6 Superellipse (Lamé curve)

6.1 Equations of a superellipse
A superellipse (horizontally long) is expressed as follows.

Implicit Equation

n n
‘1 f|L] =1 O<b<a
a b
Explicit Equation
1
x | " "
y==b 1—‘— ) O<b<a

Fig1

. n>0 (1.1)

These are called an ellipse when n=2, are called a diamond when n=1, and are called an asteroid when n=2/3.

These are known well.

parametric representation of an ellipse

In order to ask for the area and the arc length of a super-ellipse, it is necessary to calculus the equations.
However, it is difficult for (1.1) and (1.1"). Then, in order to make these easy, parametric representation of (1.1)

is often used.
As far as the 1st quadrant, (1.1) is as follows .
n n 0 <x<
X S X>a
a b O0<x<a

Let us compare this with the following trigonometric equation.
. 2 25—
sin“d+cos“d=1
Then, we obtain
n n
X ) y 2
— =sin“d , — =cos°H

a" b"



2
x=asin"® , y=bcos"éb
The variable and the domain are changed as follows.
x: O0~a - 0:0~7z/2

By this representation, the area and the arc length of a superellipse can be calculated clockwise from the y-axis.

=1IN}

cf.
If we represent this as usual as follows,
2 2
x=acos"€® , y=bsin"éo

the area and the arc length of a superellipse can be calculated counterclockwise from the x-axis. However,
from this representation, we cannot obtain the Legendre forms of elliptic integrals



6.2 Area of a superellipse

Formula 6.2.1
When n,a,b (b = a) are positive numbers respectively and f(Z) is the gamma function, the area S of the

ellipse of degree N is given by the following expression.

) _ m(lln)(—l)f

4ab >, , )

I_(l_i_z) r=0
n
Proof

In order to obtain the area of a superellipse, we integrate with the following equation in the 1st quadrant, and
should just multiply it by 4.
1
n

S = 4ab

n
y:b(l—x—n) O<b<a ,n>0
a

That is,
1

a Xn n
S:4b/ (1——n) dx
0 a

However, it is known that this integration cannot be expressed with elementary functions. Then, we use the
parametric representation mentioned in the previous section. That is,
2 2

x=asin"@ , y=bcos"8
The variable and the domain are changed as follows.
x: 0~a - 6:0~xn/2
And dX is

2
2 <1
dx = Tasin "0 cosfdo

s a2
Z—/Oydx—/o b cos

2 (2 —-1 241
=ab-F/ sin" O-cos" 0dé
0

According to "EE P ANX 1 "p 243,

Then,

2 2

= 2a . +-1
”Q(Tsm” 6-cos@)d o

T

2 1 ([ a+l p+1
a9. ok == -
[) sin“@-cos”6do 2B 5 5 ) a,f >-1
Using this,
. 2 2
/7 n "o %ﬂede— 1|0 et B( 11 +1)
A sin CcoS =3 5 o =5 n’



Substituting this for the avove,

1\)2 1\)2
S 2 — ab n
n 2 2
1+ — 1+—
n
Quadrupling both sides, we obtain the first half of the desired expression. For the second half of the desired

expression, see the next section,| By-Products|.

Example: Area of an ellipse of degree 2.3, a=3, b =2

We calculate this area in three ways: Si , Sg and SS are calculations using numerical integration, gamma
function and series, respectively. The results showed the three values were completely consistent. as follows.

sita_, b, -4 [ [1- []f

Sgla_,b_,n_]:=4ab (Gamma[1+ F])

Gamma[1+ %]

(-1)"

nr+1

Ss[a , b ,n_] _4abZBlnomlal[—, r‘]
r=9

{S8i[3, 2, 2.3], Sg[3, 2, 2.3], S55[3, 2, 2.3]}

{19.7922, 19.7922, 19.79221

Note
Especially when a=b=1,

a2 rrfan?)

P is the area of the unit circle |X | "+ |y | =1 N >0, and should be called constant of the circle of

degree N . That is, the area of an ellipse of degree N is given by abpn , where @ is the major axis and D is
the minor axis.
In fact, when N=2,

RGEE ) R T
d“_) - 11 - (2‘/—)

This is the area of the circle X + y2 = 1, and the area of an ellipse of degree2 is given by abr .




6.3 A part of area of a superellipse
In this section, we calculate the area of the light-blue portion of the following figure.

b

Formula 6.3.1
When n,a,b (b = a) are positive numbers respectively, the area S(X) from 0 to x of the ellipse of
degree N in the 1st quadrant is given by the following expression.

o 1/ _ r nr+l
s(x):b;o( ”) D" x

r

a" nr+l

Proof

The area S(X) from 0 to x of the superellipse in the 1st quadrant is given by the following integral.
1

X Xn n
s(x)=b/(1——n)dx O<x<a
0 a

This integral is not expressed with elementary functions except for a special case. So, we try the termwise
integration.
Applying generalized binomial theorem to this integrand,

1
n \"N 1/ nr
X oo n X
( a n r=0 ( ) r a
Integrating the right side with respect to x from 0 to x term by term,

1

{12 e e () (2
_ s (1/n )(__gfL”l

=\ r a" nr+l

Multiplying this by b , we obtain (1.1).

Example: Area of the ellipse of degree 2.3, a=3, b=2 on Xx=0~2

5(2)




We calculate the area of the light-blue portion of the abowve figure. As the result of calculating by numerical
integral and , both were completely consistent.

a=3: b=2; n=2.3;

Numerical Integral

x tiny s1[2]
sl[x ] := b 1-1— dt
0 a 3.77652
Series .
o A 1 (-1 =" sr[2]
sr[x ] := bzéBlnCﬂﬂlal[;f r] T nra1 3 77652
By-products
Especially integrating this to a ,
1

oo () 285 s ()

E— =a
=N a"t nr+l =0\ r ) nr+l

Then, the area S of the superellipse is

= (1/n) (D"
S = 4ab rZ:‘b ( r ) nr+1 (1.2)
Therefore also,

ot ) o) = 1 () 62




6.4 Arc length of a superellipse

6.4.1 Arc length of an oblong superellipse

In this sub-section, we calculate the length DP of the following oblong superellipse.

1
x" |
y:b(l—?) O<b<a ,n>0 (1.0
I)"
b
p
[
|
|
[
[
| x
0 X1 a

Formula 6.4.1

n 1
b — -
Let n,a,b (b =a) are positive numbers, X be a number s.t. 0< X < a[ 1+ ( — ) n-1pon

a
and (Z)s be Pochhammer's symbol. Then, the arc length |(X) from 0 to x of (1.0) is given by the followings.
2(n-Dr
w w (1/2 n —1+s b2r X2(n—1)r+ns+1
)= ( ) 1.1
) r=0 sgo r 2(n-Dyr 1 a2"mns 2(n-Dr+ns+1 (1)
n
00 0 1/2 2(n _l)r 1 b 2r X2(n—l)r+ns+1
=22 ( ) ( ) sI_2nrns (1.1)
r=os=0 \ I n s ST g 2(-Dr+ns+1
= o (1/2\( 2(-1)(r-s) 1 p2-® y 2-D(r-s)+ns+1
= rgosgo(r—s )( n )s sl a2n(r—s)+ns 2(n—1)(r—s)+ns+1 (1.1")

Proof
Length |(X) of the curve Y = f(X) a <X < ﬂ on a plane is given by the following formula.
X dy 2
) = 1+ == | dx as=xs=pf
o dx
Differentiating both sides of (1.0) with respect to x,
n-1
nl n-1 n-1 oo
dy _b [, X nx ") __bx [, X
dX n an an a an—l an
n-1
ng.n n
B 3( x"/a
a\ 1-x"/a"




Then,
2(n-1) \ 1
0 |2
2 ng.n n
X b x'/a
1) :/ 1+—2(ﬁ> dx (1
0 a“\ 1-x"/a
This integral is not expressed with elementary functions except for a special case. So, we
expand this integrand to series.
n 1 2 ny.n 2(n-1)
i x'/a
O P I TE [ b
a a®\ 1-x"/a"
According to genralized binomial thorem,
2(n-1) \ 1 2(n-1)r
=== 13 A7)
14 D2 x7a " . (1/2)( b )Zr x"/a" "
+ —| — = — _
a2 1_Xn/an r r a 1_Xn/an
Then,
2(n-1r
00 1/2 b 2r X Xn/an n
=3 2) [E0s] .
r=0 r a 0 1-x /a
Since this integral is also a non-elementary function, we try the termwise integration.
1 - (s+0
—— =1 +x P+ = X
1-x ;O 0
Differentiating both sides of this with respect to x and dividing it by factorial one by one,
1 1 » (s+l
5 = 2 (IXO+ 2xH+ 3P+ 43 +-) = ) x°
a-x) 1t sso\ 1
1 1 o [S+2
3 = 53 (1x%+ 3x*+ 6x2+ 10x3++) = 3 x®
(1—X) 21 s=0 2
T =2 X
a-x sso\ m-1
Multiplying both sides by x™ ,
X" o (s*tm-1 m+s
m =2 X
@-0" S\ om-1

Replacing X with x"/a",

x"/a" \"_ o [s¥m-1) x|\
(l—x”/a”) —ZB( m-1 )(E)

Integrating both sides with respect to x from 0 to x,

X n/an m » [S+m-1 X n(m+s)
/ _x7a dx = X ( )/ (i) dx
o\ 1-x"/a" o\ m-1 /Jo\a
i.e.
X x"/a" m » [m-1+s 1 NS+l
NEE Y
o\ 1-x"/a" =0\ m-1 | g"™n nm+ns+1



2(n-Dr

!

Since M may be a real number, replacing this with =
2(-Dr 2(n-Dr
X x"/a" n - n -1+s 1 X2(n—1)r+ns+1
S — dx =
/0 ( 1-x"/a" ) SZ::o 2(n-Dr 1 a200-Drns 2(n-1)r+ns+1
n
Substituting this for, we obtain
2(n-Dr
0 1/2 b 2r n —1+s 1 X2(n—1)r+ns+1
16)= —
© ;0 ( ) ( a ) o 2(n-Dr 1 a200-Drins 2(n-1)r+ns+1
- -
2(-Dr
( ) -1l+s 2 2 1r+ns+1
o 00(1/2) n br X(n—)rns
= 1.1
== 20-Dr _, | a2 2(-Drns+1 a1
n
Next,
m-1+s\ (m-14s\  [(m+s) _ (M)
m-1 ) s T IMmIGHY) T s!
Then
2(-Dyr 2(n-Dyr
@-Dr ( (-1 )
n n s
2(-Dr - s!
1
n
Substituting thes for (1.1) , we obtain Furthermore, rearranging (1.1") to the diagonal series,
we obtain.
Example1: Arc length of the ellipse of degree 2.5, a=3, b =2 on Xx=0~2.5449--
When a=3,b=2,n=5/2, the largest x1 calculable in th§ formula 6.4.1]is as follows.
a=3; b=2; n=2.5;
; 3= SetPrecision[xl, 10]
xl=a[l+(—]n_ ;
. a : 2.5445131%92

If the arc length on X -0~2 .5449-- are calculated by numerical integration and (1.1, it is as follows

As the result of calculating 2~ X to 30 respectively, both were consistent until 7 digits below the decimal

point.
Numerical Integral

1

n 2fn-1 =

x b2 % n Z

11[= ] :=J‘ l-l-—2 = dt

u] a 1 - —
an

SetPrecision[l11[x1], 10]
2.708%9597275491674525



Double Series

el , 1 2(n-1)r
lp[= , m ] := Binomial [ —, r] Pochhammer | ——, s}
r=0=s=0 2 n
1 bQ T XE n-17 r+n s +1
% —

s] gInrmsE 29 4n - 1yr+ns +1
SetPrecision[lp[x1l, 30], 10]
2.7089959702

6.4.2 Arc length of a longwise superellipse

In Formula 6.4.1, we cannot calculate the arc length aP4 of an oblong superellipse. However, this problem

is easily solvable. That is, let us replace x and y in |(1.0)|, as follows.

1
x" )"
y=a(1—ﬁ) O<b<a ,n>0 (2.0)
¥
3
a
1 Pz
|
b |
[ P1
|
|
| =
|
l B
0 X2 b xt a

—_— —_—

Then, the length of aP; of an oblong superellipse is consistent with the length of aP of a longwise
superellipse. And in order to obtain this, we should just replace @ and b in [Formula 6.4.1

Formula 6.4.2
Let n,a,b (b =a) are positive numbers, X be a number s.t. 0< X < b[ 1+ ( % )m }_F and
(2), be Pochhammer's symbol. Then, the arc length (X)) from 0 to x of (2.0) is given by the followings.
2(n-Dr
€D —1+s 2r 2(n-1
e (1/2) n a X (-)r+ns+1
10=2 21 ¢ 2(-Dr _, | b2 2(-Drns+1 @1
n
o oo (1/2)( 2(-Dr\ 1 aZ  x2O-Drest
=X ( ) ( —) T ponrms @1
soso\ T n s St p 2(h-Dr+ns+1
o r [ 1/2 Z(n_lxr_s) 1 a2(r—s) X2(n—1)(r—s)+ns+l
- rgoS:o ( r-s )( n )S st p2nCr=+ns 2(n -1)(r-s)+ns+1 @1)

-10-



Example2: Arc length of the ellipse of degree 2.5, a=3, b =2 on Xx=3~2.5449--
When a=3,b=2,n=5/2, the largest x2 calculable in[the formula 6.4.2]is as follows.
a=3: b=2; n=2.5;

B —i SetPrecision[x2, 10]
n- .
] ‘ ’ 1.294754834

r rl a
x2=b[1- =
" b
The arc length of on X 20~1.2947 - is consistent with the arc length of |(1.0){on X -3~2.5449 ...
If the arc length on X Z0~1.2947 - are calculated by numerical integral and [(2.1")|, it is as follows.
As the result of calculating }'>' to 15, both were consistent until 9 digits below the decimal point.

Numerical Integral
m o 2in-1)y 2

N D
11[x ] := 1+ — dt
0

SetPrecision[l1l[x2], 10]
1.4138711054912040613

Diagonal Series

2i{in=1) {T = s) S]

m r 1
1d[x , m_] :=Z ZBinomial [ -, = s] Pochha_mmer[
r=0==0 2 n

1 az [T-27 XZ n-1y (r-sy+n=+1

s! RpIniT-S1+0s 2 fp _ 1) {r-s) +ns +1

X

SetPrecision[ld[x2, 15], 10]
1.413871105

Note
In the longwise superellipse, the convergence speed of the double series [(2.1) (or (2.1"))| is slow. It is about
1/100 of the convergence speed of the diagonal series (2.1") .

-11-



6.5 Peripheral length of a superellipse

Formula 6.5.1

When n,a,b (b = a) are positive numbers respectively, the peripheral length L of the ellipse of degree N
is given by the following expressions.

2(h-Dyxr 2(n-Dr+ns+1 2(n-Dr+ns+1
o o (12 ——-l+s b2ra1—2rA_ n +a2rb1—2rB_ n
L=4 2( ) (1.1)
r=os=o\ I 2(n-Dyr 1 2(n-Dr+ns+l
n
_2(n-Dyr+ns+1 _2(-Dyr+ns+1
4% i(yz)( 2(n—1)r) 1b%™*A " +a®p'*B " L
CAS T n s S! 2(n-Dr+ns+1 (.1
a2 2(n-1Xr-s) ) 1 1
_420;0( r-s ) ( n s st 2(n-1)(r-s)+ns+1 X
_2(n-1)r-s)rns+1 _2(n-1Xr-s)rns+1
{ b 2(r—s)a 1—2(r-s)A n + a2(r-s)b 1—2(r—s)B n } (1.17)
b _n a _n
Where, A=1+(—)n'l , B:1+(_)”‘1
a b
Proof

n 1
b \nz "%
Substituting X =a{ 1+ ( a2 ) =10 "= aA for[Formula 6.4.1) we obtain the arc length from O

to X as follows.

2(n—1)r 145 _2(-Dyr+ns+1
o 1/2 n b2|’ aA n
l(aA)=2% X ( )
r=0s=0 r 2(n-Dr 1 a2r 2(n —1)r+n3+1
n
ot
Next, substituting X =b[ 1+ ( % ) n-1 ] "=DbB for , we obtain the arc length
from a to X as follows.
2(” —1)I’ —1+4s _2(-Dyr+ns+1
I(bB)= 3 3 (1/2) ! a” bs__°
r=os=o \ I 2(n-Dr 1 b2" 2(n-Dr+ns+1
n

Adding both, we obtain the arc length from O to @ . Quadrupling this, we obtain (1.1) . And rewriting this
with Pochhammer's symbol, we obtain (1.1') . Furthermore, rearranging this to the diagonal series, we obtain

(1.1 .

Example: Peripheral length of the ellipse of degree 2.5, a=3, b =2

We calculate this peripheral length by numerical integral and by the above formula respectively. Since the
numerical integral can not be accurately calculated, We add two integration values in the previous section,
and quadruple it. Formula (1.1") is the only choice for the convergence speed. As the result of calculating

Y. to 45, both were consistent until 9 digits below the decimal point.

Mumerical Integral
4= { 2.708999727549167452512418 + 1.413871105491204061256779 )
16.49148333216148605507679

-12-



Diagonal Series
a=3; b=2; n=2.5;

A=1 (b) - SetPrecision[A, 10]
= + | - H
a 1.5087¢188¢
B=1+ (E) - . SetPrecision[B, 10]
b ’ 2.965556046

r

= 1
Ld[m ]:=4 Z Z Binomial [ E P s] Pochhammer
r=0==0

2{n=1) {r=-s) ] 1
=
n sl

2 -1y fr-ay+n = +1 2 fn-1y fr-ay+n = +1
- n - n

bz {r-3) a1—2 {r-2) + az {r-3) bl—z -3 g

»

2{n-1)y {T-s5)y+ns +1

SetPrecision[Ld[45], 12]
16.4514833320
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