Proof of the Riemann Hypothesis using Li Coefficients

Abstract
(1) The Li coefficients can be defined at the left edge of the critical strip. And this can be derived from both the xi function and

the Hadamard product. If these are written as oAn and oun respectively, then oAn=opn must be true.

(2) The Li coefficients can also be defined at the right edge of the critical strip. And this can also be derived from both the xi
function and the Hadamard product. If these are written as 1An and 1un respectively, then 1An=1un must be true.

(3) The Li coefficients from the xi function becomes oAn = 1An by functional equation and the definition. On the other hand,
the Li coefficients from the Hadamard product is generally oun # 1un. However, if the zeros of the xi function are on the critical
line, then identically oun=1pn. In this case, they are expressed as sums of squares of real numbers. That is, Li's criterion is
satisfied. Thus, if the zeros of the xi function lie on the critical line, the system of equations is completed.

(4) If we assume that there are zeros outside the critical line, a contradiction occurs with the result of (3) . Therefore, there are

no zeros outside the critical line, and the Riemann hypothesis is established as a theorem.

1 Li Coefficients at the Left Edge of the Critical Strip
The Li coefficients in this chapter are defined at the left edge of the critical strip z=0.

1.1 Li Coefficients from the xi function oAn

The Li coefficients in this section are derived from the Riemann xi function.

Theorem 1.1

Let us define the Li coefficient (yln using the following two formulas.
_1 n dn
Og,n:—( )l [ —(1- z)"llogf(z)] (1.1d)
(n —l) H dz =0
z
-3 7
&z) =-2(1-2)x I‘(E)é(Z) 0.9

Then, Mn is expressed as follows:

(5(1), 5(2), ’é:(s))

n s B
,Z( )(s)n_s(-l)sl > -DH(t-1)1 == t (1.2)
=s=1 t=1 §(Z> z=0

Where, (a ) k is the Pochhammer symbol and B (fl , f2 ) e ) is the Bell polynomial.

=T

Proof
(1) Higher-order Derivatives of (1-z )"t
dl
—(1-2)™ 1= _(n-1)(1-z)"?2
dz*
d2
— (1-2)"* = (n-2)(n-1)(1-2)"®
dz
d3
F(l—z)”‘1 =-(n-3)(n-2)(n-1)(1-z)"*
z
(is (1-z)"* = -D{(n-s) - (n-2)(n-1) }(1-z)"**

Pochhammer symbol is

(a),=a(a+1)~(a+k-1)



Using this,
(n-s), =(n-s)(n-s+1)(n-s+k-1)
From this,
(n-s),=(n-s)(n-s+1)~(n-1) =(n-s) - (n-2)(n-1)
Therefore,
dS
dz®
Replacing S with N =S,
dl"l—S
dzn—s

(1-2)"* = (=D*(n-s) (1-2)"*

(1-2)"t = D" (s),(1-2)t (1.1)

(2) Higher-order Derivatives of l0g £(z)

According to 22.2.3 in my paper "[22 Higher Derivative of Composition|" , when Bs,t (fl i PO ) is Bell polynomial

{log ) 1™ = ¥ (D1 (r-1)18,,(f1, 5, £,)f n>1
r=1
So,
s . O @ .
L og&(z) = 3 -DH(t-1)1 B, (£®, £@, - £9) s>1 (1.2)
dz® t=1 &2)!

(3) Higher-order Derivatives of (1-z)"*log &(z7)
Leibniz's law is
n
{f(2)g(2)}™ = 3 ( )f“'”(z)g“’(z)
s=0 S

Substitute (1.1) and (1.24) for this. Then since N, =1,
n
= ( S ) {(—1)”'s(s)n_s(l—z)s'1}

s=1
. @ @ . ()
x t:Zl(—l)t'l(t—l)! Bs’t(§ ’;ZZ); <) (1.32)

(4) Li Coefficients oA
Substituting (1.31) for

— ( 1)n " n-s s-
O;tn (n 1) |:Z:‘4( ){ 1) (S)n_s(l—Z) 1}

, @ @ . )]
x Y (_1)t_1(t—1)! Bs,t(f L ENT e £ )
t=1 é:(z)t Jieo
) DS S (i Bs,t(ﬁ(l),g(z), ’5(5)) 1
NG 1)!51( )(S)M( D [le( DT &z2)! 1 (1.2)

Q.E.D.

The first few are


https://fractional-calculus.com/higher_derivative_composition.pdf

_ED s @

T &(z)

GO { 26'(2) _ (1-2)&'(2)? (1—z)5'<z>]
oz = - - +

11 -0 &(z) &(2)? &(z)

_ DB [ eg(z)  6(1-2)¢(2)? | 2(1-2)%¢(2)°

ols = 21 l{%{ &(2) ¥ &12)? ¥ &z)3
_6(1-2)¢(2) _ 3(1-2)%' ()¢ () (1—z)2§‘3><z>}
&(z) &(z)2 &(z)

Further, when we calculate these using the mathematical processing software Mathematica, it is as follows.

fln_,z_1:=(1-2z)""Log[£[2]]

£lz_] :=-z(1-2) n'fGamma[i] Zeta[z]
2

(-1t
oAg = Limit [FullSimplify[&.f[1, z]], z = @]
B!

N[oA;] 0.0623069570896612101"

(-1)*

oA I= Limit [FullSimplify[8,8,f[2, z]], z = @]

11
N[oX;] ©.892345735228064657
(-1)3
O0Az = Limit [FullSimplify[8.8.8.F[3, z]], z » 8]
21
N[oA3] 0.20763892055432498

These results are in perfect consistent with known values ( OEIS [A074760],[A104539],|A104540]).

1.2 Li Coefficients from the Hadamard product opn

The Li coefficients in this section are derived from the Hadamard product.

Theorem 1.2

Let us define the Li coefficient i, using the following two formulas.

oun=&[ 9" (1-2)"log é(Z)]

(n-1)1 | ¢4z" -

&z) = ﬁ ( 1-= ) where, p (k=1,2,3, ) are zeros of £(z)
k=1 X
Then, Oy is expressed as follows:
0 l n
otn = 2 (1—(1——) )
k=1 P

Proof
(1) Higher-order Derivatives of ( 1-Z )n_l

This is the same as |1.1 (1)]. That is,

(1.4)


https://oeis.org/A074760
https://oeis.org/A104539
https://oeis.org/A104540

d n-s
dzn—s

(1-2)"t = D" (s), (1-2)5F (1.1)

(2) Higher-order Derivatives of l0g £(z)
Taking the logarithm of both sides of |(0.p)|,

log &(z) =log ﬁ(l—i) = §|og(1_i)
k=1 P k=1 o)

Differentiating both sides with respect to Z ,

d _d g z R —1/@
7 09e(2) = Egllog(l_ﬁ) - kgl 1-z/p
l 0
d—llog.f(z)=—2 1
dz k=1 =2
d? a1
Elog &(z) = —gl—(pk_z)z
3 . 2
— = _
og &(z) kgl ()
—oy DL (1.24)
<1 (A Z)

(3) Higher-order Derivative Coefficients (2=0) of (1-z)"*log &(z)
Applying the Leibniz's law to (1.1) and (1.2u),

~2)"log £(z) = - 3, (n ) D™ (s), . (1-2)5 f} (s-1)!
oS =1 (p-2)°
Since (O-1)! is not possible, changing the initial value of the first X subscript from O to 1,
(7)o g B
s=1 S k=1 (pk_z)s
Further,
(8)ys =S(s+1)(n-1) = %
Substituting this for the above,
9 (1-2)"log d2)=-3 (n ) -1 "‘sﬂ(l-z)s-li L=t
dz" s=1\'s (s-1)1 =t

00 n n _1 S
-2)"log &(z) = -¢-D"(n-1)1 ¥ X ( ) (1-2)2 -2
S
The derivative coefficient of this at Z=0, the left edge of the critical strip, is

-z)"*log 5(2)] =-¢D"(n-1)1 3 >

= =1
dz" =0 k=1s




M:

~-D"(n-1)1 Y (

k=1

(n ) D
0 ,Q(S

-2

[ dnn(l—Z)”'llog 5(2)] =D (n-1)1Y (l—(l—i)n) (1.3u)

dz =0 k=1

[72]

S

SCD(n-1)1 ) (

k=1

(4) Li Coefficients Qi

Substituting (1.3x) for{(1.2d)],

o 1 \"
oun=k21(l—(l—ﬁ) ) (1.40)
QE.D.
1.3 o1 and qug

For the Li coefficients Mn y Qi » the following lemma holds especially when N =1.

Lemma 1.3
Let p k=1,2,3, are zeros of the xi function, and let po,_1 =X, = 1Y, , Por = X, +1y, r=1,2,3,
Then,
2 1 1 -t
> ) 2 ED 7y, £ 230057
=1\ X —|yr X +iy, 0! -0 &(z2)
Proof

In especially when N=1,
0 1 1 00 1
P

k=1 =1 o
fwe set ppr1 = Xp=iYr, por =X +iYy r=1,2,3, -,

& 1 1

5w

r=1\ X _lyr X+ 1Yy

On the other hand, in , especially when N=1,
- (2
D! & @

T D)

Since 1=
S _ D e
;l( ——" x+|y,)_ TR 22) = 0.0230957

Q.E.D.

Note

According to Theorem 10.1.2 in my paper "[10 Vieta's Formulas on Completed Riemann Zeta ',

z

(@ = 2007 21| 5 )@ = A


https://fractional-calculus.com/vieta's_formulas_completed_riemann_zeta.pdf

—+ -
Xp=1Yr X H1y,

o 2%, oo( 1 1 )
r=1

On the other hand, According to Theorem 9.1.3 in my paper "|09 Maclaurin Series of Completed Riemann Zeta|",

I 1 3
A, = Og” - 1//0( E) = -0.0230957

From these,

5 (1 1 1 (3
2( + ) = _logr +;/0+—1//0(E) = 0.0230957

=1\ Xe=lyp  Xetiy, 2 2
That is
D () log 7 1 3
lim < =27 b+ ol o
0! 2.0 &z) 2 2 2
Furthermore,

3
vol 3 ) = 2- 210g2-10
Substituting this for the right side,

D &(z) _ logx

1 3 logz
1 = +pt— (—) =1-log2-
o1 .0 H2) o TSVl 9

+ > = 0.0230957 -~



https://fractional-calculus.com/maclaurin_series_completed_riemann_zeta.pdf

2 Li Coefficients at the Right Edge of the Critical Strip
The Li coefficients in this chapter are defined at the right edge of the critical strip Z=1 .

2.1 Li Coefficients from the xi function 1An

The Li coefficients in this section are derived from the Riemann xi function.

Theorem 2.1

Let us define the Li coefficient 1/1,1 using the following two formulas.

1 d" .
1 :W[EZ Ylog 5(2)]Z=1 (2.1d)
&(z) =—2(1—2)7r_5f(£2)412) 0.9
Then, 1/1n is expressed as follows:
n s 1 stt(g(l), EP ’5(3))
Yn = 2 1)!2( )(S)n—s[ t:El(—l) (t-1)1 20! ) (2.2)

Where, (@) is the Pochhammer symbol and Bn,k(fl oy ) is the Bell polynomial.

Proof

(1) Higher-order Derivatives of 2"

s _1-
2"t ={(n-s) - (n-2)(n-1)}z"*"*
dz®
Using the Pochhammer symbol (&), ,
d°® .- 1-
2"t =(n-s) 2"t
dz®
Replacing S with N =S ,
d"™ _
nsznl:(s)n—SZSl (2.1)
dz™

(2) Higher-order Derivatives of l0g £(z)
This is the same as . That is,
B, (¢®, £®, - £O)

d—slog Ez) = ZS D (t-1)1 > s>1 (1.22)
dz® t=1 &(z)'

(3) Higher-order Derivatives of 7 n-1 log &(z)

Leibniz's law is

(12)g())® = ¥ (: )“"'”(z)g“’(z)

s=0

Substitute (2.1) and (1.24) for this. Then since N,s >1,

; . @ @ .
" (n)(s)n_szs_1 ) By, (&®, £@, . £©)
Z

2"Ylog £(z) = 3 3 (D (t-1)! (2.32)
s=1 t=1 ég(z)t



(4) Li Coefficients 14

Substituting[(2.32)] for,
n S

Bs,t(é:(l)a é:(z)’ ,5(8)) ‘|

t=1 «f(Z)t z=1

— 3 3 t- BS,t(f(l)’ 5(2)! 15(3)) ‘|

1ﬂn (n 1) sgl( )(s)n—sl t;( 1) (t 1)' é:(z)t =1 4)
Q.E.D.
The first few are

_ <$'(z)
1= 5y 12141 &2)

_1 28 28 (2)? | 28 (2)
2 =7, lzlal{ H2)  H2)? T D)

_1 [ 8&(z)  6z&(2)* | 2278 (2)°
113—521?11{ &(2) - 95(2)2 + 5(2)3

, 628°(2) 3% ()¢ (2) |, %P
&(z) &(2)? &(z)

Further, when these were calculated using the mathematical processing software Mathematica, they were in perfect

consistent with the result in [1.1.(4)]

2.2 Li Coefficients from the Hadamard product 1pn
The Li coefficients in this section are derived from the Hadamard product.

Theorem 2.2

Let us define the Li coefficient 144, using the following two formulas.

— 1 d " n—ll (
¥ =TT o 27" log &(2) (2.2d)
z=1

&z) = ﬁ(l—i) where, g (k=1,2,3,) are zeros of £(z) )
k=1 Pk
Then, 14p is expressed as follows:

egloe2))

Proof

(1) Higher-order Derivatives of 2"+
This is the same as|2.1 (1)]. That is,
d"™ -
7 n

1 _ s-1
e =(8)ps2 (2.1)




(2) Higher-order Derivatives of 10g £(z)

This is the same as |1.2 (2)| That is,

d°® <
—log &(z) = 2 {s=t)t
dz k=1 (p-2)°
However, in this section, we use the following formula, where Ok —Z is replaced with Z— .
d° : 4 (s-1)1
—log &(z) = X -D° CEILE (2.2u)
dz k=1 (z-p)°

(3) Higher-order Derivative Coefficients (Z=1) of z n-1 Iog é:( z )
Applying the Leibniz's law toand (2.2u),
d" s n 1 (s-1)!
—2"Mog &(z) = X | | ()2 Z( Dt ———
dz s=0 (z-p)°
Since (O-1)! is not possible, changing the initial value of the first £ subscript from O to 1,

d_zn—llogé:(z):i( )(S)ns slz( 1)51(5 1)
dz" s=1 (z-p)°
Further,

(8)-s =s(s+1)~(n-1) %

Substituting this for the above,

d—nzn_llog &(z) = -(n-1)1 i i (n )zs—l(_—l)s
dz" k=1 4=1 \ S (z-p)°

The derivative coefficient of this at Z=1, the right edge of the critical strip, is

[d—lz”‘llogﬁm] —(n—ﬂ!ii(n)(('—l)s

dz -1 k=1s=1\ S 1_pk)5
:_(n_l)li(i(n)(_—l)s_l)
k=1\ s=0 \ § (1-,q<)s
:-(n—l)!él((l_%)”_l)
ld—lz“‘llogg(z)} =(n—1)!§(1—(1—%)n) (2.34)
dz =1 k=1 ~

(4) Li Coefficients 14

Substituting (2.34) for[2.2d)],
00 1 n
wy = 2| 1- ( 1- EEpY )
k=1 - D

Now, for any complex number 0 , the following holds:

et b el el Bl Gl B o

Therefore, 14, becomes further as follows.



-10-

(2.1)

Q.E.D.



3 Conditions for Equality of the Li Coefficients at Both Edges

3.1 Li Coefficients from the xi function oAn & IAn

| Theorem 1.1|and |Theorem 2.1 | give the Li coefficients oﬂ,n , Jﬁ,n from the xi functions at the left and right edge of the critical

strip. The question here is whether oAn and 1Ay, are equal. The conclusion is that they are equal. This is shown below as

a theorem.

Theorem 3.1

Let the Li coefficients Mn , 1/1n at both edges of the critical strip be as follows:

n s B, (é:(l)’ é:(z)’ 15(5)) ]
= ~1)° ~DtY(t-1)1 =2 .
0’1n (n 1)!2( )(S)n—s( ) lFZJ.( ) ( ) é(z)t o (17\)
1 afn s By, (£, £@, - .&©) ]
Ay = ——— -DH(t-1)1—= .
Yen (n—l)!sgl(s )(S)n_slgl( )T (t-1) )t =1 @7
Where,
d2) =17 2 ] aw) 02
Then, the following equation holds.
oty = g n=1,2,3, 3.1)
Proof

(1.%) and (2.2) can be rewritten as follows:

0/1”: (n l)! i( )(S)ns(_l) [d_log é(z)]

s=1

n ds
=7 ( )(S)n_sl—slog 5(2)]
s=1 \ S dz =1

By the functional equation &f( A ) = é:( 1-z ) , 5(2) is line symmetry with respect to Z=1/2 . So, Iog &f( z ) is also line
symmetry with respect to Z=1/2 . And the higher-order derivatives of Iog §( YA ) become as follows.

z=0

N
=]
|
—_
>
M=

Odd-order derivatives: Point symmetry with respect to Z=1/2 (example: left figure) .

Even-order derivatives: Line symmetry with respect to Z=1/2 (example: right figure) .

Log((z)) Log(§z)*®

0.02;—

0.04620

0.04618 -

M=

06 08 1.0 0.04616
0.04614 |

004612 -

9 M=

PR SR Y S TP R UM S |

0z 04 08 08 1.0

So, the following equation holds for the higher-order derivative coefficient (red dots) of Iog f( z ) at S=0and s=1.

co s | <[
dz -0 dz

S

} fors=1,2,3, -

s=1
Thus, 0’1n = 1/1n - That is, this holds unconditionally based on the functional equation and the definition.

Q.E.D.

-11-



3.2 Li Coefficients from the Hadamard product oun & 1un

| Theorem 1.2}and [Theorem 2.2] give the Li coefficients Qln s 14y from the Hadamard product at the left and right edge of the

critical strip. The question here is whether Ql/n and 144, are equal.

Lemma 3.2.1
Let p, k=1,2,3, are zeros of the xi function, and let por_1 = X, = 1Y, Por = X, +iY, r=1,2,3, . Then,
(1) Odd order

. 1 \2n-1 . 2 n-1 L 2n-1 25+1 opn_os-
522" s s Sen 2 e ezen) T
k=1 o P (x24y2) 2 2(n-s-1)

. 1\ -@-D 2 n-1 L 2n-1 25+1 on_oe_
2(1__) ) 2n—12(_1)nSl (Xr2+Yr2—Xr) y e
k=1 o) ((1_Xr)2+yr2) 5=0 2(n-s-1)

(2) Even order

n

5% ) :r=1(;2('1)n_s(z<:is>)(szwrz'”)%yrzn_zs

2 2 2n s=0
X +y?)
2

y 1 N 3 " 2s

Z(l——) =) 3 (-1 n-s( ) r2+ Ir2_ r Ir2n—25

k=1 fo¥ =1 ((1-Xr)2+y.-2)2n S:O( ) 2(n-s) (X Yr — X ) y
Proof

Since the imaginary part of g has £, assign p as in the assumption. Then,
1 1 1 1
1- +[1- =1-—= +1-—=
Por-1 Por Xp=1Yr Xty

1\t 1 \71 1\t 1\t
e I el I e I E e
Por-1 P2r Xe= 1Yy X1y,

Making the denominator on the right hand side real,
2 2 2 2
1 1 Xr ¥Yr =X . Yr Xp tyr =X . Yr
1- e = 2.2 ' |7 2. 2 '
P2r-1 P2r X, Y, X, +Y, X +Yy, Xty

(1 1 )'1+(1 1)'1_ XY Yr
P2or-1 Por (1‘Xr)2+Yr2 (1—x|r)2+y|r2

Xr2+yr2_xr . Yr
+ + i
(1_Xr)2+yr2 (1_Xr)2+yr2
These are complicated, so we will abbreviate them as follows.
Xr2+yr2_xr _ Yr _ Xr2+yr2_xr _ Yr _
2,2 =A 2 z_Br 2 2_Cr’ 2 2_Dr
Xr +yr Xr +yr (1_Xr) +yr (1_Xr) +yr
Then,
When N=1
1 1 . .
(1— ) (1- )z(Ar—lBr)+(Ar+|Br)=2Ar
P2r-1 P2y
1 -1 -1
(1— ) (1— ) = (C, -iD,) +(C, +iD,) = 2C,
P2r-1 P2y
When n=2

-12-



(1 1 )2+(1 )2 . -iB,)2+ (A +iB,)2=2(A% -B?)
(1 1 ) +(1 ) C -iD,)% +(C, +iD,)?=2(Cc?-D?)
When N=3
(1 ! ) +(1 ) A -iB)3 + (A +iB,)%=2(AS - 3AB2)
(1 1 )3+(1 )3 C,-iD,)? +(C, +iD,)% = 2(c? - 3¢,0?)
When n=4
(1 1 ) +(1 )  —iB)* + (A +iB)*=2(A* - 6A%B2 +B})

(1- ) (1- )=(C—|D) +(c, +ip,)*=2(c? - 6c’D? + D)
P2r-1 P2r

The absolute values of the coefficient in 2( ) on the right sides are
1,1,1,13, 16,1, 1,10,5, 1,15,15,1, -

This integer sequence matches QOEIS and is given by the following formula
T(n,k) =Binomial (n,2k), for n>0 & k=0,1,2,

Using this,
Odd order
( .. 1 ) 2n-1 . ( .. 1 ) 2n-1 5 nil(_l) -1 ( 2n-1 ) A25+1|32”‘25‘2
Por-1 Por s=0 2(n-s-1) /] " '
( .. 1 ) ‘(2n—1)+ ( 1 1 ) -(2n-1) _, nz—l(_l)n_l_s ( 2n-1 ) C25+1D2n_25_2
P2r-1 P2r s=0 2(n-s-1) r r
Even order
1 2n 1 \2n n 2n _
(1- ) +(1— ) =22(—1)“‘5( A B
P21 Por 5=0 2(n-s)
1 -2n 1 -2n n 2n _
(1_ ) +(1- ) = 22(-1)”'5( cxD/m*
Por-1 Por =0 2(n-s)
Here,
0 1 n o0 1 n 1 n
S(eg) =gl )]
k=1 Px r=1 P2r-1 P2r

S ) =2l ) )]

So, changing A, , B, , C,, D, back into their original symbols,

Odd order
- 1\ 21 oot o 2n-1 xZ+yZ-x \ZT oy, (2
2| 1-— =22 2 (C¢D — 5 P
k=1 X =1 5=0 2(n-s-1) X+, XS +Y,
i 1\ @D i Z_ n-s 1( 2n-1 )
1-— =2 -D""
k=1 ( Pk ) r=1 s=0 ) 2(n —5—1)

Xr2+yr2_xr = Yr an-2s-2
| —" - -
(1_Xr)2+yr2 (1_Xr)2+yr2

-13-


https://oeis.org/A098158

2n-1

2,.2 25+l op_2g-2
XS +yS—x
2(n—s—l))( FryE-x )y

i(l—i)zn_l S p—— )”“(
k=1 X r=1 <X2+yr)2“ 1o

o 1 -(2n-1) 0 2 n-1 o n-1 2s+1 on_oe_
2(1-—) =3 7 2 D™ (xF+yf-x) " y2re?
k=1 yo r=1 ( (1_Xr)2+yr2) =0 2(n-s-1)
Even order
2s

0 1 2n © n 2n X2+ 2—X 2n-2s

S[1-=]" =28 z<—1>“'5( )(; s

k=1 x r=1 s=0 2(n-s) XS+, XS+,

. 1\ -2n © N ) ( 2n ) xr2+y,.2—xr 2s Vv, 2n-2s
1__ - 2 _1 n-s
kgl( pk) fgl Sgo( ) 2(n-s) ( (1_Xr)2+Yr2 ( (1_Xr)2+yr2)

i.e.
& 1) & 2 2n 2,2 25 on-2
1- — = - - 1)"-s x24+y2_x n-2s
k;l( pk) rgl( )2“2( (Z(n—s))( o)y
0 1 -2n o0 2 n 2n s
S(1-2] 7= 2 5 - ( )(x3+y3—xr) o
k=1 Px r=1 ((1 Xr)2+Yr) s=0 2(n-s)
Q.E.D.
Using this lemma, the Li coefficients Qtn » 144y Can be obtained as follows:
Theorem 3.2.2
Let the Li coefficients i/, , 144, at both edges of the critical strip be as follows:
00 1 n
oy = 2 1-(1-—) (1.)
k=1 yo¥
00 1 -n
],unzz l—(l——) ( :0,u—n) 2.u)
k=1 yo¥
Where,
&z) = H(l—i) O (k=1,2,3, ) are zeros of &(z) 0.p)
k=1 Pk

Then, when por_1 =X =1Y;, por =X +iY, r=1,2,3, -, the Li coefficients quy, , 144, can be rewritten as follow.

(1) Odd order

3 1 2n-1 2s+1 on_oe_
0‘%-1:22{1-—2”12( )nsl( )(Xr2+yr2_xr) yrznzsz}
=t (xr2+yr2) s=0 2(n-s-1)

NgE

2n-1 25+1 pn_os_
o =2 s S0 o) e

-
(Lot ey) ™ 50

1
=

r

(2) Even order

ouznzzi{l-—l i(—l)”‘s( o )(x?wf—xr) yrz”s]
n 2(n-s)
1-

[y

r= 2 2 2 s=0
X +y?)
1

DMs

1oy = 2

(
n s 20 2. .2 s 2n-2s
((1_x,)2+y3)2“§<>('1) (z<n—s>)<Xr+y”Xr) " J

1l
[y

r
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Proof

Li coefficients are

(3] ) gl R))

Since,

( (-3)
()

\/
I
s
N
|
—_
H
|
Sy
N
-_
3
|
—_
H
|
Q|-
—
3
-2

Here, using|Lemma 3.2.1},

(1) Odd order

S 2n-1 2641 o o
r=1 X +y; ) s=0 2(n_s_1)

n-1 2n-1
W1 = 2 2 Z (_1)n—s—1( ) (sz +yr2_ Xr)25+1yr2n—25—2
P ((1on)2ey2) T B 2(n-s-1)
(2) Even order
S 1 n _ 2n 2
2n:22 1——%2(_1)ns( )(sz"'yrz_xr) yr2n23
2T (ReyR)r o 2(n-s)

o 1 s 2n ) 2 2 2n-2s
n= 2 1- Xe +yr =X r
" 2[ ((1-%)2+y7)" RO (2<“-3> o }

Q.E.D.

Note
Obseniing these, we can see that for both odd and even, the only difference between the Li coefficients at both edges of the

critical strip are X,r2 and ( ]_—Xr)2 , and the difference between them is 1 —2X, .

3.3 Li Coefficients when Re(p,) = 1/2

When the zeros of the xi function are on the critical line, we obtain the following theorem from Theorem 3.2.2 and

Theorem 3.1 .

Theorem 3.3
Let the Li coefficients i/, , 144, at both edges of the critical strip be as follows:

qun=§(1—(1—i) ) (1
k=1 O
wwi(l—(l—i)_n) (= o) 2.4)
k=1 O
Where
&z) = ﬁ(l—i) O (k=1,2,3, ) are zeros of &(z) 0.p)
k=1 P
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Then, if Re(pk) =1/2 k=1,2,3, , the followings hold.

(1) Odd order
Qlon-1 = H2n-1

o 1 n-1 o 2n-1 2s+1 —Dee
=23 {1l-—— Z(—l)”“( )(yrz—1/4) Tyl gy
r=1 (yr2+ 1/4) s=0 2(n—S—1)
(2) Even order
Qtan = 1H2n
00 1 n _ 2 -
=23 1——%2(—1)“( )(er_lﬂl') Ty (3.2)
r=1 (yr2+ 1/4) s=0 2(n—5)
(3) oAn = 1Ay = ol = 1Hp n=1,2,3, (3.3)
Proof

Putting por_1 = 1/2=1Y,, por= 1/2+iy, r=1,2,3, in[Theorem 3.2.2] we obtain (3.1) and (3.2) .
Next, since 04n = 4y in the Chapter 1 and 0An = 14n from [Theorem 3.1], we obtain (3.3)

Q.E.D.
cf.
According to Theorem 15.4.3 in my paper "[15 Li Coefficients on the Critical Line|", when Re(pk) =1/2 k=1,2,3, -
) ! (n_l( 1)345(2n_1) 25)2 1,2,3
Qlon-1 = - y n=1,2.,"
ToA 4272((17a+y2) @27\ s
00 y2 n-1 S A5 2n 2s 2
OuZn = Z 2n Z (_1) 4 yr n :11213!
r=1 42n—2( 1/4 + yrZ) s=0 2s+1
Since these are sums of squares of real numbers, they satisfy Li's Criterion. In fact, these are equivalent to (3.1) and (3.2) .
For example,
2 2
_oal, Eyi-m) v (yP-1a)T | 1-2ayPr1aay? o (1-1297)
¥z = 22 1- 2 3 - Z 2 3 Z 2 3
=1 (y2+1/4) =1 42(y241/8) =1 42(y24+1/4)
2 4
e ovi-eyE(yRaa)H(yEam)" | s yE-syt 16y yA(4-16y7)
¥4 = 22 1- 2 4 - Z 2 A Z‘ o2 a4
r=1 (yr +1/4) r=1 (yr +1/4) r=1 42<yr +1/4)

So, (3.1) and (3.2) also satisfy Li's Criterion.

Note
1. Re(pk) =1/2 is a sufficient condition for gi4n = 14y -
2, Re(g() =1/2 is a necessary condition likely for qt{n = 14y -
If not so, we must solve the following system of equations.
OH2n-1 = WH2n-1 |, qlon = Wo2n n=1,2,3,

This is a system of equations where both the number of unknowns and the number of equations are uncertain.
So, it is difficult to imagine that there could be any solution other than an identity

3. However, for the purposes of this chapter, sufficient condition alone is sufficient.
Confirmation Calculation

Let us calculate these using the zeros /2 iy, r=1,2,3,,100,000 on the critical line using mathematical
processing software Mathematica. The result is as follows.

-16-
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yr_ i= Im[ZetaZero[r]]
2n-1 ,

m n-1
oy, [m_] := ZZ 1- S S Z (-1)"*"'Binomial[2n-1, 2 (n-s-1)](y.2-1/4)"*" yrzn-zs-Z]
B r=1 | (yrz +1/4)2n-1 s=0
2n .
N 1 c n-5 ma < 2 2s 2n-2Zs
eu,_[m_] ==ZZ 1——2(—1) Binomial[2n, 2 (n-s)] (y." -1/4)" y, ]
r=1 | (vo*+1 /4)2n s=0

N[{oy, [160600], ey, [106000] , oy, [100000] , ey, [1060600] } ]
{6.02308736, ©.6922575, 0.20744, 0.368437}

These results are almost the same as [the 1.1 calculation|. For reference, this calculation took 16 hours and 20 minutes

on my computer (Intel Core i7-9750H , 16GB ) .

-17 -



4 Proof of the Riemann Hypothesis

Theorem 4.1

When p k=1,2,3, - are non-trivial zeros of the Riemann zeta function é( Z ) ,
Re(p)=1/2 k=1,2,3,-.

Proof

First, the nontrivial zeros of the Riemann zeta function é’( Z) are the same as the zeros of the xi function.

1. When g, k=1,2,3, - are zeros of xi function and po,_1 = 1/2-iY,, poy =1/2+1y, r=1,2,3, ,
From [Theorems 3.3], the followings hold

QHon-1 = 1H2n-1
N 1 1Sy n-s-1 2n-1 2 25+l op_25-2
=22 {l-————= 2D (y2-178)"", 3.1
r=1 (yr2+1/4) s=0 2(n—5—1)
Qld2n = 1H2n
N 1 " n-s 2n 2 25 2n-2s
=22X{1l-—"5>2CD (y2-174)"y; (3.2)
r=1 (yr2+1/4) s=0 2(n-s)
oAn = 1Ay = ln = 1y n=1,2,3, 3.3)

2. Especially when N=1,

W1 = =2 {1—M}=i%=i( 1 1 )

—+ -
y2+a/a | mryZeua i\ V2-iye Y24y,
On the other hand, from ,

_ED @)
0! z-0 f(Z)

i

ol = 0.0230957 -

From (3.3) ,
. Ty '
1, 1 ) _CD e
/2-iy, 12+iy, 0! -0 &z)

= 0.0230957 - 4.1)

r=1

3. Now, suppose that in addition to the zeros on the critical line, there are also zeros off the critical line.

It is known that a set of such zeros should consist of the following four.

1/2- o tifs , U2+ ostiff; (0<a<1U2, 5>0)
Then, from|Lemma 1.3], the following equation has to hold .

w 1 1 1 1
> —+ . +> —+ .
=1\ W2-iy,  U2+iy, s\ W2-oa,—-if, 1U2-a,+if;
—_ 1 1
+3 L] - Oy, £
s\ WR+a,—if, 12+ o +if; 0! -0 &(z)
= 0.0230957 -
i.e.
% 1-2 1+2 -D? '
=1\ /2-iy, W2+iy. | <1 (V2-a)%+57  (U2+a) 2457 or -0 &(z)
= 0.0230957 - (4.2)
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However, since 0 < 1-2¢, < 1+20, < 2 for 0< o, <1/2,
1-2¢; 1+2¢
+
1| (U2-a) 482 (U2+a)%+2

Therefore, |(4.2) contradicts (4.1)|. Thus, there should be no zeros outside the critical line within the critical strip.

>0

Q.E.D.
Thus, the Riemann hypothesis is established as a theorem.
2025.10.17
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2025.12.29 Updated
Alien's Mathematics
Kano Kono

Hiroshima, Japan
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