) becomes
© z z © 1-z 1-z
4.1 H(l— : )(1— . )=H(1— . )(1— - )
r=1 Xp= 1Yy Xp+1Yy r=1 Xp= 1Yy Xp+1yy

l. Sufficiency
f X, =1/2 r=1,2,3, , (4.1') becoms

el Z Z el 1-z 1-z
o g5 ) () 1 VT ) (1‘ v2+iy, )

Let us find the roots of the pair on both sides. then,

z Z
Left side 1—m =0 , l—m =0 r=1,2,3,
1-z 1-z
Right side l—m =0 |, -m =0 r=1,2,3, -
From these,
Leftside z = 1/2-1y, , z=1/2+1y, r=1,2,3,
Rightside z = 1/2+iy, , z=1/2-ly, r=1,2,3,

The zeros on the left and right sides are crosswise coincident. This means that the left and right sides are the

same.

In fact, (4.1") can be rewritten as follows.
2

= z z & z z°
@1 II|1- >+ > | =11|1- >+ >
=L\ Va+yr Ua+y, =1\ Va+yr Ua+y,

This holds clearly on the whole complex plane. So, (4.1) holds on the whole complex plane.




Il. Necessity
(1) When neither X, nor Y, owerlap

Let por-1=Xe=1Yy , por=X+1Y, r=1,2,3,~ . Then

® z z ® 1-z 1-z
0.4 1-—— | (1-—— | = 1-—— | 1-———
o8 rI;{( Xr_lyr)( Xr+|yr) VI;{( Xr"Yr)( Xr+|yr)

Let us find the roots of the pair on both sides. then,

z Z
Leftside 1-———— =0 , 1-——— =0 r=1,2,3,
Xe= 1Yy Xp+1y,
1-z 1-z
Rightside 1-————— =0 , 1-—— =0 r=1,2,3,
Xp= 1Yy Xp+1Y;
From these,
Left side  Z =X, —1Y, , =X H1Y, r=1,2,3, -
Rightside z = 1-X,+iy, , z = 1-Xx-1Y, r=1,2,3, -

Since both sides have to be equal, make equations where the signs and symbols of the imaginary parts match.

Then,
Xp=1y, = 1-X,—1Y, r=1,2,3, -
XpHiy, = 1-X,+1y, r=1,2,3,
From these,
X, = 1-X, r=1,2,3,
i.e. X, = 1/2 r=1,2,3, -

(2) When X, owerlap
For X, to owerlap, at least two sets of conjugate zeros are required.

For ease of viewing, swap the order so that X1 and X5 owverlap but there are no overlap after X3.
Substituting Xo for X1, o k =1, ,4 become:

P1=Xg= 1Yy, P =X+ 1Yy, P3= X 1Yo, Pa=Xg+1Y,
Then,

4
e (12 ] =i (o) (12 (1t
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Rightside H(l——z) - (1-—_2) (1-—_2) (1—2)(1—2)
k=1 Px X1—1Y1 X1t+1y, X1—1Y> X1t+1Yy>

Let us find the roots of the pairs on both sides. then,

Z Z Z

Left side 1—;. =0,1-——+—=0 , 1-———=0, 1-——— =0

X1=1Yy1 X1+1y, X1=1Y2 X1+1Yyo

1-z 1-z 1-z 1-z

Rightside ]-—— =0 , 1-—=0 , 1-——=0, 1-——— =0

X1—1Y1 Xpt1ys X1=1Y2 X1 +1Yyo
From these,
Left side Z =X1-1Y; , Z=Xq+iyq : Z=Xq1-1Y5 , Z=X1H1Ys
Rightside Z = 1-Xq+iy; , Z=1-Xq-1yq , Z=1-Xq+1y, , Z=1-X1-1Y>

Since both sides of each pair have to be equal, make equations where the signs and symbols of the imaginary

parts match. Then,



Xp=ly; = 1=-X1-1y; , Xg-ly, = 1-X3-1y,

Xp+iyp = 1=-Xq+iy; , Xg+iy, = 1-X3+iy;

From these,
Xl = 1—X1
i.e. X, =1/2
As the result,
Leftside z =1/2-iy, , z=1/2+iy, , z=1/2-1y,, z=1/2+iy,
Rightside z = 1/2+iy, , z=1/2-iy;, , z=1/2+iy, , z=1/2-1y,

Thatis, Z = 1/2+iy, , Z = 1/2+iYy, are double roots respectively

(3) When Y, owerlap
For Y, to owerlap, at least two sets of conjugate zeros are required.
For ease of viewing, swap the order so that Y1 and Y, overlap but there are no overlap after Yy3.
Substituting Yo for Y1, o k =1, ,4 become:
PL=Xy= 1Yy, Pa=Xg+iYy , p3=Xa— iy, pa=Xotiyy
Then,

4
e 1[12) =102 )1t (1t ) (1t
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4 _ _ _ _ _
Right side H(l—i) = (l—l—_z) (1—1—_2) (1_1—_2) (1_1__2)
k=1 Px X1—=1Y1 X171y, Xo=1Y1 Xo+1yq

If the following calculation gives X1 # X5, then these are probably zeros outside the critical line.

Let us find the roots of the pairs on both sides. then,

Z Z Z

Left side 1—;. =0,1-—+—=0 , 1-———=0, 1-——— =0

X1=1Yy1 X1+1y, Xo=1Y1 Xot+1Yyq

1-z 1-z 1-z 1-z

Rightside ]-—— =0 , 1-—=0 , 1-——=0, 1-——— =0

X1—1Y1 X1ty X2=1Y1 Xo+1Y1
From these,
Left side Z =Xq—1Yq . Z =Xty , Z=Xp—1Yq , =Xty
Rightside Z = 1-Xq+iy; , Z=1-X1-1Y; , Z=1-Xo+iy; , Z=1-Xo-1Y4

Since both sides of each pair have to be equal, make equations where the signs and symbols of the imaginary
parts match. Then,

Xp—1yp = 1-X1-1y; , Xo—ly; = 1-Xp-1y;
Xp+Hiys = 1-X1+iyp , Xptiyp = 1-Xp+iy,
From these,
X1 =1-X1 , Xo=1-X5
i.e. X1 =X, =1/2
As the result,
Leftside z = 1/2-1y, , z=21/2+iy, , z=1/2-iy; , z=1/2+1y;
Rightside z = 1/2+iy, , z=1/2-iy, , z=1/2+iy; , z=1/2-1y,

Thatis, Z = 1/Ziiy1 are quadruple roots. The possibility of zeros outside the critical line disappears.



(4) When both X, and Y, owerlap

For these to overlap, at least two sets of conjugate zeros are required.
For ease of viewing, swap the order so that there are no overlap after X3, Y3.

Substituting X2, Y5 for X1,¥1, & k=1, ,4 become:
PL= Xy= Y1y P2 =X +1Y1 , p3=X1— 1Y, pa= Xty

Using a similar way to[(3)], X1 = 1/2, and z = 1/2+iYy are quadruple roots.

As the result, if and only if Re( o) = 1/2 k=1,2,3, -, [(4.1)]holds on the whole comples plane.
Q.E.D.
Another Proof
Express the zeros py as follows, with separate real and imaginary parts:
Por-1=Xe=1Yr y Por =X FiYy r=1,2,3, (y.>0)
Then becomes
0 z Z © l— Z 1_2
on T2 (2t ) = T2 ) (2
r=1 Xp= 1Yy X+ 1Yy r=1 Xp= 1Yy Xp+t1Yr
l. Sufficiency

f X, =1/2 r=1,2,3, , 4.1') becoms

el Z Z el 1-z 1-z
o (g ) [ty ) < VT ) (1‘ v2+iy, )

2

e z Z = Z z
(4.1") Il 1- S+ | = 111 1- ~+ -
=L\ Va+yr Va+y; =1\ Va+yr Va+y;
This holds clearly on the whole complex plane. So,|(4.1)|holds on the whole complex plane.

The important thing here is that these zeros actually exist. (e.g. 1/2 + i6.0209489 - )

For these existing zerors, the following is completed from[Theorem 1.1|and [Theorem 2.1|.

o115 -2

k=1 k=1

As the result, the following equation holds froleieta's formula (9.5)|.

a2 1 1 3 y 3log 7
9.5 v = =alogr{ 2 |+L+10g2- 28" - .07778398
9:9) Zl( 72—y, 1/2+|y,) gr( 4) o 109 2

1l. Necessity
Currently, no nontrivial zeros outside the critical line have been found. But now, we will assume that such zeros
exist. It is known that a set of such zeros should consist of the following four.

1/2-atiffs , V2+astiffy (0<as<1/2, f;>0)

Then, according to| Vieta's formula (9.5)|, the following equation has to hold.

e 1 1 1 1
> — + . + — + .
=1\ /2-iy, 1/2+iy, =1\ W2-a—if, 1U2-o,+ip

1 1 3 y 3log~
+ + =4log/| — |+ =+log2 - ———
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(9.5") >

r=1

( 1,1 )+[ 1-2a .\ 1+2a
Va-lye Y2ty =t (1/2_055)2+ﬂ52 (1/2"'0‘5)2"':332

3 y 3logr
=4logr| = |+ L+1og2 - 22 = 0.07778398--
gl‘( 4)  +log 5~ =0.07778398

However, since 0 < 1-2a3 < 14203 < 2 for 0< o, <1/2,
1-2¢ 1+2¢
Z 2 * 2 >0
1 (U2-a5)%+87 (U2+a) 24 p
Therefore, (9.5") contradicts| (9.5")|. Thus, there should be no zeros outside the critical line within the critical strip.
As the result, [(0.4)] is holds only if Re( o) = 1/2 k=1,2,3, .

Q.E.D.

Theorem 4.2 ( Riemann)

When p, k=1,2,3, - are non-trivial zeros of the Dirichlet Beta Function 5(Z ) ,
Re(g() =1/2 k=1,2,3,

Proof

As first, the non-trivial zeros p of the Dirichlet beta function ,8( YA ) are equivalent to the zeros of the completed
Dirichlet beta function @(Z) .
At these zeros, the functional equation has to hold not only for the functions but also for the Hadamard products.
That is, the followings have to hold on the whole complex plane:
© z © 1-z
“l2) _k:Hl(l_nK) _k:Hl(l_ o) ) = ol1-2)
[Theorem 4.1]proves that the necessary and sufficient condition for this is Re(p) =172 k=1,2,3,-.

Therefore, the Riemann hypothesis for the DirichletBbeta Function ﬂ(Z ) holds as a theorem.
Q.E.D.

Note
The Dirichlet Beta function ,B(Z ) is a kind of Dirichlet L— function. As expected from the proof in this paper,

it seems that the Riemann Hypothesis can also be proved for Dirichlet L— function.
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